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ENFLO-ROSENTHAL BASIS SETS IN BANACH SPACES
IVAN SINGER

We define coefficient functionals and partial sum operators for the ER-basis sets in-
troduced by Enflo and Rosenthal. We show that the coefficient functionals are con-
tinuous and if the ER-basis set is normalized then they are also uniformly bounded. Some
usual non-separable Bianach spaces have no ER-basis set. The partial sum operators need
not be uniformly bounded, but have a weaker uniform boundedness property. We give a
characterization of reflexivity of Banach spaces with an ER-basis set.

1. Introduction. The problem of extension of the notion of a basis
{x»} of a separable Banach space E to the case when E is not assumed to
be separable, replacing the sequence {x,} by a family {x;};¢; which is not
assumed countable, presents the main difficulty of finding for this case a
suitable generalization of conditional convergence of series. Recently
P. Enflo and H. P. Rosenthal [1] have suggested to overcome this
difficulty in the following natural way, which they feel is perhaps the “cor-
rect” generalization of the notion of a basis to spaces which need not be
separable:

Definition 1. A family {x:};e; of elements in a Banach space E is
called an ER-basis set for E if . (a) E=|[xiic1, the closed linear span of
{x;}icr and (b) every countable subfamily of {x;}; ¢ has one ordering under
which it is a basic sequence (i. e., a basis of its closed linear span).

Enflo and Rosenthal [1] have used the term Schauder basis set,
but we prefer the above terminology (in order to avoid confusion between
“Schauder basis” and “Schauder basis set” when {x;};¢; is countable); here,
of course, ER stands for “Enflo-Rosenthal”.

In [1] it was observed that if {x;};¢; is an ER-basis set for a Banach
space E, then for every separable subspace G of E there exists a separable
subspace F of E with FO(, such that some countable subfamily {x,};¢;, of
{xi};e, has an ordering under which it is a basis of F. Hence, in particular,
{x/}1er is an ER-basis set for a separable Banach space E iff {X;}ies is
countable and has an ordering under which it is a basis of £; thus, a separ-
able Banach space has an ER-basis set if and only if it has a basis.

It is natural to ask to what extent the known properties of bases re-
main valid for ER-basis sets. In 2 of the present paper we shall show that
one can define coefficient functionals for ER-basis sets and that these func-
tionals are still continuous; moreover if the ER-basis set is normalized, then
they are also uniformly bounded. We shall also obtain that many usual non-
separable Banach spaces have no ER-basis set. In 3 we shall define partial
sum operators for ER-basis sets and we shall show that in general they
need not be uniformly bounded and need not have even a certain weaker
property, but for each countable subset of an ER-basis set one can select
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248 1. SINGER

an ordering of that subset which makes it a basic sequence, in such a way
that the norms of these basic sequences are uniformly bounded. Finally, 1n
4 we shall define shrinking and boundedly complete ER-basis sets and use
them to give a characterization of reflexivity of Banach spaces with ER-basis
sets which generalizes the characterization given by R. C. James [3] for
separable spaces with usual bases.

The proofs of the above results are not standard (since the methods
of the separable case cannot be extended for non-separable spaces) and
actually make use of the corresponding results for separable spaces.

The terminology and notations will be the usual ones, see e.g. [7].

Finally, we wish to express our thanks to T. Figiel (Warsaw) for
reading the manuscript and making valuabie remarks which have simplified
some parts of this paper.

2. The coefficient functionals. Non-separable spaces which have no
ER-basis set. Let {x;};¢; be an ER-basis set for a Banach space E. Then,
clearly, every finite subset of {x;};¢, is linearly independent and hence we
can define a family of linear functionals {f;}i¢; on lin{x;};¢/ (the linear
span of {x;};es) by

‘,: a,ifl'é{l'k};:, ‘f‘l l
& R e T A ATIR A
Theorem 1. Let {x;};¢; be an ER-basis set for a Banach space E.
Then the functionals f; defined by (1) are continuous on lin{x;c; and
hence they admit unique extensions to f; ¢ F*(i¢1). Moreover, there exists
a constant M such that e

(2) Vol [ fo |=M (Eed).

