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THE BANDS OF A FINITE SYMMETRIC SEMIGROUP
KALCO J. TODOROV

1. Introduction. As it is krown, one of {he basic problems of the
theory of semigroups, central part of which are the semigroups of trans-
formations [4], is the study of the bands, i. e., the semigroups of idempotents
([1], 1.8). In this paper, bands of right and left zeros of the finite sym-
metric semigroup are studied according to the structure of partitions of the
transformation set and to the structure of the set of fixed points respectively.
The indispensability for investigation on semigroups, the elements of which
have one-sided zeros has been substantiated by Lya pin (2], 11.5). In this
paper the cardinal numbers of the above mentioned bands are defined,
which gives a partial answer to problem 46 of [5].

In terminology we follow [1], so that everywhere in this paper X de-
notes a finite set (for example, the set of the numbers 1,..., n), 7y—the
semigroup of the full transformations on the set X, =, — the kernel equiva-
lence of atTy, n; — a fixed partition of the set X, A; — the set of all idem-
potents of the semigroup 7y, the kernel equivalence of which coincides
with .

Let us remind that according to [1] the transformation « on the set X
is idempotent if, and only if, it is the identical mapping, when restricted to
range Xa ([1], 1.1). In other words, if z7,—aoa"! denotes the kernel equi-
valence of the transformation a on the set X, then the pair of components
(., Xa) defines a completely as an idempotent, provided Xa is a “cross
section” of the partition =, and all the points of Xa are fixed for the
transformation a.

From all that has been said (see also [1], 2.2 and [3]) follows

Lemma 1. For the idempotents a,, ay of the semigroup Ty holds :

l. ayay=ay if and only if n, C=n,,;

2. alaa a, if a”d Oﬂly if XQICX(IQ;

3. qyay— aya,=ay if and only if n,C=n, and XayC Xa,.

Proposition 1. Let a, B be two idempotents of the semigroup Ty,
and let y=ap. The transformation y is an idempotent if and only if

(*) for any class y¢X/ker B, for which s-—yn Xa+ @ the embedding
yAC sa~! holds true. e
Here sa—! denotes the set of all elements x¢X, for which xats.

Proof. Let x, y, z (with or without indices) denote the elements of the
factorsets X/ kera, X/ker s, X/kery respectively. It is immediately clear that

N m
a,Ca, and 2 = U x; if and only if
1
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xacy (i=1,..., m) and yn(Xa\{xa,..., Xpa}=.
Thus, if the condition (=) is satisfied and if

— — — m
s—{xa, ..., Xpa}, z2=U X;,
i=1
then
m — —
zy=(UXx)ap=ypCsa =2z,
1

i. e. y is an idempotent.
Conversely, let

72 = (ap)? = ap =7,

s=ynXa={a,, ..., an} D, Xia=a;

m
and z - Ux.
1

=

Now, we have to prove that j’ﬂcZ Indeed, on the one hand,
2y 2ap) = (U X)ab— (U x)a)s=sB=yp,
1 1

and, on the other hand, since y is an idempotent, then zy cz for any ele-
ment z¢.X/kery. Hence, yg - zy Cz.

Corollary 1. For any two idempotents a, f of the semigroup Ty,
for which agC n,, the products af and pa are also idempotents.

Proof. On the one hand, by Lemma 1 for the idempotents a, § holds

Ba —a. On the other hand, let x¢X/kera, ycX/ker 5, xa—a and yc x. Obvi-
ously, | ynXa 1. If atyn Xa, then

'

yBcycx=aa"'.

The last relations show by Proposition 1 that the product «f is also
an idempotent.

2. Basic results. Lemma 2. Let n, be an arbitrary partition of the
set X, and let A, be its corresponding set of idempotents. Then :

i) Any subset of the set A, is a right zero semigroup.

i) The cardinal number of the band A, is equal to the product of
the number of elements of all equivalence classes of the set X by mod x,.

The proof follows immediately from Lemma 1.

