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ON ZEROS OF THE HYPERGEOMETRIC FUNCTION
S. CONDE, S. L. KALLA

We tabulate the zeros of oFy(a, b; ¢; x) for a=1.0 (0.5) 5.0, b=1.0 (0.5) 5.0 and ¢=0.5
0.5) 12.0 in the range —8< x<l. Some entries have been checked by using analytical for-
mulae.

1. Introduction. The power series

v (@)
(]) k:') (l’)kk! 25,

where = is a complex variable, a, & and c¢ are parameters which can take ar-
bitrary real or complex values (provided that ¢-+0, —1, —2, ...) and (1),

F(A+R)/T'(G)=4A-+1) ... (2+k 1), k=1,2,...,(i)y=1, is called the hyper-
geometric series. The sum of the series (1), that is, the function

o . o . :_(a)k(@k ke |
1,[1(0, b « ,Z) Nk:,,((‘)h B < 4|<1

is called Gauss’ hypergeometric function or simply hypergeometric function
By an appeal to the analytical continuation, the definition can be extended
outside the unit circle, that is, in the plane cut along [1, o), the desired for-
mula comes out to be [3; 4]:

o A 1
HO [ i1 —ty 01 —t2)edl,

J[ila, b; ¢; 2)= I(b)(c—b)

Re(c)>Re(6)>0, arg(l 2) <=

Hypergeometric function has been studied extensively, and several gene-
ralizations of this function have appeared in the literature [5; 7; 8].

The function ,F, has been tabulated by Mackiernan [6}, Mathai and
Saxena [9), Consul [2] and others. Recently the authors [1] have given a
table of o/, for a—=0.5 (0.5) 50, 6=05 (0.5) 5.0, ¢=05 (0.5) 12 and x=
—2.50 (0.05) 0.95.

In the present paper, we present a table containing zeros of the function
,Fy(a, b; c; x) in the interval —8--x<] for some suitably chosen fixed va-
lues of the parameters. A number of entries of the table have been checked
by using analytical formulae.

2. The Zeros. We tabulate the zeros of ,F,(a, &: ¢; x) for a prescribed
set of the parameters @, b and ¢. We consider, a=1.0 (0.5) 5.0, b=1.0 (0.5)
5.0 and ¢=0.5 (0.5) 12.0. For each set of prescribed values of a, # and ¢, the
x-axis is swept over all values in the interval —80=x<1, observing the
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change in sign in the value of ./, for two consecutive values oi x (Ix—=0.0I).
In the case of a change in sign of the value of ,F,, indicating the presence
of a zero, we calculate it by an appeal to the secant method obtaining a pre-
cision up to 0.5 105 Once the whole x-axis is swept over, we print all the
zeros, omitting the case in which there are no zeros.

To obtain the numerical values of ,F,(a, b; c; x) first we take into account
the nature of the parameters @, b and ¢. If c=—m (m=-0,1,2,...) and a
(or b) are not equal to —! (1=0,1,2,...) with [<m, ,F, is taken as 107.
Under such circumstances the computer interprets that the function is not
defined.

For other values of the parameters, x is analyzed in the following form:

(i) If x 1, the value of the function is obtained from

) Me)yl'(c—a—b)
f‘,(ll. b; c; 1)-—= ['(("_a',‘['(c_h,; c ~a»~br,-m (I)Z=U, I, 2,...).

(i) If —0.5<x<1, then the series

. & (@)ulb)
Fa, by c;x)=3 ¥ xk
2 l( ) Py (r)k k!

s employed and p is chosen in such a way that the truncation error of the
series be less than 0.5.<107". '

(iii) If x —0.5, we use the transformation
JFia, by c; x)=(1 x)=%Fa, c—b; c; x/(1—x)

and proceed as in the previous case.

3. Special cases. Consider the function < (c+4-n, b; ¢; ~x), b=-c. This
function has obviously n zeros, as F(c+n, b; ¢; —X)=(1-}x)"""0F(— n,
c—b; c; —x), which is a polynomial of degree n. Ii we set n: 1, then the
only zero of the function ,Fy(c+1, b: ¢; x)is ¢/(b—c) whereas the two
zeros of the function ,F (c+2, b; ¢; x) are the two roots of the equation
(c-b) (c=b+1) c—b

qe+ 1) x‘+2vc ~X+41=0.

For example, for @2, - 3 and c= | the only zero is 1/(3—1)=0.5.

Similarly, for a=3.5, 6- 4 and ¢ 1.5 we have (—“2.;):;;)‘5) x? %2(-—‘%'5’ X
L1 x? — —la-o-x-%-l whose two zeros are 3 and 1/3.

These simple examples are in complete agreement with our tables of zeros
of ,F

"
e observe from the tables that for c¢.-a (or &) there are no zeros of
the function ,F(a, b; c; x) in the prescribed interval.
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