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APPLICATION OF CHAPLIGIN’S EQUATIONS
FOR A NON-HOLONOMIC RiGID BODY

VASSIL A. DIAMANDIEV

Chapligin’s equations are applied for a non-holonomic rigid body rolling without sliding
on a fixed horizontal plane, not in their classic form but in an equivalent form more conve-
nient for the application. The parameters of the system are the Eulerian angles ¢, v, 8 the co-
ordinates X,. y, 2, of the centre of gravity, the latter being the dependent parameters.

The aim of the present paper is to derive, by the aid of Chapligin’s equa-
tions for non-holonomic systems, the equations of motion of a rigid body,
which rolls without sliding on a fixed horizontal plane. At that we shall apply
Chapligin’s equations not in their classic form, but in an equivalent form more
convenient for the applications.

Let ¢, (e=1,2,...,2) be dependent and ¢, (u=r+1,... k) independent
parameters for the non-holonomic system given, for which

. k .
(M 9.~ = B9q, (e=1,...,1)
pw=rn

holds, where the coefficients B'® depend only from ¢y, ¢.,..., g, but not from
@rt1r Gria - - » @r The kinetic energy 7 and the field function U ie U=-YV,
where V' denotes the potential energy function, also do not depend on
G0 oy s qn i- & T=T(qu 4.0 q,), U=Ulg,) (u=r+1,..., k). Moreover, these
quantities do not cepend on the time explicitly. Under these conditions Chapli-
gin’s equations may be written in the form [1, p. 892]

r
(2) d (dT )__ oT o U LY B d ( O'T )
dt \oq, 09 0qu  ,_y * dt \gq,

1. Constraints of a rigid body rolling without sliding on a horizontal
plane. We shall fix inertial system of reference Oxyz, the plane Oxy being
horizontal. Let Ginz be a moving system of reference, invariably connected
with the body, where G denotes the centre of gravity and G:, Gp, G; are the
principal central axes of inertia for the body. Then th> parameters of the
rolling body will be the coordinates x4, yg 2 of the centre of gravity of the
body and Eulerian angles of the moving system of reference.

Let the equation of the surface of the body with respect to the system
Géne be

(3) F & r)=0.
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8 V. A. DIAMANDIEV

The transformation formulas for the systems of refererce imply 2= 2z,+sin fsing ¢
4 sinfcos ¢gn-+cos!iz. Now z=0 provides the equation of the tangential plane
of the body with respect to the moving system of reference

(4) sin O sin g5 +sin b cos @n-+-cos b +25=0.

Let & 7., &o be the coordinates of the point of contact P of the body with
respect to G&yr. Since the surface (3) and the plane (4)possess a common
normal vector, we get

(5)  FlUso mo» Co)/sing sinb=F (%o, no, Zo)/cos @ sin b —F (&, 1o, Zo)/cos b,

Solving together equations (3), (5) with respect to &, 5, &, we find

(6) SO So (9, ")v Yo ’7()(‘73’ H) {o= CO(Q', H).
Now (4) and (6) imply
(7) zO:f(q" ")-

For the given surface (3) the function f(p,#) is completely determined. We
shall express the coordinates of the point of contact by the aid of this func-
tion. To this end we represent the surface (3) as the envelope of the system
of the tangential planes (4), where z; is given by (7). Hence &, no, , satisfy
the following system of equations:

sin ) sin @go -+ sin f cos @no + cos HZ,+f(q, H) =0,
(8) sin @ cos A&, + cos ¢ cos A, — sinbz,+ f 0,

sin ) cos ¢&,—sin # sin <P’Io+f,', = 0.
Now (8) imply

fo= —fsinfising—f/sin @ cosh—f ' cos ¢/sinb,
(9) no—~ fsintcosp—f, cos e cosb+fsing/sinb,

Zo—= —fcosh+f,sinh.

Since the body is rolling without sliding, the velocity of the point of con-
tact P of the body equals zero, i. e.

(10) Up=Vg+ wX GP =,

where » denotes the instantaneous angular velocity of the body. The compo-
nents of o with respect to G:y:- are

p=sinqsin fy+ cos oh,
(1) g cos @sinfy—sin b,
7 cosby+op.

