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ON RESPONSES TO THE SIMPLEX CENTROID DESIGN
EVANGELOS KONSTANTELOS

A modification is made to the Simplex-Centroid Design, introduced by Scheffe (1963)
and it is applied to the polynomial of third degree.

1. Introduction. This paper is related to the Simplex-Centroid Design in-
troduced by Scheffé [4]. The main features of this design in a g-component
mixture in which the proportions x,, x, ..., x, are in the simplex

q
(1.1) X x,- 1, x,=0,

are the Centroid Polynomial

q
1.2) u- Yaxi+ ! a;; X, Xj+ X o4+ - b Qiviy 1 Xi, Xy - Xy
i=1 15i<j=q 1< il J< k=gq I=h<. .. i =g " n
as a regression function and the mixtures of one, two, three,..., g compo-

nents of equal proportions.

These mixtures are to be used to estimate the coefficients in the polynomial
(1.2). The purpose of this design is the empirical prediction of the response
to any mixture of the components when the response depends only on the
proportions of the components present but not on the total amount of the
mixture. D. P. Lambrakis [2| introduced the idea of modificating this de-
sign. The modification consists in replacing the mixtures of one component —
pure mixtures — by mixtures of ¢—1 components of equal proportions (¢—1)-
nary mixtures.

In this paper the responses g,.,fl/ , W, are used for the estimation of the
coefficients of the regration function (1.2) of degree three.

2. Case of ¢, ,f,,, w,. The polynomial of third degree is

r

(2.1) u Loax+ Xoaxxt I @ XXX,
I=i=q 1<i<j=q l<i<j<h=q
The mixtures to be used to estimate the coefficients in (2.1) are
a) (g —1)-nary g, (1--i<q) with proportions X, =xg="---=x,=1/(g—1),
x, =0, for r—=i (total number equal to ¢);
b) (¢ —2)-nary f; (1<i<jsgq) with proportions X, =X, - =X,

1/(g—2), x,=0 for r=i, j, (total number equal to (%):
¢) (g - 3)-nary w,n(lsi/_j<k§q) with proportions x, =x,= .. =x,

1)(g—3), x,=0 for 4 =i, j, k, total number equal to (g).
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Taking r-, I T observations for & .J5 W respectively, and substitut-
ing their observed means g.'vap 75,7, into (2.1) wé have the system of normal
equations

~ -~ —~ l . —~

(2.2 R TS U W
) & (@—-V .5 " @-1¢, oy ro (@—18¥, ey Qrs:s
9. ra 1 ~ 1 .~ ] -
(2.3 -y g4ty v 3
) fi[ (q—?)rt“ ; ’+1‘q -2 . 3*4'.jan+ (q——Q)S -t rses
- 1 S 1 . —~ .
(2.4) w;ﬁ - 3 a )) ar!’ 1 ~ bl ar:(.

= S Gt ——ay X -
@=3) i © @=3F, o7k (@—3P rcrvijn

The main problem is the determination of the estimates a;, c?,,, 2,-,,, by sol-
ving the system (2.2)—(2.4).
We receive the estimates of a,, a,;, a;;, from the expressions

(2.95) a; ;.‘.IE,—

v,
- a,
ri
(2.6) u,,=(:a,,+ ¥ a,,) (X ant X an),
r,sxi,j r, s=i r,s=+i
. o .« -~ ‘ « ~ = ~
(2.7) Aijp— | =Qrar - Qs - Qs ~ aru)
r.s, 4314, r,s, t%/.k r.s. t%=i k&
[ X Qg+ X Qg+ X Gt = au;) .
\.r'l.f::l r.s,t%j r.s, t+k r, s, t==1, /. k

3. Solution of the system (2.2) —(2.5). Equation (2.2) is actually a sys-
tem of ¢ equations. If we write down explicitly all these equations we ob-
Serve that each element a/l--r-g) appears in the system (¢ 1) times,
Qps (1 ar<<s-—q) and ay (l=r<s<t-—-q) respectively (¢—2) and (¢g—3) times.
If we add all the equations mentioned above we have the equation

o ovn L W@=2) o (@-38) 7
(A.1) g -2a, "i‘@;ﬂz -—an#'w—_'ﬁz’ ~Qrs;-

Equation (2.3) is actually a system of (J_,) -(9) equations. If we write all
of them we observe that each element @, (1=r- ¢) appears in the sysiem
(g—1)(g—2)/2 times, a,, (1- r<s--q) appears (¢g—2) (¢ -3)/2 times and ar,,
(1 =r<s<t=gq) appears(g 3)(¢—4)'2 times. If we add all these equations we re-
Celve the equation

AL o @=D) > @-3) v @-3@—d) yo
( ‘2) == 9 ~a,+ 209 —-2) ~Qrs 'l(q--Q)‘ ref

Similarly, equation (2.4) is actually a system of ( %)= (f) equations. If we
write all of them we observe that each element E,(r r= g) appears in the sys-
tem (g—1)(g—2)(g —3)/6 times, (f,,(l- r<-s<=gq) appears (¢—2) (g—3)(¢g—4)/6
times and a,,, (1 r<<s<t-gq) appears (¢—3)(¢ ~5) (¢—4)/6 times. If we add all
these equations we get the new equation
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oo (@g=D@—2 o (@2 @—4 > ,@—%(@g-5)
(A.3) Tw= 6 ta, - TP 32

From (2.3) we can form a system: of (¢g—1) equations where the left side
of each equation is a mixture of ¢ -2 components of equal proportions and
not containing one component x, (17 -g).

If we write all these equations we observe that the elements a, (r-1i),
a,s (r,s i), a,s (r,s,t i) are contained in the system, resp. ¢—2, g—3 and
g—4 times. [f we add all these equations we get the equation

. ~ (¢g-=3) « = (g—4) 3
4 s - a,-- Y oat——wn X Q.
(A ) f ,2:‘ r (q 2y poski rs | (q»-3)~‘ . [l 7S

~
-
T Wy

From equation (2.4) we can form asystem of (¢ 1) equations, where the
left side of each equation is a mixture of ¢ 3 components of equal propor-
tions and mnot containing one component x;(l i ¢). If we write all these
equations we observe that the elements a, (r<i),a,, (r,8 1), ars (r, s, t = 0) are
contained in the system resp.q¢ 3,(¢ 3)(¢—4)/(¢g 2)and (g—H(g 5(g-—2)
times. If we add all thcse equations we receive the cquation

- . (g—4) Y P Y YtV ) B
AD Yw Y oa, . 3 as+ ML Y Q.
' ) rsi . q 2'("_'%'r._\"ri ’ q '2)(‘1743).5,.)..{” -
We alre~“y have the equation (2.2)
~ I | | .
— — Q- , = Qps 1 : - a,.
g‘ 'q ‘)r:l " (qil"r,:tn n ”] Hﬂr.s,tu !

If we solve the systemn of (A.l)-- (A.3) we receive Xua, Xa, .‘_’a/,\,,, where
by solving the system of (2.2), (A.4), (A.5) we get the

I, - S ~
- a, - Aan, ;1= QArs-
r4i r s+ r.s =1

Thus, we have (2.5) — (2.7).
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