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NEW BEST QUADRATURE FORMULAE

BORISLAV D. BOYANOV

The class W’ of all real functions with continuous derivatives up to order r—1 and

bounded iu L, by 1 absolutely continuous r-th derivative is considered. Quadrature for-
mulas involving values of the integrand and its successive derivatives in two and three
points are studied. Detailed results are given for the case g—2.

1. Introduction. Let W/ (M;a, b),1- g=c-, r=1,2,...,be the class oi
functions f defined on the finite interval [a, b] for which the (r—1)-th deri-
vative is absolutely continuous on [a, #] and the r-th satisfies the condition

b

il

a

1/g
fO(t) th} =M.

At times we shall abbreviate WyM; a, b) to Wy
In [1] S. M. Nikolski initiated investigations connected with the con-
struction of a best quadrature formula. It is a quadrature of the form

b m e
(1) 1) ) foxdx X Na forx)
a i=1 k=0

which has a minimal estimation of the error in a given subset of the class
W(M; a, b) among all quadratures of the same type that are precise for
polynomials of degree mnot greater than r. Afterwards the problem of the
“best” formula was considered by many other authors. For futher references
see [2]. Another group of authors use the characteristic “best” in a sense
of A. Sard [3] where the expresion to be minimized is the L, norm of a
corresponding kernel function related with the quadrature (1). S. A. Smoljak
[4] was the first who posed the problem of the best method of integration
in a manner that seems to be most natural. In this paper we shall follow
his definition.

Suppose that L,(f), L,(f),..., Ly(f) are linear functionals defired on
W,. Denote

T(f)y AL Lo 1), -, L))
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Let o(7) be the set of all admissible methods S of approximate evaluating
of the integral /(f) that use only the information 7(f) and that apply to

every function f from Wj. Note that there is not any restriction on o(7)
about linearity of the quadratures or exactness for some polynomial class.
Denote by S(f) the approximate value of /(f) calculated by the method S.
The quantity

R(S, T)= sup | I(f)—S(f)

rewy
is said to be an error of the method § in the class W,. Let
R(T)-— inf R(S, T).
Se€o(T)

The method S* for which R(S*, T)— R(T)is said to be best for the class WJ.
In the case

T(f) {f(k)(xi),(k:oy 1,--.,7—1; l 11,2,...,71)}, a- xl<...<xn§b’

a best formula was constructed in [5]. In [6] the same problem was solved
for the information

T {f(x), f(x),i=1,2, ..., nf, —1<x;<<---<x,<l,

and the class F of all real on [—1, 1] functions, which have a bounded by
1 analytic continuation in the unit circle.
In this paper we shall study formulas of integration which are best for

the class W, relative to the information

(2) () {f@),...,fr=2(a, fb), ..., f"(b)}, m=r—1.

2. Main results. We shall make use of the following result proved by
S. A. Smoljak [4] (the proof can be seen in (7] also).

Lemma 1. Let Q is a convex centrally symmetrical subset of a li-
near metric space. Suppose L(f), L\(f),..., Ly(f) are linear functionals on
©Q and such that

sup L( /)<<,
e,

where Q, {f:feQ, LS f)=0,k=1,2,... N|. Then, there exist numbers
Dp k=1,2,..., N, for which

N
sup L(f)— X' D.L(f) —infsup L(f)—S(f) -
f€o k=1 S Jew

Here inf is extended over all admissible methods S of approximation of the
functional L(f) with _information L(CF)y Lo(f)y oo vy La(S))-

The proof of this elementary lemma contains another useful result that
we shall formulate separately as

Corollary 1.

sup L( f)=infsup L (f)— S(f) .
7eQ

JEL, N
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Now return to our problem of best integration subject to the infor-
mation (2).

Denote by =z, the set of all real polynomials of degree not greater
than 7, and let z, be the set of polynomials Q(f) ¢z, with coefficient 1 be-

fore £7. Define

1_ 1/p
Enp= inf‘{ J(l~-t)“(1+t)ﬂ Q(1) f’dt}.