Let u, v, w be the components of the velocity v, with respect to the system
Gene. Then (10) implies

“2) U=nyr—_oq, V=LloP 5ol W Sod NoP-
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Obviously
(13) Vo= gh Yo j+ 2ok et Ung e

where i, j, & and %, 1, 7, denote the unite vectors of the axes of Qiyz and
G:ne respectively. Now (13) implies

Xg=Qyll + @30 + a3,
(14) Vo= oyl + Qo0+ Ar3W0,
26— A3+ A3V a5
Substituting (11) and (12) in (14), we get
Xg  @(@m0— A1a%o) + B[@1 8o Sin g+ ay.o COS@ — @55, sin g + 1, cos )]
- l,;»[a“(no cos fl— ¢y sin b cos @)+ a,5(£osin 0 sin g — &y cos b)
(15 . . '+a13 sinfi(s, cos @ — 1, sin ¢)},
Yo = (@170 — 2080 +8 [@n Lo SIN @ + @yaln €OS @ — a3 (5 SiN @+ 77, COS @)]
1 [@yy(0 COS B— 7o SiN B €OS @)+ @gs( 7, SiN B siN ¢ — &, cOS )
+ @y Sin H(&, cos @ —n, sin @)].
The third equation (14) implies
(16) z2g=0f,+of,,
i. e. the holonomic constraint (7). Hence the non-holonomic constraints for the
parameters are the equations (15). Therefore, according to (7) and (15) the

independent parameters for the body are Eulerian angles ¢, v, 9 and the de-
pendent parameters are xg Vg 25 According to (1) we have

xg=B 9+ By + B6,

a7
h Vo= B(wy)‘p'l"Bf,{)W'*'B(ay)e,
where
BS:);' Ay mo— Qigsos
B = ay(ng cos—¢o sin # cos @)+ a,.(Z, sin b sin @ — &, cos 6)
+@,3(&, cOS @ — 1o Sin @) sin 6,
(18) B = @80 Sin @+ @1alo €08 02— 35(5 Sin @+ 170 COS ),

) -
Bsxy = AN — 2250
BY = ag,(no c0s 08—, Sin f cos @) + @45 (Zo Sin B sin @ — 5, cos H)
4 @,3(&, COS @ — 1, Sin ) sinf)
B‘ny) ~Qqy Lo SiN @ + @g9 £, COS ¢ — @os (& sin ¢+, COS @),

according to (15). Now (17), (18) display that Chapligin’s conditions are satis-
fied by the coefficients B,
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2. Equations of motion of the body with respect to the parameters
o, w, H. The kinetic energy of the moving body is given by

(19) T= L (AP Bg+Crt) oy M(x3 & )31 22),

where A, B, C denote the principal central moments of inertia of the body
and M irs mass. The gravity function is obviously U= —Mgz; or, accor-
ding to (7)

(20) U - —Mgf(e, ).

It follows from (19) and (20) that the functions 7 and U satisfy Chapligin’s
conditions, i. e. they do not depend on the parameters x; and y;.
Equations (2) imply

1 (0r)~_drr oU | d (or )B‘,f’+ d (A*T‘)B(';v):_ 0,

at \op ] 0g  0g T dr ox dt \gy,
. d (df o7 ot | d (0] \pwy , d (arr) ()
(21) de 01}! ’ Oy 7(3"‘ T dt (d,{’o )Btp T de 0-)-’0 qu O:

d (ol or oU d (0T \px) , d ( oT ) )
— — 4 - | —— e
dt ( Py ) dy 08 dt (d}(} )B” oae g Bﬁ; 0.

Now (11), (14), (19) and (20) imply

or .
?.t /v’/\‘(; = .W(a,,u + a|2'v+a|3w)y
(22) *a
oT : i .
a5 Myg  M(agtt + G0+ ayw);
> G
78 N . d:Ti iT X " d.%l
“oCreMzg " Apcose—Bgsing+ Mzg O
. op dg oY 09
(23) ’
or . i .
. Apsinfising+ B sinficos ¢+ Crcost;
oy
a . 0Zg o
" Apq Bgp+ Mz, S oy,
(24) 0; .
ar . : . . ~ i : '):"(i
e Ap cos b sin gy + Bg cos b sin gyp— Crsinthy + Mz, At
alJ , al W/ ,
(25) d[,, =—Mg/,, o.-/ 0, ’ola Mg f,
It is easily seen from (7) that
d . t‘):'o ﬁ:'n d ,
F) (Mz,, o ) Mz, op M, (agu 4+ anv + azwf],
I,Y
(26) . .
d . 0z ) . 0z d )
at (Mz,, oe.")»Mz,, de’ M, (agu o ay v+ apw)f,
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Introducing (22)-—(26) in (21), we get the system
Cr—(A—B)pg-+Mgf,+ MBX j, (ayu+ a0+ a3y )

, d

d
+MB» - (@y,u+ anv+aw)+Mf]) o

Qg+ Q)T+ A3W) = 0,
31 2 3

Apsinfsin ¢+ Bgsinf cos + Crcos 6+ Ap ddt (sin B sin¢)

d . 1
+ Bg 4 (sinf cos @) + Cr ;t (cos f) +MBX —;t (@ u+ a0+ a;3w)
(27) )
+MBY - (anti+ayv+ ayuw) -0,

A;; CcOS ¢ — B:j sing — Ap(sin ¢p<}+ cos b sin qn,';)
— Bg (@ cos ¢ = 1 cos i cos ¢) + Cr sin by + Mgf

+MB() ;7 (@, u+ay,v+a;w)+MBY Tid{ @y, ~+ AsqT + AgsW)

, d
+ Mfa dt (as,u+ a;, v+ azw)=0.