Corollary 2. The maximal right zero bands A and B of the semi-

group T, are isomorphic if and only if = x —ay| for all x¢X/kera and

Ve X/ ker g, where acA and p:B.
Corollary 3. Any number

O=PIPF . . . Pa
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where py, Pa, ---, Pm are different prime numbers and a,, ay,..., an are
natural numbers, such that

apy+aspst ... +amPpm—n=|X|
is a cardinal number of some maximal right zero band of the semi-

group Ty.
Proof. It follows immediately from Lemma 2 that such will be the
band, corresponding to a partition of a; (i=1,..., m) classes each of which

has p; elements.

Lemma 3. Let =,, n, be two different partitions of the set X; A,
A, — their corresponding bands; A — an arbitrary subset of the set A,.
Then AU A, is a band of the semigroup for which:

1) A, is a two-sided ideal.

2) The elements of the semigroup A, are right zeros if and only if
711C7't2.

Pro o f. The necessity follows immediately from 2) and lemma 1.

Conversely, let @, Cz, and atA, axtA,. By Lemma 1 aa,=axA,, and
by Corollary 2 asa is also an idempotent and z,C7,.. Since =z, Cz,, then
| xN Xay| 1 for any class x¢X/z,. Hence, z,.—=7, and ayatA,.

Obviously,

rAlUAg ‘Al +3A2}.

Theorem 1. To each maximal chain of partitions of the set X
there corresponds a maximal band, the kernel equivalences of the elements
of which coincide with one of these partitions, and any two elements a,
B of which satisfy the condition

1) ap=p8 or pa=a.

Conversely, the kernel equivalences of each maximal band, the ele-
ments of which satisfy the condition 1), form a maximal chain of parti-
tions of the set X.

Proof. Let

(1) M CC ... CoAp

be a maximal chain of partitions of the set X and let A; be a band,‘ cor-
responding to the partition =, (@ 1,..., m). By Lemma 3, the set A

m
U A, is a band, and if for a¢A;, a;:A; we have i<j, then @a;—a; and
1

a ,EA .

" Cémversely, let A be a maximal band, the elements of which satisfy
the condition 1). That means (by Lemma 1 and Lemma 2), that the kernel
equivalences of any two elements of A are comparable to each other.
Hence, the kernel equivalences corresponding to the elements of A form a
chain and it is a maximal one, since the band A is maximal with property 1.

From the proof of the theorem is clear that if A; is a right zero band,

corresponding to the partition =; of the chain (1), (i 1,..., m), then for
any subset {A;,..., Ar} (1--k=i,<<ixs1 m) of the set {4,,..., An} the
union AUA,L U ... UA;, where Ac A;, is a band; A,‘ is its ideal, and

each element of A;_ is its right zero. Moreover,
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(2) AUAU .. UA = A H AL+ .+ A

Corollary 4. Let | X|—n and let t, k are natural numbers, such
that t*<n<t*¥*' and n-—nt'+t; (0-—t;<tl, i-1,..., k). At that, it will be
assumed that for any rational number a, ta-if t;—=0. With these deno-
tations, any number satisfying

[r—t(r—1)|nr —

k k
1
N\’ (n —0)r+1)+r t ) n
l£(0<:1 + 2t r—1 t_l-ﬁjﬁ‘_l” T 2 ](tr) ’t,-+’l
r=1 r=

is a cardinal number of some band with proverty (1).
Prooi. Let ny=n, if £,—0, and let n,-—n,+1 otherwise. Consider
the set

Py= {n{”, ah, ..., :r("‘)}

of such partitions of the set X, for which one only of the classes of X/
a® (i-—1,..., n) unites one-element classes of X/x;—1, and the rest of its
elements coincide with those of X/a;_y, i. e.

X/ah=X, X/aP={{1,...,t}, t+1,..., n}

and for any i—2,..., ny:
S = (1
X[V ={x{D, xP, ..., xD ., b
where |x;|=1t, xy=X;1; if j=1,...,i—1, and | xy|=11if j-i+1,..., n

In the case when #,+0 put x/7 - {x -y Xm,n}, Where x.- -—=x,;

nl? " n

(j=1,..., n;) and .—\‘"—l"—. = L’_'J Xn, Obviously, P, is linearly ordered by em-
J