QE.";’ -1

Here and everywhere in this paper 1 p+1/g 1. Denote by I‘,;f-;,"(t) the ex-
tremal polynormial for which

1 ]“,

{ J =ty (1 + 02 1002 "dtj' EgD .
—1

The basic result of this paper is
Theorem 1. The quadratire formula

I f)~ (~1r):"_ ‘:‘(_ 1)y —*= 10—, h)f*) b)

k=0
r—1
% (_rl')'m'.' l_\j( 1y AR D (@) f R (),
) k=0
where
b—a\m+1 o r—m 1), 2 ~a+b)
U(t):( 5 ) (b — ty gm0 (2 g

is a best method of integration for the class W;(M; a, by among all qua-
drature formulas that use only the information T from (2). Here

M [(b—a\rt+lir .
RID)= (75" B

Proof. Let us introduce the following subsets of WJ
Wo  {f:feWy f®a)-0(k=0,1,...5r—1)},
W, {f:fe Wy, f®(a) 0,fO(b) O0(k=0,1,...,r—15i 0,1,...,m)).
Consider the informations
T.(f) {f®) (k=0,1,...,r 1)},
Tof)y- {f®(b) (& 0,1,...,m)}.

It is clear that W, and 7= T, U T, satisfy the conditions of lemma 1. Thus
we can apply corollary 1. It gives

R(T)  sup I(f).
JEW

ab
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Now applying the same corollary to the set W, and information 7y f)
we get

R(T)— sup I f)= inf sup X f)—S(f).
JEW,, SeoT)fEW,

According to the lemma 1 the above minimum is attained for a linear
method. So

R(T)~ inf sup I(f) 2ka<~>(17)‘-
{Brlo'

Assume that f¢ W, The classical Taylor formula provides the following
representation of f

) Ny
f()= oy ) (x=ty @,
It is clear that

b b
) fxydx— 1 | (b—tyfoxpat,

b
FOB)= gy o~ ty 2110 @,

for k=0, 1, ..., m. Consequently,

R(T)= inf sup - <(b ty — 2*(, 'B"l), (b—ty—*— ')f(')(t)dt.

{Bk}(’)",E

By Holder’s inequality
b

M ‘ m !B P 1/p
R(T)="""inf f(b—t)"—'"*‘”‘(b-—t)’"“— N TBe oy pymer gt
g m =k —1t
Vki0 a =

o1
:M(b—a) E(p(r ~— l)u)

r! a m+1.p

On the other hand from the definition of the error
R(T)- int sup [(f)—S(f).

SeolT) f€W,

Integrating the Taylor’s formula we get

b
1)~ Sl N+ 1 J b —tyfonst,
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where

1

r—I1
v (b— k+
Sih- X iy f™a.
k=0

Thus

b
RT) i sup L f(6 -0 ndt (S-S -

rl
Seay /€W | G

But the method S, S-S, belongs to the class o(7) when S¢ o T). Hence

b
| - I
R(T) inf  sup rl! J (b—tyfO (Hdt— S,(f) -

S €a(T) JE w"’, _

An multiple integration by parts shows immediately that the quadrature
formula
b

(3) 1) Nty m s,

a

belongs to the class o(7) for every polynomial Q(¢)¢€ z1,,. Therefore

b
R(T)= ini sup ), J'(b ty=m (b - tym - QU (Dt

r
QG-"mfewq a

b P 1'p
M S fremet) (h u)'"" € otr 10 2 a+b
P J‘(b HrmeDl 9 -/mp.lj,. ' (b-~u b u) dt

1

ri

M(b—a P .
mese e R

The above chain of relations implies that the quadrature
b
1
1y SN L@t Qe e

with
- ) b —a\m+l , - 2 a+t+b
Q) (b—tyrit—(—1yH! ( 2 ) J& L D (h a ¢ b u)

is the best method of integration. Futher we calculate

b
(4) s 1n - funsowa,
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where (J(f) is defined as in the assertion of the theorem. Evaluating the
above integral using only integration by parts we obtain

r—1
s G (= 1y U o) eb)
k=0

r—1
_ym+l1
ST T (A D@ a).
k=0
It remains to observe that U® (&) -0 for i 0,1,...,r—m—2. This com-

pletes the proof.

Note that the constructed best formula is precise for polynomials of
degree not greater than r. This follows immediately from (4).

