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INHOMOGENEOUS LACUNARY INTERPOLATION
BY SPLINES, I. (0.2:0.3) CASE
R. B. SAXENA, T. C. JOSHI
Let S(,?.)s denote the class of quintic splines S(x) on [0, 1] such that
(i) S(x)eC3(0, 1]; (ii) S(x)ex; on each [v/n, (»+1)/n], 0=y=n—1.
We seek to find splines S,(x)e S,fss’ satisfying the following interpolation data:
(D SEIM=f, p 0<r<n; (i) S @v/m)=fy,, 0=y=(n—1)]2;

(iii) S"( 2y +1)/m)=fa, 41, 0=r=(n=1)2;  (IVS(0)=fy, S(1)=F,"
We call it the (0,2: 0,3) interpolation (up to boundary conditions) which is a special case of
what may be termed inhomogeneous lacunary interpolation. It has been shown that such S(x)

exist uniquely. The estimates of errors of such spline operators to a function satisfying certain
smoothness conditions are obtained.

1. Introduction. Rccently A. Meir and A. Sharma (1| obtained the er-
ror bounds for lacunary interpolation of certain functions by deficient quintic
splines. To be specific, let Sfjf‘s denote the class of quintic splines S(x) on

(0, 1] such that
(i) S(x) € €0, 1},
(i) S(x)¢ I on each [v'n, (v+1)/n), 0<y-n—1.

Meir and Sharma have shown that for a given f ¢ C%0,1] there exists a unique
spline S,(x) ¢ S©), which satisfies the following interpolation data:

(L1) Sa(v/n)=f(v'n), v=-0, 1,..,n;
(1.2) S;;(v n)- f'(v/n), =0, 1,...,n;
(1.3) S, (0)=/"(0), 8,(1)~f(1).

In the literature (see for example [5]) on lacunary interpolation the interpola-
tion data (1.1), (1.2) is termed (0.2) interpolation and may be considered a spe-
cial case of homogeneous lacunary interpolation. The interpolation scheme
(1.1)—~(1.3), which is not homogeneous in the sense that the third derivative
is prescribed only at the end points of the interval, has already been studied
by the first of us [2] for polynomial lacunary interpolation where this scheme
was termed “modified (0.2) interpolation”. However, in the case of lacunary in-
terpolation by splines the interpolation data (1.1)—(1.3) will be termed as (0.2)
Interpolation (up to the boundary conditions). There can well be made various
alterations in the above scheme similar to the mixed type lacunary interpola-
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3492 R. B. SAXENA, T. C. JOSHI

tion, dealt in [3; 4]. All these are a special case of the most general well-
known Birkhoff interpolation data. Here we shall consider the following inter-
polation scheme:

(1.4) S(r/n)=f (v/n), O0=y—=n;

(1.5) S”(2v/n)=f"(2v/n), O0=v=(n—1)/2;

(1.6) S"((2v+1)/n)=f""((2v+1)/n), O=sr=(n—1)/2;
(1.7) SO £0), S f(1).

We may call it (0,2; 0,3) interpolation. In the next communication we shall
return to some other problems of this nature.
2. Preliminaries. It can be verified that if P(x) is a quintic on [0, 1],
then
(2.1) P(x)=P(0) Ay(1 —x)+ P(1) Ag(x)+P"(0) Ay (x)P"" (1) As(x)
+ P9(0)Ag(x)+ PO(1)A(x),

where Ay (x)=x, A(x)—(x2—x)/2, Ag(x)=(x*—x)/6, Ag(x)=(—x5+5x4—10x?
+6x)/120, A (x)=(x—10x3+9x)/120. Further, a quintic Q(x) on [1, 2] can be
written as

(2.2) Q(x)=Q(1) Ay(2—x) + Q(2) A(x — 1)+ Q"(2)Ay(2—x)
Q""(1)Ay(2—x)+ QM(2)A3(2— x) + QH(1) A (2 — x).

For later references we have
Ay — 1, A= 1, AJ(0)= 0,
A0) ——1/2, A(l)= 1/2, A1) 0,
A0) =—1/6, A1) — 1/3, A1) 1,
A0) — 1/20, A(1)=—3/40, AJ(1)=—1,
Al 0) = 3/40, Al)= -2/15 Aj(l)=—1/6,

(2.3) Al(1)=—1/3,
Ar(0)= 0, APO) - 0, AP(1)= 0,
A'(l)y= 0, AP0) = 0, AP 0,
Al"(0)- ,  AP©0) = 0, AP(1) 0,
AYO0)= 1, APO0) = —1, AP(l) = —1,
AY(0)=—1/2, APO)= 1, AP()= 1,
AJ(0)=—1/2.

