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WEAK CYCLIC CODES

B. D. SHARMA, SIRI KRISHAN WASAN

We introduce a class of weak cyclic codes which have cyclic structure not over the
whole word length but over its different parts which are assumed to be of equal lergth. It
is shown that an abelian code can be regarded as a weak cyclic ccde. It is shown that weak
cyclic codes of special type occur as subcodes of arithmetic codes. Product of weak cyclic
codes is considered and a product diiferent from Elia's product is defined for quasi cyclic
codes of constant rate and it is shown that under this product the product of quasi cyclic
codes of constant rate is also quasi cyclic code of the same rate.

1. Introduction. Cyclic codes are easy to implement and have the added
advantage of possessing simple algebraic proporties. However, only one set of
shift registers can be employod for their implementation ard the decoding
again is to be handled by taking the whole of the codeword. This is some-
what restrictive.

In practice what might sometimes be more suitable is to devise our system
in such a way that different parts are separately dealt with and synchronized
for communication. This puts us in a comfortable position with respect to de-
coding also where different parts of a received vector can also be indepen-
dently decoded with possible different objectives. Such a situation demands
that we regard codewords as composed of different parts, each having its own
structure.

Cyclic codes can be defined as ideals in a group algebra of a cyclic group
over a finite field. Abelian codes which are ideals in the group algebra of a
finite abelian group over a finite field are a natural generalization (Berman
[1], Delsarte [2] and Mac-William [3]).

W asan introduced a more general class of codes called quasi-abelian
codes. A quasi-abelian code is defined as a linear sub-space of the group al-
gebra GF(q)G, which is a GF(g)H-module for a subgroup /7 of the finite abe-
lian group G. It is shown that a quasi-abelian code can be regarded as a
direct sum of abelian codes (W asan [4]).

In this paper we study a special class of codes which are subcodes of
direct sum of cyclic codes. We call them weak-cyclic codes and they possess
cyclic structure not over the whole word length cut over its different parts
which are here considered to be of equal length. It is easy to see that an
abelian code can be regarded as a weak-cyclic code. It is shown that weak-
cyclic codes occur as subcodes of arithmetic codes. A notion of weak-circulant
and weak-quasi cyclic code is also introduced. Product of weak-cyclic codes
is considered and a product different from Elia’s product is considered for
quasi cyclic codes of constant rate.

2. Weak-cyclic codes. In defining this class of codes we would like to
have that cyclic structure is not over the whole word length but over its different
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399 B. D. SHARMA, S, K. WASAN

parts which are here considered to be of equal length. To be precise we have
the following definition:
Definition. A linear code A of block length n= pr is called n/'r-weak
cyclic if
(@i ey @y Qrity e vny Bopyeoe ounQpolyrily ooy @p) €A
(@ @y e oy @ ey Qopy @ty e ooy @op—iy e v vy @y vy @pr 1) €A
Example 1. The code generated by the matrix

00001 00010 00100 01000 10000
10000 00001 00010 00100 01000
G= 01000 10000 00001 ©OO10 CO100
00100 01000 10000 0CO01 00010
00010 00100 01000 10000 00001

is 25/5-weak cyclic code which is also a quasi cyclic code.

Example 2. The r-th order Reed Muller code of block length n=2"
with »—1 and m=3 is 8/4-weak cyclic code.

Example 3. The linear code, generated by the matrix G=(C,, C,, ..., C,),
where each C,(i=1,...,r) is r<r circulant matrix over GF(g) and the j-th
row of C; is(j—1)-throw of C,; 4, is r?/r-weak cyclic.

2.1. Arithmetic codes. An arithmetic code is a cods in which the
coded form of the number N is the n-digit radix-r representation of AN, where
A is constant. These codes have an interesting analogy with cyclic codes. For
any number A, such that (r, A)= 1, there exists a smallest number n such that
r"— 1 is divisible by A. If n is taken as the number of digits in a codeword
then every cyclic shift of codewords is also a codeword.

The following theorem will show that some weak cyclic codes are sub-
codes of arithmetic codes.

Theorem |. Suppose A is a constant such that (r, A)- 1 and n=mk
is the smallest integer such that r"—1 is divisible by A. If any row-vector
of a matrix G- (C,C, ..., Chaupn (C is some k> k circulant matrix) is a code-
word of the arithmetic code AN then ewery other row of G is also a code-
word of AN.