For the sake of completeness we shall formulate as a separate theorem
the analogous result treating the case

(5) T(H=1{f@a),....[™ @), f(b) ..., V(b

Theorem 1. The quadrature formula

rim—1 : . rem r—1
I f)~ (- lpr! - 7-: U 5-1(b) f*)(a) .*( 'lr)! "Z U= =D (a)f*)(b)
k=0 =0

is the best method of integration for the class W, with information (5). The
error R(T) is the same as in theorem I.
The assertion follows from theorem 1 and the equality /(f)—/(g), where

g(t) - fla+b—1).

Now consider a more general case when the information consists of
values of the integrand in the points a, b and ¢, a<<c<b. Precisely, let
T ={f(@), ..., ™ (@), fc) ..., fr V()
T = {f(0), - - fT V() AB), ., [ (b)),

Theorem 2. Let S, be the best method of approximation of the in-

tegral 1,(f) _’.f(x)dx for the class V(/,;(M; a, ¢) with information T' and S,

b
be the best one for the integral Iy f) ff(x)dx, the class WyM; ¢, b) and

information T". Then the method I f)~S,(f)+Su(f) is the best for the
class W)M; a, b) with information T - T'UT". Here
R(T) ﬁw!{(c;a)rpf—l+(b;c)rp~1}1‘pES:(f,l_';,,~ 1),0),

Proof. Denote, for convenience
1

c—a\""»
- (p(r—m—1),0
€1 ( 2 ) E"’:‘ l.pm } )r
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e 1
b—c 4

= = —m—1),0

ea=("57) *E@rimho.

Let us define the numbers M, and M, as follows M, — Me?—!/(ef-+-e5)"7 (i1, 2).
Suppose &€ (0, ). It follows by corollary 1 that there exists functions
g1t e Wi M5 a, c) and gy(t) ¢ Wy(My; ¢, b) such that

M M,
5(g) ¢, 31 ey, 1y(gs) ¢ 1 €2

and
gP(a) g d)-0 (k-0,1,...,m),
g0(c)=gMc)=0 (#=0,1,...,r—1).
Define the function g(f) in the following way
g(?) for tela,cl,
&)
g.(t) for t¢]c, b
Evidently, g¢ Wi M; a, b). Indeed,
g

4 /g [ < 4
(¢ th} g(¢) dt + (¢t th}
{J g"(2) l‘,,j !g( (t)

M

< { M+ M3}1a (;,,l,%egm{elm—lm_;.e;p~nq}uq M.

By corollary 1
. £ M
R(T)—1(g) i (Mye, +Myey) & - (e +ef)'”
In so far as ¢ was an arbitrary number less than 1, we get

M
(6) R( T)t/r—! (ef +ef)'r.
Now denote by R*(7) the error of the method described in the theorem.
It follows from theorem 1 and theorem 1’ that

b

R*(T)- sup {f‘, ( f FAL0) "dt)l/q+f2y(f fOA) "dt)”q}.

sewy :
By Holder’s inequality
RNT)- M {er+egyie.

This and (6) complete the proof of the theorem.

3. Special cases. Below we shall formulate some immediate consequ-
ences of the results proved in the preceding section,

Theorem 3. The quadrature formula
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(m+1) (2r—m—1 )
(7) 1~ X1y r O )
= (k+1)( r—k—1 )
- Trt’(nr—k m+1\ (m+1\ [r—m—1
+4‘j ;‘:H)(V )('2rv \)r(kf“’__”)_](l:kﬂ)' F™a
=0 | (m+l+v, \k+l) J

is the best method of integration for the class W3(M; a, b) among all quadra-
ture formulas that use only the information

T(f)y={f@),....fr=D(a) f(b), ..., f™ (D)}

Here

m+1

R(T)- M(b—a)”;/[( 2 )r!JQ}:?f!.

Proof. According to theorem 1 we have to calculate UT—#*-1)(d),
(k=0,1,...,m) and U"*V(a) (2=0,1,...,r—1), where

Uit - (b a)m+l(b_t)r—m 1@ - m—l)O)(bzht :-rf:)

It is easily verified that

Ur—#-1(b) f(—l)’*"'"(r~m—l)l(r_k_])(b a)k'l . J@U—m=10)(])

r—m-1 2 dt"'“k

for k-0,1,...,m and

min (r—&

—1lm+1)
— : py [T —k—1\(r—m—1)! (b—a)t*!
U( » ‘)(a)vt :‘1 (_1)’ k l( ¥ )(k+y_m)’ 2m+l—v

»=max
(0,m—*k)