It is easy to verify that a quintic P(x) can be expressed in the following
form:

(2.4) P(x)= P(0)By(x)+ P(1 )By(x)+ P (0)By(x)+ P'(1)By(x)
+ P"(0)By(x)-+P""(1)Bg(x),

-
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where
R(x)=(—8x5+25x*-20x3+43)/3, B(x)=(8x>—25x*+20x3)/3,

Bo(x) (—5x5+16x* —14x3+3x) 3, Ba(x)= —x7+43x+—2x3,
By(x)=(—2x5+Tx*-8x+3x%)/6, Bj(x)=(x"—2x*+x?)/18
and a quintic Q(x) can be expressed as
(2.5) Q(x)=Q(2)Bo(2 — x)+ QB (2—x)— Q'(2)By(2—x)
—Q(1)By2—x)+ QB2 x)— Q" (1)Be2—x).
For later references we have
Bj(1) =~ 20/3, B;(0)=-—40, B®»0)= 200, B{H(1)-—120,
Bj(1)--—20/3, B"(0)- 40, B0)=—200, B{1)= 120,
Bl(1)= 83, By (0)=-—28, BM0)= 128, BMH(1)—=-—72,

(2.6)
Bj(1)~ 4, B(0)= —12, BM0)— 72, BEM(1)=—48,

Bj4)=— 1/3, B{(0)=-—8,  BP0)= 28, BH(1)=-—12,
B/(1)= 19, B'0)= 13,B®0)=—8/3, B®(1)-—4.

Using (2.4) and (2.6), we have

@7) P(1) — X PO) - P(1) + 5 P0)+4P(1) + 5 P(0) +§P(1),

(28) P''(0)= —40P(0)+40P(1)—28P/(0) —12P'(1) 8P"(0) + 5 P"(1).

(2.9) PH(0)—200P(0)—200P(1)+128P'(0)+ 72P'(1)+28P"(0)— gP”’(l)
and

(2.10) P(1)  —120P(0)+ 120P(1)  72P'(0)—48P'(1)—12P"(0)+4P"'(1).
Similarly using (2.5) and (2.6), we have

@1 Q() -22-Q@) — % Q1) — 3 Q@) 4Q() + 5 Q@— 5 Q"(1),

(2.12) Q(2)- 40Q(2)—40Q( )—28Q'(2)—12Q(1)+8Q"(2)+ ; Q' (1).

(2.13) Q1) —120Q(2)+120Q(1)+ 72Q’'(2)+48Q'(1)— 12Q""(2)—4Q"(1)
and
(2.14) Q'9(2) -200Q(2)—200Q(1)— 128Q'(2) -72Q'(1)+28Q"(2)+ g Q'(1).

3. Let S¢) (n 2, 3,..,) denote the class of quintic splines S(x) on [0, 1]
as defined by (i) and (ii) in section 1. We shall prove the following

Theorem 1. For every odd integer n and for every given set of 2n+ 4
real numbers fo, fi,. - fus 3y foreo s S s LU0 5o S5 oy [, there exists
a unique S(x)¢ S\') such that
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(3.1) S(/n)=f,, »=0,1,...,n

(3.2) S v/ny=fl, »=0, 1, ..., (n-1)2,
(3.3) Sy +1)/2) = £\ y.ﬁo, oo, (n—1)2,
(3.4) S0)=f, S()=1.

Proof. For a given S(x)¢S{) set £=n"" and
M, =SOh+), »=0, 1,...,n—1, N,=SOrh—), =1, 2,...,n

Since S®(x) is linear iv each interval (vk, »--1 A), it is completely determin-
ed by the 27 constants {M,}2—! and {N,}j. Also, if S(x) satisfies the require-