Proof. We may assume (replacing (x;, f;) by (x;/ x:, | x;| f), that
X 1(i¢ 7). We shall show that there exists a constant M such that

(3) f,(X); M x (x(lm {x,-},'e /,iEI),

which will complete the proof. Assume that (3) does not hold. Then there
exist a sequence {i,Jc/ and a sequence {y,jClin {x:;}ier with [|y,! 1
(n—1,2,...) such that

(4) lim f,»n(y") oo,

Since [x;, ya| is a separable subspace of £, there exists, by the remark
of Enflo and Rosenthal mentioned in the introduction, a countable subfa-
mily {xi}i¢s, Of {xijiessuch that [x;, ya]C[xiies, and that {Xi}ier, has an order-
ing under which it is a basic sequence. Let {giies, © ([Xilien)", @i (xy) =

diy(i, j€ 1,). Then, by {i,jc/, and a result of Banach, see e. g. [7, Ch. I, § 3,
theorem 3.1},

sup|fi (¥,)|=sup @i (v, )| sup| e, |=suple:|=suplx;/e/<eo,
n n n i€l, tel,

which contradicts (4). Thus, we have (3), which completes the proof.
Now we can give
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Definition 2. Let {x;}i¢; be an ER-basis set for a Banach space E.
The family {fi}ie1C E* of theorem I above is called the family of coef-
ficient functionals associated to the BR-basis set {x}ier.

The term “coefficient functionals” is motivated by formula (1) and by

Corollary 1. Let {x;}ie; be an ER-basis set for a Banach space E
and let {f}ic1C E* be the associated family of coefficient functionals.
Then for each x¢E there exists a unique family of scalars {o;}ic; such
that the set S—{i¢ ! «;+0} is countable and has an ordering {i,; such that

oo

(5) X Xa; X;i
n=1 " 7

namely

(6) afdx) (icl).

Proof. Let x¢ E. Since [x;];¢;=FE, there exists a countable subset /,
of £ such that x¢{x;]ic;. Then {x;};¢, is a basic sequence under some order-

ing {i7} of /o, so there is a sequence of scalars {a,} such that

) x= Sagr,.

n=1 n 'n

Define now
(8) a; 0 (i€ IN\U,).

We shall show that {a;}s¢; has the required properties. Indeed, by (8),
S={iella;+0}cl, (so § is countable) and hence, by (7), we have (5) under
the ordering {i,} of § induced by {i%. Finally, by f;¢ E* (7), (8) and the
biorthogonality of (x;, fi)ie; we have (6), which completes the proof of co-
rollary 1.

We recall that a family {x;};¢; of elements in a Banach space E is
called an M-basis of £ if [x;];e;=FE and if there exists a (clearly unique)
total famlily {fi}iesc E* such that (x;, f;);¢, is biorthogonal (i e., fi(x;)=diy
for i, jel).

Cjorollary 2. Every ER-basis set {x;};¢; for a Banach space E is
an M-basis of E.

Proof. Let {fi}ic;CE* be the family of coefficient functionals asso-
ciated to the ER-basis set {x;};¢;. Then (x; fi)ies is biorthogonal and thus,
since [x;]r¢;— E, it remains to prove that {f;};¢; is total on E. Let x¢E,
fi(x)=0 (i¢ ). Then, since |x;|;¢;=E, there exists a countable subset /, of
E such that x¢|[xi|ies. Also, there exists an ordering {i,} of /, such that
{x:; } is a basic sequence. Let {oi}ier,c([xi)ier)®, oixy) - i, (i, j€1,). Then

X §(1,~ (x)xy S fi (x)x; =0 (since ¢; (x)-f; (x) by corollary 1), which
1 n n n=1 n n n n

completes the proof.

As a consequence, we obtain that many usual non-separable Banach
spaces have no ER-basis set. We recall that a Banach space E is called a
Grothendieck space if every o(E*, E)-convergent sequence {g,} in E* is
o(E*, E*¥*)-convergent. For example, it is known that £- /> is a non-reflex-
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ive Grothendieck space [2] (it is clear that every reflexive space is a Gro-
thendieck space).

Corollary 3. No non-reflexive GUrothendieck space E admits an
ER-basis set.

Proof. By a theorem of W. B. Johnson [4], no non-reflexive Gro-
thendieck space admits an M-basis. Hence the conclusion follows from co-
rollary 2.