“ny

bedding, and if A{" (i- Qf 1,..., n,) are the corresponding to these parti-

ny "
tions bands, then AM=[JA is also a band, since | A" =/’ and
1=0

ny

’ nl
w, = A(U! ﬁ,\jtl + t"'tl — 7!,5_1 ]+t”'t1-
i=0

According to the proof of this theorem (see also Lemma 3), any num-
ber w:1--w -w, is a cardinal number of some band with property 1.
Inductively, knowing the set P, ,, the set

Pr=ap) oy 20},

where n,-n, if {,=0, and n,=n,+ 1 otherwise, can be constructed by ana-
logy with the construction of the set £, only with regard to the set
X=X/

r—1

(r) (r)
X, lf,v(’l’::-{x“,..., x,"’ " “} (1 l.-... ”’)'
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where
- o (=1 ) (r 1) . —
x(lrl) U \nr Vv x(’ "r 1t+/—1 (1_2' st n’—l_t+1)'
When i=2,..., n, put
“(r) - xA(r) g - ) — (r)
xf.;) ,,,x/_’;l/ for j=1,...,i—1, x0= /L_J xNy
and
X =x{ for j=i+1 n,_,—t+1
Xij Xi—1t4j—1 or _]——l+ yeeey N, —+1.

If £,40, put
A U x,, and x =X, (j=1,..., )
If AD (i=1,. ., n,) is a band, corresponding to the partition ={?, then

for the cardinal number w, of the band A" = UA") (r=1,..., k) corres-

ponding to the linearly ordered set of the partltlons P, we find:

@Wo — e!:]v

A(’) '_t, 1D )7(tr)l(tr—l) af —if) +(t’) ”r’

i= l
v D Hir—rt+2) ’ "rt,
w,=1 1 2, tr + (27 )
-
(n —tNr—1)+r [r—(r l)!]n
r—1 l . l I’
Wy = t o7 t' o l)l +(tr)
(r=1,..., k)
W1 =N.
Then
k41 &
\‘v 1 ) W s L) A=,y
w=_ op=1+ 2, T T T
r=0 r=1

k, "yt
+ 3t "+
r=1

From the proof of theorem 1 (equality (2) respectively)and Lemma 2,
it is clear that any number « belonging to the intervals [1,|A,]],
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R+1

(1, |Ae—r |+ Ael) ... [, 2] A; ) is a cardinal number for some band of
0

the semigroup 7.

Obviously, the length m of the so constructed maximal chain is equal
k
to _\7;,“!" 1.

1
It is not difficult to check by the given proof that if n= % since n,=
tk—r, any number

k
12—'w§1+2!

r=1

k—r
e R S

r—tr—1_ -

is a cardinal number of some band with property 1, and in this case

k
M=n4ng+ ... +np=tr"'p 424 4] :7;7_‘11,.

3. Conclusion. If instead of the component Xa, 7, is taken as “cur-
rent” component, we get analogous statements for the left zeros. Thus, let
Y, be an arbitrary subset of the set X; B,—the set of all idempotents
pBeT y, such that Xp=VY,, we shall call corresponding to Y,. The assertions
for left zeros, corresponding to those of 2, we are only going to state with-
out giving the proofs.

Lemma 2. Let Y, be an arbitrary subset of the set X, and let B,
be its corresponding set of idempotents. Then:

i) Any subset of the set B, is a semigroup of left zeros.

it) The cardinal number of the band B, is equal to m"—™, where m -
'Yy and n—| X|.

Corollary 3. Any number o satisfying the inequality

l<=w=m"—m (m=n)

is cardinal number of a maximal left zero band of the semigroup T .

Lemma 3. Let Y, Y, are two subsets of the set X; B, B,— their
corresponding bands; B — an arbitrary subset of the set By,. Then B,UB
is a band of the semi-group Ty, for which:

1) B, is an ideal;

2) The elements of the band B, are its left zeros if and only if
Y,cY,

Theorem 1. To every maximal chain of subsets of the set X, there
corresvonds a maximal band, the range of the elements of which coinci-
des with one of these subsets, and any two elements a, § of which sa-
tisfy the condition :

1"y afp—a or pa— B.

Conwversely, the range of any maximal band, the elements of which
satisfy the condition I', form a maximal chain of subset of the set X.
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Corollary 4. Any number w satisfying the inequality

n
\wi” —i
—

i=1

is a cardinal number of a band with property I'.

1 w-
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