0

ments of Theorem 1, it follows form (2.1), (2.2), (3.1), (3.2) and (3.3) that for
h—x—2v+1h, »=-0, 1,...,(n—1)/2, it must have the following form:

i - v h
(35) 800 = for Ao CLEZE) 1 fo, ALK fy, AT

x—2vh x—2vh

Ay 2 £ M, AL 4 N, AR

+ h3fy) P
and for (2v+1)h=x=(2v+2)h, v=0, 1,...,(n—3)/2, S(x) has the form:

y h 2 h—
(36) S =frndEEB=E ) 4 £ AT gy A PR vi2hox

2v+1

_haf;:_*_l ’(29+2h x ).L h‘N2,+2Aa(2y+2h' X )+h‘M2,+|A‘(2’+2h X).
We shall show that it is possible to determine the 2n parameters (M}~
{NV,}7, such that the function S(x) given by (3.5) and (3.6) will also satisfy
(3.4) and S'(x), S”(x) and S”’(x) will be continuous on [0, 1]. (S(x) is conti-
nuous because of the interpolatory conditions (3.1), whereas by virtue of the
conditions (3.2) and (3.3), S”(x) and §"’(x) are contmuous on [0, 1] except at
the points (2v+ 1)k and 2»h, respectively, »=0, I,...,(n—1)/2.)
From (3.5) we see that (3.4) is equivalent to’

(3.7) 2M,+3N, = 40h—[fo—f, + hfy + 5 W+ o f]
and
(38)  OMu_y+ 16N, = 120h=—fu_y+fa—hf, + 5 11 + 2% 7).

Simple calculations show that S'(2y+2h—)~S (2r +2h+) and S (2v+2h—)
=8"(2v+2 h+), »=0, 1,...,(n—3)/2, are equivalent to

(3.9) (M?. r2+Nay 12)+ m(szH tNay 4 5)

l‘)()

(2f2.+2 f2,+l—f1-+!)+h’f:,.1 (f"z",pl /z.+a
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and
h‘ h‘ " "y
(310) 2 (M;‘.‘ 2J‘N?r‘-‘.') + Q"(M‘_‘ré-l +1\42y+3) - h3(f;,+3_f2,+])'

Similarly 'y + 14 )= S'(2»+1h+) and S"(2v+1h—)=8"(2vr+1h+), »=0,
l,..., (n — 3)'2, are equivalent to

16hA% 9nt ”
(3.11) 190 M1+ Ny 1) + 155 (M2, + N2y i)
1 vr ”
2 fo,r1—fo—faq2+ 5 7 (fo,+ o2 )
¢ hi A7 ht r  h2 1d
(3.12) 5 (Ma2,—N2y12) —T(M2v+l—/\/:,+1)~h (fas—f2, +2)+ 2% .

Thus, the theorem will be established if we show that the system of linear
equations (3.9)—(3.12) has a unique solution. This end will be achieved by
showing that the homogeneous system corresponding to (3.9)—(3.12) has only
the zero solution.

The following is the homogeneous system of equations for»=0, I, ...,(n—3)/2:

(3.13) Mz, + Nayi2) + 16(Mz, 11+ Nay 1) =0,

(3.14) 2(My, 12+ Nay42) + 3(Ma, 41+ N2y 13) =0,
(3.15) (Ms, — Nay12)—2(May o1 — N2y 41) =0,

(3.16) (Ma, + 2+ Nay43) + (M2, 41+ N2, +3) =0,
(3.17) IM, 1+ 16N, =0,

(3.18) 2M,+3N, - 0.

From (3.14) and (3.16) we have for »=0, 1,...,(n—3)/2
(3.19) My, 1+ Nz, 13=0,

(3.20) May 12+ Ny, +2=0.

Putting the values of N, . o= —M;, .o from (3.20) and M, 1=—Ny, ;3 from
(3.19) in (3.13) we have

(3.21) I Ms, M, i2)+16(Nay o1 —Na, .3)=0,»=0,1,...,(n—3)/2.
This gives on summing them

(3.22) WMy —Mp—y)+16(N; —N,) =0,

and then using (3.17) and (3.18) we have M,-0, N;=0.

From (3.19) and (3.20) My=0, N3y=0.

From (3.13) and (3.15) M; =0, N,=0.

From (3.19) and (3.20) M, =0, Ng=0.
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From (3.19) and (3.20) M, _3=0, N,—,—O0.
From (3.13) and (3.15) Mp—y=0, N, ,=0.
From (3.19) and (3.20) M, =0, N,=0.