Proof. Let (a._y, ar » ...,a, be a row of the circulant matrix C such
that the number

“,1 ar lrmk 1 Lag zfmk 2 ... L_””r(mrl)k - ag lr\m— D1 ... anr\m 2k
cdap o rf a0t - ta,

is divisible by A. Then

a ,_,rmk 1 L an ,;;f’"’" 24 ... +'a0 pim HA1 ) Ap- l,tm 1} P Qar 2’.1;,,“!)1\- 1
B Y At LR PR 2 U L S B PR e P e . L al |
rM (ap | rmh M |f‘"’ DE L ooy Ap k) bay ,r""""" Ay prim—k
cQr

=rM—ap . (rm—1),
which is divisible by A.
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Thus, if the row vector

(@re—1y Qr—2y -« ., gy - - \Bo—1y Qr—2, . . . , Qg)
of the matrix G, is a codeword of the code AN then the vector
(Ar—2, =3y« -« s A1y - -+, Qr—2, A3, - « - , Ai—1)

is also a codeword of AN. Hence the theorem.

The above theorem shows that if (r, 4)=1 then the weak cyclic code
generated by the matrix G=(C,C, ..., C) is a subcode of the arithmetic code
AN provided the digits of a row of G are the digits in the n-digit radix-r
representation of a number divisible by A provided n=mk is the smallest
integer such that r”"—1 is divisible by A. For example, let A=9 and r=2
then 6 is the smallest number such that 9 divides 2°—1 and the weak cyclic
code over GF(2), generated by

1 001 001
G:i 010 010 |
| 100 100 |

is subcode of the arithmetic code 9N.

2.2. Abelian codes. Using Mac-William [3) technique we show that,
an abelian code can be regarded as a weak cyclic code.

Theorem 2. If A is an ideal (abelian code) in a group algebra KG of
a finite abelian group G over a finite field K then for every prime number
r dividing the order of G, A is n/r-weak cyclic code, n being the order of G.

Proof. Let // be a cyclic subgroup of order r of the group G and let
its elements be A, k,, ..., k. Let g,H, g,H,...,g,H (mr—n) be all the cosets
of G with respect to the subgroup /A with g,=1¢G. We arrange the elements
of G in the order gk, ..., 8 Sy o, Gollpy oo s Sty oy Emhiy.

Let the coordinate places in KG be numbered with the elements in the
above order. We can write an element in the group algebra KG as X ga (g)

where a(g)¢ K. Let an element a in the ideal A be written as g
a Sema(gm)+ & ha@h).
Let
A;- :{/élg,h,a (g; hy) !ag A} .

Since A is an ideal in KG, therefore, each A,(i=1,...,m) is an ideal
in KH.

Also, H being cyclic group each A,(i=1,...,m) is a cyclic code. Thus,

(al.. @y Qrily ooy Qgpy ooy A(m—1)r+1y « + a.,)eA
=) (@g—tyr+1y - -+ i) €A, (i=1,...,m)
= (@gpy oo oy Qir—1) € A, (. A; are cyclic)

(@ @yy oy ety Qopy o oo Aopty o v oy Appy Amr—) € A.
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Hence .1 is » r-weak cyclic code.

23. Weak quasi-cyclic codes. The extension of weak cyclic codes
to weak quasi cyclic codes is analogous to that of the extension of cyclic
codes to quasi cyclic codes.

Definition. A linear code A of block length n— pr is called njr—s
weak quasi cyclic code (s<r) if

@y ey Qr (s 1)y v ey @y oo ey A(p—Nyr 1y e e ey Apr(s—1)y + - -5 Apr) € A
(Qr 51y oo s Ay Qqy oo vy Qr(5—2)y « v oy Bpr—(s1)y-+ - ppy + - .,a,,,_(s_g))eA.

Circulant matrices have been used to study quasi cyclic codes. We now
define weak circulant matrices which could be used to study weak quasi
cyclic codes.

Definition. A matrix in which every row shifted by s digits (o the
right, for some positive integer s, resulis in another row of the matrix is
called a weak circulant matrix.

We shall write a weak circulant matrix with » columns and in which rows
preserve s shifts as n/s-weak circulant matrix.

Example. The linear code, generated by the matrix G=(C,, C,,. .., ),
where each C; is r/s-weak circulant matrix over GF(q) and j-th row of C, is
(j—1-th row pf Ci (i 1,....,r), is r?/r-s weak quasi cyclic code.

Theorem 3. For some positive integers n and s with s-<n, ann/s-weak.
circulant matrix has n (n, s) distinct rows where (n, s) is the greatest common
divisor of n and s.

