Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Serdica

Bulgariacae mathematicae
publicationes

Cepauka

beiirapcko MareMaTu4ecKo
CIIKCaHue

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic reprints.
Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to third party websites are prohibited.

For further information on
Serdica Bulgaricae Mathematicae Publicationes
and its new series Serdica Mathematical Journal
visit the website of the journal http://www.math.bas.bg/~serdica
or contact: Editorial Office
Serdica Mathematical Journal
Institute of Mathematics and Informatics
Bulgarian Academy of Sciences
Telephone: (+359-2)9792818, FAX:(+359-2)971-36-49
e-mail: serdica@math.bas.bg



RIEMANN MANIFOLDS WITH CONSTANT GENERALIZED
CURVATURE OF RICCI

PENKA P. IVANOVA

A generalized Ricci curvature is introduced and a characteristic of Riemann manifolds
with constant sectional curvature and of Einstein-Riemann manifolds is given.

Let M be an n-dimensional Riemann manifold. For every p¢ M denote by
M, the tangent space at p to M and E* and F~ be two linear orthogonal
subspaces of M, with dimensions resp. 2 and . We assume that E*n Fr=0

Lu=23,. n —2 and H—uSn Let further u,,...,u, be an orthonormal
basis of Et and W1, eeny gy, OfF Fu respectlvely Define
(1) o(E?; Fr):= b K ..

i=3+1

called curvature of Ricci for the direction E* with respect to the u-dimen-
sional plane F«, where K(E')=K.. ,=21=i<;<:Ki; is the curvature of the
A-dimensional linear subspace E%, defined in (I]. This curvature does not de-
pend on the orthonormal basis of E* and F». Indeed

o(E*; F¥): = 2 Kv._., - uK(E*)+ K(E*; F*).
Theorem 1. The followmg formula holds
@) o5 F=(u—DKua. ..o+ = oluss G+),
where o(u;; G'+#) is the Ricci curvature with respect to the subspace G*+»
=E*UFr and for the direction u; 1)

The proof consists of the following equalities:

At
o(E*; F")i"_iwa...11=K12...u+l+ v K2 tw
Atp i
=uKi2. .., 'i-[ z 1(K”+ e -%—Ku)j"lzl(Kli-f- e+ K)
=1+ -

i P A
=/4Kn...:.+12'l olus; G““)—_;‘-'l Ki;- (”——2)K|2"'1+12<; olug; Gie).
Now consider Riemann manifolds with the property
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3) o(E*; Fry—CQ ,

i. e. the Ricci curvature for every Ji-dimensional tangent subspace with res-
pect to any orthogonal to it u-dimensional tangent subspace at every point
of the manifold is constant. Further on one has 1+ u=n, where 1 and u take

the values 2,3,...,n—2.
Taking into acc0unt (2), the condition (3) becomes

1
(4) (ue—2)Ki, .. .4, +k€l oui, ; G+r) =C

We add these CL,,, equations for 1<2i,<- <l;<l+/4 The curvature
o(u,; G**#) comesout just when i,=1 and the remammg A—1 indexes become
equal to 2,3,..., u+24 — their number is equal to 1+ x— 1. Therefore o(u,, G*+*)
appears C;I,l‘_, times. The same is true for the other curvatures as well. Using
the formula

(“" 2)S(o GH+w)— > K. ..

1=i<. . <iy <d+u “
of [2], we obtain

(u— 2)(;.4-,‘ 2)S(p G‘+“)+("+“ )z ou;; Gu) = (1+u)q’_#.

Hence
. Au(A+1) .
5) Cu=GFmaru—n &P G**).

We obtain from (2) (u—2)Kiz. .. ;—1u+o(,; GHe)+ - - +ola; G+r) '—:CO'“. Con-
sidering theorem 1 and summing for every i—4,...,4-+}u, one gets

(- Dl(a=DKia.... 142 S olag G+ =(u+ 1)CY,—28 (p: G-+)

or

+1)C0 ; G
(—2)Ki2 .. z—|+22.' olu;; GHHr) = S +)“:2t?'(ﬂ£"");: LG

We may continue this procedure when 21>3 and 21+ 1<A+u=n. If we
repeat it & times, where &+ 1<4, the result will be

A—R
(u+k—2) [(t— K12 aat (k1) X olurs GHi)] = (ut R)CE1—2kS (p; G+,
When k+1=1 it becomes A(A+u—3)o(t,; G'*#)=(i+pu—1)Ci=2—2(1—1)S (p;
G o) or o(uyy G =[(A+u—1)C} 2 —2(2—1) S (p; G“")]/l(1+u —3).
If we express C}~? by CO_ and use (5), we obtain

ol ; G+ 27 N@A+p—1) (A4u—2)CY /u(u—1)
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—1
6)  —20+u—1)(A+u—2)S(p; G+x) l_;‘-'l(l—i)/(l—%-#) (At u—i—1) (A +u—i—2)]

2 "
= I‘}“# S(p; G‘+¢).
It is known [2] that S(p; Gi+ws) =271 Xitug(u;; Gi+w).
From (6) we obtain

(7) p(ul; G+“): tee :du;+“; G‘1+“),

i. e. the curvatures o(u;; G**~) do not depend on the direction u.

Now let consider the two main cases:

1. A+u=n; it follows from (7) that M is Einsteinian. Now we may con-
sider the following subcases:

a) u+2: from (4) and (7) one has K. . ;=const (2=<i=n—2) and there-
fore M is a space with constant sectional curvature.

b) u=2; using the formula o(E*; F?)— 2K(E*)+ K(F? U E?), considering (3)
and expressing K(FPUE") by K(F?) and K(E") we obtain K(F?)—K(L F?)
—const. So it follows that M is Einsteinian [1}

2. Atu+tn, i. e. A+u<n.

a) If u=+2 we obtain from (4) that M is with constant sectional cur-
vature.

b) If u-—2, we obtain from (7) that the Ricci curvature of order i+4u—1,
where A+u—1<n—2 is constant for directions with respect to 24 u—1-di-
mensional orthogonal linear subspaces. It follows from [1] that M is with con-
stant sectional curvature. So we proved the following

Theorem 2. Let 2=, u--n—2, i+u—=n—2. If the curvature of Ricci
for any i-dimensional subspace E* with respect to every u-dimensional sub-
space F+ | E* is constant, then:

1. If 2—=n—2 and u-2, M is an Einstein-Riemann manifold.

2. In all other cases M is a Riemann manifold with constant sectional
curvature.

Note. The cases 2- 1 and u—2 are treated in [1].

The author is grateful to Gr. Stanilov for the formulation of the pro-
blem and for his help.
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