Thus My=M,= ... =M, =0,
and Ny=Ny= ...=N,=0

This completes the proof of the theorem.
Remark. When n is even the theorem does not hold in general. In fact,
the corresponding system of homogeneous equations then becomes

9(Ms, + Na, 12) + 16(Mg, 11+ Nop+1)=0,
(Ma,—Nay 12)—2(May 11— Nop11)=0, »=0, 1,...,(n—2)2,
2(Ms, 42+ Noyy2) +3(Mzy 41+ Ny 1 3)=0,
(Mz, 42+ Nayp2) +(May 1+ Noyy3) =0, »=0, 1,.., (n—4)/2,
2M,+ 3N, =0,
2Nn+3Mn—x=0,

and when n-4p, p a positive integer, the following
My=1=—=N,,
My=1-—-—=N,;, j=1,2,...,(n—4)/4,
My, = —T7/3=—Nyj4s j=0,1, 2,...,(n—4)/4,
Mppq=—13/3= =Ny, j=0, 1, 2...., (n—4)/4,
Mypys=—2/3=Nyjty, j=0, 1, 2,...,(n—4)/4,

and when n —=4p+2, p a positive integer, the following
My=1=M, = -7/3, Npey=—2/3
My=1=—-N, j=1, 2,..., (n—2)/4,
My, ——T7/3=—Nyy4s j=0,1, 2,...,(n—6)/4,
Mjpo——13/3= —Ngjyq, j=0, 1,..., (n—2)/4,
Mg~ —2/3=Nyyy, j=0, 1,...,(n-6)/4

is a solution of the homogeneous system.
4. Convergence. We have the following
Theorem 2. Let f ¢ C*0, 1] and n an odd integer. Then the unique

quintic spline S,(x) satisfying conditions of theorem 1 with f,—f(v/n),
v 0, 1,...,n, fo =f'(2v/n), v=0,1,...,(n—1)/2 and [}’ —f"(2v+1)/n),

2y 41
y=0, 1,....(n 1)2, f,=f (1), fo - f(0), we have !
(4.1) SO—fn] ,<4214n" Swy (1/n)+2n""4 fWO |, r=0, 1, 2, 3,

where w, (-) denotes the modulus of continuity of f™.
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For the proof of this theorem we shall need the following lemmas:
Lemma 1. Lef f¢ C4O, 1], n any odd integer and h=n"?. Then for
Sn(x) =Sa(f, x) of theorem 2, we have

(4.2) S D1 ) f 2+ 1 h) <2 hoyh), v=0, 1,. .., (1—1)/2
and
(4.3) | S'(2vh) — f/(2vh) | =18h%w(h), =0, 1,...,(n—1)/2.

Proof of (4.2). Since S(x)is quintic in 2vhA= x=(2r+ 1)k, we easily ob-
tain from (2.8)

(4.9 R3S (2vh) == — 40fs, + 40f 2, +1— 28hS'(2vh) — 12hS"(2v+1 h)
8By, oy Ry ey 0, 1., (n—1)2
Similarly from (2.12), since S(x) is quintic in (2v+ 1)hA=x=(2v+2)h
(4.5) h2S"H(2v+2 k)= 40 fa, 10— 40fo, . 1 — 28 hS' (2v+2 k)
128 @y 1 B8Ry, g B L =0, 1,..., (n—3)/2.

Writing » 1 for » in (4.4) and subtracting from (4.5) we have for »=0,1,...,
(n—3)/2

(4.6) 1242y + 1 h)— S (2v 13 h)]
40 2fa 12— favs1— for43)+16R2 1)) 4+ %’ha(f;’:H —fo+3)

Setting

(4.7) A,:S’(vh)—f:, y=0,1,...,n,

we have from (4.6)

(4.8) 12h( Az, 11— A2y +3) = 40(2f 2 12— frr 1 —frn i3+ A5, L)

"’ ’ ’ l " (4
o 12”(2hf2r+2 _f2v+3 +f2.+1 )‘*‘Ths( f;.+1 _fzym)'

It is easy to see that

y , At -
2 r2—fr1—frars+ 0, = —5 L),
"’ ’ r h2 (‘)
2h 2.+2_f2.+:; +f2,+| - ——3—f (),

i1~ ars= 2R 0C),
where (2v+1)h<&,, n,, ¢,<<(2v+3)h. Hence by (4.8), for »=0,1,...,(n—3)/2
(4.9) 12(Agy 41— Azy13) = A3 [— —;0 fOE)+4fO(n,)— %f‘"(c-)l-

Fix k, 0--k<=(n—3)/2. On summing both sides of (4.9) for »=4&, &+1,...,
(n—3)/2 and using the fact that 4,=0 (c. f. (3.4)), we have
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n—3)/2