Proot. Let ©,=(a, @1,...,Qas ...,a,) be the first row of an n/s-weak
circulant matrix C. The other rows of A could be obtained by shifting v, to
s digits to the right successively. Let v; denotes the i-th row of A. In par-
ticular,

Vy=(Agy ooy Ay Ay oo ooy @ggy ooy B 1), Vg (Qgsy o v vy Asg1y@sy o ooy @y, Apyee e 2@ 254 1)

If .1 has ¢ distinct rows then v,,;- #,. This is true if /s 0 (mod 7). But
{ n/(n,s) is the least positive integer satisfying the above equation. Hence
the theorem.

Corollary. If (n,s)=1 then n/s-weak circulant matrix is circulant.

3. Product codes. Wasan [4] has shown that the product of quasi cyclic
codes of relatively prime lengths is also quasi cyclic code and the shift length
preserved by the product code is the product of the shift lengths preserved
by the subcodes. We prove a similar result for weak cyclic codes.

Theorem 4. If A is n,/r,-weak cyclic code and B is n,/rr-weak cyclic
code over GF(q) then the product code AB is nyn,/rry-weak cyclic code over
GiF(q) provided (n,, ng)=1.

Proof. Let ny=p,r, and ny pyr, with (n,,n,)=1 so that (p,, p,)=1 and
(r;,ra) 1. We choose integers a and b such thal ap, +bp, 1 (modp, p.) and
integers ¢ and d such that cr, +dr, 1(mod rr,).

The product code AB is of block length nyn, - p,r, pary and we can arrange
its elements as p,r, ¥ p,ry arrays with rows as codewords in B and columns
as codewords in A.

We regard a p,r,Xp.r, array as p, < p, array of elements which are them-
selves r, ry arrays.
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Since A is n, r;-weak cyclic code therefore p, subblocks of A of length
r, are cyclic. Similarly, p, subblocks of B of length r, are cyclic.
We regard an element of the product code AB as a p, <X p, array

Cipyevnoy Cip,
(1) Y o
Coty oo -y Cpop.
where each C,;(i 1,...,p, & j- |,...,py) (s ry<r, array whose rows are

ro-tuple belonging to the j-th cyclic subblock of the code B and the columns
are ry-tuple belonging to i-th cyclic subblock of the code A.

We can assaciate with every r,Xr, arrary C; a codeword of a cyclic
code of block length r,7, by relating an element of index (/, m) of the array
with the coordinate of index / of cyclic code of length r,r, given by

(2) t=1(dry) +m(cry) (mod r,r.).

With p, X py array (1) a p, p,-tuple of r,Xr, arrays by relating an element
of index (i, j) of the array (1) with the coordinate of index & of p,p,-tuple
(of 7, r, arrays) given by

(3) k=i(bpy)-+j(ap,) (mod pyp;).

The mapping (i, j) — k given by (3) associates a p,r, X p,r, array corre-
sponding to an element of the product code AB to a p,p.-tuple of r, xr,
arrays and the mapping (/, m)— ¢ given by (2) applied to the coordinates of
this p, p,-tuple ultimately associates the array representing an element of the
product code AB to an n,ny— p, py rir-tuple, which is a codeword in an n,ny/7,7,-
weak cyclic code.

We now introduce another product for quasi cyclic codes ot constant rate.

Definition. Let A be (mr, mR) linear code and B be (nr, nk) linear
code with their generator matrices

Ally-*‘vAlr Bll""vBlr1
(il c e e e e and (1‘2@ s
Apiy oo vy Ay Buyeooy By |
respectively, A;; being m X mcirculant matrices and Bj being nXn circulant
matrices.
The linear code A= B with generator matrix
Cll’ ..y C"
Uy = Uy= Coe e
Caiisoateis G
(where Ciyy=A* By is the tensor product of A, and B;,) is called the block-
wise tensor product of A and B.

The generator matrix of an (mr, mk) quasi cyclic code of shift length r
can be put in the form

Alll"'lA]'

U=

Abll s ey A.r
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where A;; are mxm circulant matrices. Since the product of two quasi cyclic
codes is again a quasi cyclic code, in particular, tensor product of two circu-
lant matrices will be circulant, provided their block lengths are relatively prime.
Hence we have the following theorem.

Theorem 5. The blockwise tensor product of two quasi cyclic codes
of constant rate and of relatively prime length is a quasi cyclic code of the
same rate.
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