3. The partial sum operators. Definition 3. Let {x}ie; be an
ER-basis set fora Banach space E, with coefficient functionals {fi}ie;c E*.
The family of operators {s{“}_n} on E defined by

©) i (%) :é] fi(0)xi, (x¢E),

where {i,} is an arbitrary ordering of the countable set S={i¢ /| f(x)%0}
as in corollary 1 and where n— 1, 2,..., is called the family of partial
sum operators associated to the ER-basis set {xi}ic

By theorem 1, these partial sum operators are continuous on E, so it
is natural to ask whether they are uniformly bounded on E. In general,
even the answer to the question whether the partial sum operators have
the following considerably weaker property, is also negative: Is it possible
to select, for each countable subset /, of /, an ordering {i}} of /, such that

sup [ gy, (= M{iR)) < oo ? (bere sup., sup oy M({ig)=co s also permitted)

Indeed, if /={1,2,3,...} and if E is reflexive, this property implies that
for every infinite subset /, of / we have [xi];e/®|xjljer~ 1, —E (e. g by [5,
theorem 8], and hence {x;};¢; is an unconditional basis‘of E (by [6)).
However, we shall prove now the following positive result:
Theorem 2. Let {x;}icr be an ER-basis set for a Banach space E.
Then for each countable subset I, of I one can select an ordering {i}} of

ly such that the corresponding family u{s{lohl[xi],u.,};"_, is uniformly
/o k"

bounded, i. e. such that

(10) S|;|op v x12}<‘ 0,

where the sup is taken owver all countable subsets [, of I and where
v{x9} - sup s{,g;‘nl[x;],-yoq.

Proof. Choose, for each countable subset /, of /, an ordering {;}} of
/, such that
11 Cinfrge 1wl +1,
(11) "{XI_(k)} () Y{ ‘k>+ v(1o)+
where the inf is taken over all orderings {i,} of /, such that {x,} is a basic

sequence. We shall show that this selection satisfies (10). Indeed, if not
then sup,, »(/,)=co, which will lead to a contradiction. Observe that i
I,, 1, are countable subsets of / with /,C/y, then »(/,)==»(/,), since if {i}}
is an ordering of /y such that {xl-;‘} is a basis of [x/i¢s, then the subse-
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quence {x:‘Z}iZel. is a basis of [x;];es, see e. g. [7, Ch. I, § 4], satisfying, clear-

ly, »ico =« 2. Now, by our assumption, there exists a sequence {/,}
x

\ lk}igélu
of countable subsets of / such that lim »(/,) - oc. Let /,= U I,. Then I,D 1/,

n—oo n=1
whence, by the preceding observation, »(/))=»(/,) (n=1,2,...),s0 »(/y)= oo,
which contradicts the assumption that {x;};¢; is an ER-basis set for E.
This completes the proof.

4. Reflexivity of Banach spaces with an ER-basis set. One can give
the following natural generaliazations of shrinking and boundedly complete
bases:

Definition 3. An ER-basis set {x,};¢, for a Banach space E is said
to be shrinking (respectively, boundedly complete), if every countable sub-
family of {xi}ie: has an ordering under which it is a shrinking (respect-
ively, a boundedly complete) basic sequence.

Theorem 3. A Banach space E with an ER-basis set {x;li¢1 IS re-
flexive if and only if {x;ic; is both shrinking and boundedly complete.

Proof. Since every subspace of a reflexive space is reflexive, the ne-
cessity is a consequence of James’s theorem [3].

Conversely, assume that the condition is satisfied and let /, be a count-
able subset of / Then there exists an ordering {iJ} of /, such that {x o} is

a shrinking basic sequence and another ordering {i,} of /,={/%} such that
{x,-n} is a boundedly complete basic sequence. Clearly, {x; } is also shrinking
(since so_is {xo} and since {g; } is a reordering of {@ o}, where

{oidiernc(xdier)*s @dx,)=0; for i, jel,)

and hence, by James’s theorem [3], the subspace [x;i¢s is reflexive. But
by the remark of Enflo and Rosenthal mentioned in the Introduction, every
separable subspace G of E is contained in a subspace of E of the form
F=|xi)ier, with [,c/ countable. Consequently, every separable subspace of
E is reflexive and hence, by Eberlein’s theorem, £ is reflexive, which com-
pletes the proof.
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