(n—3)
12‘4%4_1 R [ -]Of“)(fv)‘*‘ 12]‘(.!)(,,0_2/‘(4)(;, )

re=k
=44,h30 (2h), Y, 1,
with £-0, 1,..., (n—1)/2 and this completes the proof of (4.2).
Proof of (4.3). Since S(x) is quintic in 2vk--x=(2v-+ 1)k, from (2.7) we
easily obtain
(4.10) A28 (v 1 h) =20 (for—frren) + 5 hS'(2vh)+4RS' (21 k)4 - h3f;,
A B, v=0, L., (n—1)2,

Similary, since S(x) is quintic in (2v+1)A-—-x<(2v+2)k, from (2.11) for
yv—-0,1,..., (n—3)2
(4.11) h3S"(2y +~1 h)

20 20 8 T (O 13 1 e 1 ’
=3 forr—F fou— S hS (2 2R —4hS (2 + 1 h) + ==Y, —5 " o
From the above two relations we have for »=0, 1,..., (n—3)/2.

(4.12) 5 h(S(2vh)+S (v 2 h)

20 h? 2 - 2 ” (5o
T‘a“(f2r+‘2—'f2r) 'FT(fz,;\Q‘fQ,)_ ?h3f2,+1-8hs (-)y'l‘ 1 h)
For »=0, we have an account of A,=0.
8 20 ’ hs . 8h ’ ’ i
';thQ "3 (f‘l—fo‘-th] ‘_§‘f1’)+ 3*(2f| fg “f;’*"ha,i) )
hz " " "y
+-3 (fy—fy —2hf]")—8hA,
5 ] , 8 ' . ht , ,
i MO0 — ) |~ g AL fOm)) + SO —f ;) ~8hAy.
h<ny ny ny<2h; 0<ny, n, ng<h.

Sh oA, < g Hhtw,(2h) -8R A, , 6,]=1. Using (4.2) we have

Therefore, 3

(4.13) Ay = 5 B (h).

Writing »+1 for » in (4.12) and subtracting it from (4.12) and using (4.6) we
have for t=0, 1,...,(n—>5)/2 because of (4.7)

(4.14) ag (Azy-—Azwz)=?g‘(2f2-+2—f2v'“ forat 4070, o)
" 8" " 4 ’
—ag-(Qf-z. } 2"f?~ﬁ l—f2v+l+h’ 24 ')) -3 (4hf2r+'z+[ v —f'z.u)

R o en . 4 ;a4 41 ’
+ 5'(2f2.+2‘ﬁh"’f;:+4 9 h"(f,'H— 2’,4»:1 3
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Now Oprsr—for—frrai= 4Ny, o= — 5 HFELL),

2fao—foi1—frr43+ h’f;;+2 S T;— RO &),
2-’:':”2_-{;._ ;’»+4 = —4121 (&3, )
g " 8
4_,2;«1—2 +f2-—f;r+4 - '-Thsf“)(f“.r))

forir—Fa 3= —20fO(Es,),
where 2vA<<&1,, E24y S3y 4y E5,<(2v+4)h. Hence by (4.14), for »=0, 1,...,
(n—>5)/2

(4.15) 2 (An—A2.9)

= — B 0 + 20 O (ca)— o fNE) + e U E) + g f D)

If n is of the from 4p-+1, then fix & such that 1=k<(n—1)4. On simming
both sides of (4.15) for »=0, 2,...,2(k—1) and using the fact that A,=0,
we have

(4.16) 3 A + 3 0o (dh), 6, |=1,

i.e. An ,;%Gh%‘(h) and simming both sides of (4.15) for »=1, 3, 5,...,
2k—3, 2=k<(n—1)/4
(4.17) A 5 | Ay +22 W (k)= 18K, (k)

using (4.13).
Hence if n=4p+ 1, (4.16) and (4.17) give
(4.18) | Ay, < 18R w (h), »=0, 1,...,(n—1)/2.

The result is valid if n=4p+3 as can be seen easily. Tihs completes the

proof of Lemma 1.
Lemma 2. Let f¢C*[0,1), n an odd integer and h=n"'. Then for
Su(x)=S,(f, x) of Theorem 2, we have

(4.19) S vh)—fy | <514w(h), »=0, 1,2,...,(n—1)/2,
(4.20) h| My, —Na, .1 <3700w k), »=0, 1, 2,...,(n—1)/2,
(4.21) h M, 3—Nays2|<3700w,(k), »=0, 1, 2,...,(n—3)2.