B (2(r—rn——l)0) —
><dt,J {(-1)

for #-0,1,...,r—1. It remains to evaluate the derivatives of the polyno-
mial J@C - D-0X8). By the known [8] relation

SO = 5 (k1) JeRi ()

we find

an- - (2( y ~1),0), & ,(2r—k—1)'(m+l)' 2r—m—1
atm—k j o, (1) =2+ 2r)! ( k+1 )’

a4 o 4 -, _,@r—mi+y—1)1(m+1)! (m+1)
o AR 1) = (—Tymeigme el (™)
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So,

Uereg) (- ty e (B ) R R D (b —ap

m+1 (Qr m—-l)
k+1 r (b—a)ft!

(— 1)y —m=irl 2 )(Qr;mfk -‘2) (R+1)!

k+1 r—k—1
min (r—&
-1,m+1)
2 —m+r—1)'m+1)(r—m—1)!
(r—k—1) 1y —k+m \’7 i ! . B L =
U (@ (=1 s (2r)! (k+»—m)! X
v==max
(0,m—k)
miln(rf]k)(m—f—l)(m+l)(r—m—1
ot 1% L o
rk—1\ (m+1 fr o vkemy (@GS v » k+v4m)
( v )( v )(b-a) (=1 T (k+1)! 2r ( r
‘5‘;,'13;) (m-H;v k+1

From these equalities and theorem 1 we conclude that the quadrature (7)
is the best one. Next, by the quoted theorem and the known formula [8]

E(?(r—m 1),0) 2m+—l 22(_r 7m~;l_).+1‘l 2
m+1.d 2r ) 2r+1
s
we get
1
r+
M (b-a *

r!( 2r .
(m_*_l}y?r-{'—l

R(T)

The theorem is proved.
Putting m r—1 in (7) we find after an easy computation that the

quadrature

.
r—1 k1

(8) 1hH~N (";:‘)“’(k D5 @)+ (— 1@ (b))
k=0 (k+\)

is the best one for the class WJ(M; a, b). The above formula can be obtained
from the appropriate Hermite interpolation polynomial, by integration.

Remark. The quadrature (8) is a particular case of the L. Tscha-
kaloff-—N. Obrechkoff [9, 10] formula

r—1
_ 1 \NY(r+m—k\(b a)’”l
(9) /(f)"(,+,,,+1)f(r) (r kfl) (k+ 1! f¥a)
r

1 \”L _ r+m-—~k\ (b a)ft) )
+(r+m+l)k-_-o( l)k( r ) (k+1)! fEND).
r
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L. Tschakaloff has proved in [9] that it is the unique quadrature of
this type that is precise for the polynomials of degree not greater than
r-+m. It is interesting to note that (9) coincides with the best formula given
in theorem 3 only in the case m —r—1.

The next two formulas are very special cases of theorem 3. They use
the same information as Simpson formula.

Corollary 2. The quadrature formula

b— b
1) ~"s (37 + 107 (“5°) +-370))
is the best method of integration for the class W3(M; a, b) with information
1(f) 3{f("),f(b),f(aéh)’f’(";b)| and the corresponding R(T) has the

J
value M(b— a)?'32(5.
Prooi. Indeed, by theorem 2 and theorem 3

M (., (b—a\5)12 M -,

A D) Vpen = M p_qpe.
RT)-5,12(", )} CEey - s 0—arF
Further, as far as Ji3(¢) £+1'2 we have

a+b

St =4 Ui(*5") s+ 5 fuiay (5 )+ v (45°))

—y Ukoe) - 3 UL () (1) e(750) 7 (M)

where
b—afa+b 4 b+3a 1
Uit 37 %5 ")(b_at*n;a+i)’
b—¢ 4 +3b | 1
U 4I(b_‘t)(b_at_ah—a4*”z)

and the assertion follows.
Corollary 3. The quadrature formula

b — b
1H="5A (V2 f (@) + (8— 227 (") +V2/ () )
is the best method of integration for the class W>.(M;a, b) with information

() {Ka 1@ £ (*50) o7 (430) -

Here
R(T) (2 2)M(b—a)*/48.
Proof. It is easily verified that

1
ENint [(1—0)|t—c dt 4223,
T
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JN=t - 1+y2.

The statement follows from theorem 2 and theorem 3.
Remark. Corollary 3 was announced in [11] with misprints.
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