3. Transformation of the equations of motion into a symmetric form.
The equations of motion (27) remind Eulerian equations for a rigid body with
a fixed point. The non-holonomic constraints provide naturally additional terms.
In order to receive the equations in a symmetric form we multiply equations
(27) by —singcotgh, sing/sinf, and cosqp respectively and add

Ap—(B—C)qr+ Mg (fscos p—f, sinp tg h)
+ M(— B sin @ cotg 6+sin g/sin 8B+ cos @BY) 7‘1— (au+a,v+aw)
(28)
+M(—BY sin @ cotg f-+-sin ¢/sin 6B +cos 9 BY) ‘Z (@p i+ Q95T + AgaW)

+M(— B sing cotgh + sin ¢/sin 6 B + cos ¢ B)) Tidt_ (@3, 0+ a3ev + AgW@).

Then we multiply equations (27) by —cos ¢ cotgf, cosg/sinf and —sing res-
pectively and add

Bg—(C—Ayrp - Mg( fosin g+ f, cos ¢ cotg )

‘ . . d
29) +M[— B‘;’ cos o cotg f + cos ¢/sin lfB‘uf)-sm »B) r (ay,u + @y g0 + g, W)

. . 1
- M[—BY) cos ¢ cotghl +cos @, sin IBY) — sin PBY :“ (Aglt + A0 + Ag3W)

' . n d
+ M[—f, cotglicosp —singf] o (ayu+ Q390 + Apgw) =0,



12 V. A. DIAMANDIEV

Equations (8) and (18) imply

—B{)sin @ cotg b+ sing/sin 6B + cos pB() = ay,5—a, 370,

(30) — B sin o cotg fi+sin p/sin HB)+-cos ¢ BY) = @ty — gano,
—f,singcotgt+ f,cos g az.;,—agm,
and
Bf;) cos g cotg i + BN cos g sinf)— B sing = a,55—a; ¢,
(31 —BY cos ¢ cotg i+ B cos /sinf) - BY) sin g @350 —ag( oy

=f]cosqcotgli—f sing = anso—az’,

According to (30) and (31), equations (28), (29) and the first equation (27) may
be given the form

Aﬁ—(B—C)qr—!—Mg( facos g —f ., sin @ cotg #)
) d
+M(a 980 —ay3mo) a (@ u+ a,v+a,5w)

d
+M(@y.80 — aggno) g (gl + AT+ Aryw)

da
+M(agplo ~agamo) 4y (@1 + Agg0+agw),
B,—(C—A)yrp—Mg(f,sin ¢ +f, cos @ cotg )

X d
(32) +M(a,350—a1,80) 4 (A +a s v+a,3w)

= M(ayséy — @ o) :t (@914 @9,V + AW)
+ M(agssy — az (o) :Z' (a3,u+az,v -azw),

Cr—(A— B\pg+Mgf,+M(@ymo—a,séo) o5 (@)1+a,,0+,5)
+M(@ om0 —@y280) ;t (@) + asyv + ay;w)

. d
+ M(ag no—ay,é,) at (ag 1+ ag)v+ agsw),

respectively. They are completely symmetric with respect to p, ¢, 7, to &, 5
to and to a;;. Hence it suffices to develop the first of them only. We have

A'p — (B C)qr+Mg(f,cosq— fsing cotgh)

(33) + M(ayqlo - am’lo)(an'i'{"am'i’ t am"‘.’) t M(aggzy "‘a"s')o)(amu.‘*' az‘z'i’*' a.-a"b)
+-M(agl, - aau’lo)(an“l'*‘aazv. *aaa"’.’) +M(a,y, am'lo)(”.uu t+ ‘iw"’ t dle)