Proof. From (4.4) for »=0, 1,...,(n—1)/2.
(S (2vh)—f3))

= —40fs,+ 40f3, .1~ 28hf;, , — 124, \—8RY, 4 R,

— W — 28hAs, — 12RAs, 41 = 40(fa, 11— fas—hfy, — - Kf, — & So)—12(f;,
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Ji—h S WD+ 5 Byl —fa)— 28R A, 1240,

= 2 mAfog) ) — 200 fONE, ) + B IO, 28k Ay, — 120 As,
— gt (h) —28hAs,—12hAs, 41,

2vh<E] L 5 ,’~‘;,<(‘2le)/¢ 4, =1, and now using lemma |, we have
S"(2vh)— [, | <2hw(h)+504w,(h)+ 8w (h) =514w (4).

This proves (4.19). We now prove (4. 20)
Since S(x) is a quintic in 2vk-—x-—(2v+ 1)k, we have from (2.9) and (2.10)

for »==0, 1,...,(n—1)/2
"4 (M3, — Ny, 1) = 320( fo,—for i1 + R fo + f + Sfm

N20(fy, — foy oy AL i — e Syl B Syl 200k A, < 120 As, 1y

B f 0 ,)+"°f“><n2> 3 00,

=(200hA2,+ 1204 A,, 11),

2h<n), ny ny <(2v+1)Ah, so that
At My, — N,y o < 20h%5w,(R)+3600k%w ,(h)+80k3w (h), O, 1.
Therefore, &| My, — N3,y =3700w,(%). Similally form (2.13) and (2.14) arguing
in the previous manner we get (4.21). Thus the lema is proved.
5. Proof of theorem 2. Let 2vA—<x-—-(2v+ 1)k, »=0,1,...,(n—1)2. From
(3.5) we have
S (x) = S"(2vh) A, (i'~t—l~h——j)—*-5”’(2v+l B ALE=20,

Now from (3.5) and (2.3)
S(S’(QV h t*)=h_1( Mz,-f—AVg,*])

2+l h—x x—2v h

and since Ay(~—3— ) +Ap( ;=) -1, we have
(5.1) S”(x) - f(x)
(8720 h+)— [ (N A =0 4 (7@ bty — (DAL S
—h(Ma,— Nay VA2 = 1+ L+ 1,

Since A, 1, A, L
(5:2) o= ST ) (%)
| 872k ) — 2R+ (x — 2vh) [ (a)
= S h+) S(2vh) [+ R0,
<514w (h)+ h2, 2vh<a<x, 2 | [,
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(5.3) |1, = S"(2v+1h) f"(x) =(x =20+ 1 h) fOB)=hQ, (2r+1)h<B<x,
and

(5.4) | l3]|= —h(Ms,—Ns,.,) =3700w,(k)

using lemma 2. Thus (5.1)—(5.4) prove the theorem when 2vA<x—=(2v+ 1)k
and r=3. Next let (2v+1)h—x<=(2v+2)h, v=0, 1,...,(n—3)/2. From (3.6)

2:+2h —-X X— 27+lh

S7(x)— S (2 +1 A )+ S"(2r+2 h)A, LA
+hASO(@nF 2R ) A, (P _ g3y 1 h)Ao(2'+2 hox
+87 @ A=)y (T2 My, s N ) A EERI),

So that
Sul(x) ‘f"'(x)

= (821 A)— () + (S (2 +2 h—)—[""(x)) + M( Moy 11— N3, 22).

The rest of the argument is the same and the theorem is proved for r=3
For r=0, 1, 2 we proceed as follows.
If th x§(2v+1)h, then

S”(x) _f”(x) — Jh(s'”(t) _fnr(’)) dt,
and if (2v+1)h=x<(2v+2)h, then

S' ) =f")=_f (S"O)—f(@)t.
H42n
Hence inevery case i.e .x ¢ [0, 1] we have | 8”(x)—f"(x)| = h[4214w(h)+ 2k 2]. Fur-
ther since S(vi)=f,, S(»+1h)=f,.,, therefore S()=f"(i), vh<<i<v+ 1 h, and
therefore S'(x)—f'(x)= [1(S"(£)—f"(f))dt so that
S(x)—f'(x) =h | S"(x)—f'(x) = h*4214w,(h)+2hQ).

Similaly S(x) -f(x)= [3,, (S'(t)—f"(£))dt. Therefore
[ S(x)—f (x) | = 74214 (k) + 2hQ).
This completes the proof of theorem 2.
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