+ M(“za(o'—a'zsﬂo)(dmu + dza'” + d'zawH M(ayg,;,— @390 (@ 1 4 Gy U+ danw)-
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Now (12) imply
i or —od +rMo— 9o
34) V= :‘,;'r - ;‘or' - p:;(, — réo,
&= 5 ni+dhe—pio
Let L be defined by
(35) L= M(am&'o—am'ln)(aul.l+a\-_»'.l’+axs".”)
+ M(@oolo — Ao @l + @0V + Qo)+ M(@galo— Qogno)@nll + Age? + A35W).
Introducing (34) in (35), we get
L= Mp ((@y5¢0— @1370)* + (@25L0 — @asmo)* +(@salo ~@zsno)’]
+ Mg [(@y980— B13M0)(@1380— @1180) = (@250 — @asMo)(@2aéo— ano)
+ Q3oL — AagMoN @330 — A lo)]+ M [(@19%0— Br3n0) @170 — 1250)
+ (@y970 - @ago)(@ar70— A2050) + (@30lo— Aagto)@s1700 — Asa%0)]
+ MEj[(@15z0 — @1370) (@139 — @17) +(@a0l0 — B23M0N@23g — A2aT)
+(@3aL0— @330 N @339 — Agar )| + Mno[(@y280—arsnoN@nr —ais P)
+ (@golo— Aaao)(@ayr — Aas P)+ (@zelo— Basno)( @317 — 831 P))
+ ME(@ 90— @13m0)(@12 P — @119) + (2280 — AastioN @22 P — ay,9)

+ (@galo— AgaMo) (@32 P— 319))
or, by virtue of the relations between

L = Mp(n2+23) — MGEqne— Mriozo— Méo(neg +£or)+ Manop + Micko p-
This equality may be written in the form
(36) L—Mp(ni-+d)—Mgsgn, Mrioto+'y P gy (3 nitd)— M psot gnot rio)
Let N be defined by
N = M(@,5t0— @ranol@, 1 + @150+ @, 5W@) + M(@gslo— Ag57oN Aoyt + Bag® + G5T0)

(37) ] : ;
+ M(@gszo— A3amo) (@3l + Q390 + AgsW).

This equality may obviously be written in the form
N=Multo(@y@ 1+ 821899+ 3,85,) —no(@1,815+ 3180+ 3,055))
(38) + MU[Eo(@12010 + Qoo+ A3:855) — 1o(A19@13+ 9993+ A3a0ys)|
4 ML (@501 Bos@us + AggBss) — e(@18@19+ g9+ Ayadsg)]-
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It is easily seen that the following relations hold
P -@,.0,51+ A3, 1 Q35033
(39) g = Q30,1+ Ay + Ay3Q3),
ro-@nya,tag,aynt ana;,.
Moreover, we obviously have
. a4y, + AgQg)+A30a3, - 0,
(40) . . .
@303+ Qyglzg + Aggayy - 0.

Introducing (39) and (40) in (37), we get

(41) N=Mu(t,r—noqg) - Moy, p — Mwi, p.
According to (12) we get from (41)
(42) N=—M(zoq 1o &o P +n0g+Lor)-

Because of (36) and (42), the equation (33) takes the following final form

Ap—(B— C)gr+Mg( f, cos p—f sin ¢ cotg H)

) . . - M d
(43) +lwp(ﬂff{*Cg)“Mq:o'lo"M’:o’so'f‘ 2 pdt((’p)"

AMéO((l) . Gp)_M(toq 770’)((’) . GP) 0.

By virtue of the symmetry of the equations (32), the equations remaining may
be received by a cyclic change

By —(C— A)yrp — Mgl fasing —f, cos ¢ cotg +Mq'(t2, b 50V — MpPCono
(44) : M : ,
— Mrion, -+ 54 :t (GP?) — Myy(w . GP)—M(sor ;. plw.GP) 0,

) Cr—(A—B)pg + Mgf, + Mr(Es+ no)— Mpsoto
(45) . M d ) i .
_Mquof<)+ 9 r dt (Gp‘.'!) /”Co(w'(lp)“M"?oP "E(;‘/)((“-OP)“‘_O-

Now equations (43)—(45) represent a complete system of equations of move-
ment of a rigid body rolling without sliding on a fixed horizontal plane. Fur-
thermore, the equations (7) and (15) for the dependent parameters z, xg Vg
must be added.

REFERENCES

1. ba. Jloaanyues. Anaauruuna mexaHuka, 1966 r. Codus,
2. B. Anamananes [lpaioxeane Ha ypaBHenusara Ha [leios BhpXy €1HA 331242 OT ABHXKE-
HHCTO Ha TBBpaMTe Tean. [oduwnux Cop. ywus, 53, 1959, 115-—124.

Centre for Mathematics and Mechanics Received 11. 4. 1977,
1090 Sofia P. O. Box 373 Revised 20. 12. 1979



