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A SHORT AND CONSTRUCTIVE APPROACH TO THE JORDAN
CANONICAL FORM OF A MATRIX

UWE PITTELKOW, HANS-J. RUNCKEL

1. Introduction. The many publications on the Jordan canonical form (J. c. f.)
which appeared during the last decades ([1-—26], [10, 215—234], (12, 149—202],
(16, 143—155]) show that there still exists a demand for a short, elementary,
and constructive approach to the J.c.f. of a matrix. In the present paper a
new and simple algorithm is described to construct a matrix which transforms
a given matrix whose eigenvalues are known into its J. c.f. This algorithm
again proves the existence of the J.c.f. and requires in practice only a com-
paratively small number of calculations. Also diagonalizability and differential
equations are considered.

2. Notations. Let A be a (n, n)-matrix with elements in C, whose ei-
genvalues are explicity known and denote by / the (n, n)-identity matrix. Put

c(i): = det (A /—A)= %, (i—4,)" where the 1, are different, n,>1,v=1,..., k&
and n, & - +n,=n. For j=1,..., k we then put p,(i):=(1—1)", q,(l)

c(i) | pjA), q(2) = 2k, qi(d), By =q,(A), B:=¢q(A), V;: ={xe¢C":pj(A)x=0}
All considerations remain valid if C isreplaced by an arbitrary field in which
c(4) splits into linear factors.

3. Properties of the characteristic polynomial. Lemma |. B is non-
singular. (See also [20, Lemma 2|)

Proof. The Hamilton-Cayley-theorem for A and q(4)—q(iy) - (A—24p)r,(4)
imply 11*_, (g(4) q(ipl)"1=0, or p(B)--0 where p(l)::ll/',=‘().—q(1,))"/ and
p(0)=£0, since (i) -g)d;+0, j=1,..., k. Put n(A): = (p(0)—p(4)) ' p(0)2. Then
Br(B) | and thus B is invertible.

Remark. After transforming A into a similar triangular matrix it follows
that ¢(A) has exactly the nj-fold eigenvalues ¢(4j), j=1,..., k. This again
implies det B-0. Also for a triangular matrix the Hamilton-Cayley-theorem
easily can be verified.

Theorem 1 (Rational decomposition theorem). The columns of B; span
Vi j=1,..., kand C"=V,® ... 8V,

Proof. Let V' be the subspace of C" spanned by the columns of B,
Since p{A)B; 0,/ 1,..., k (Hamilton-Cayley), V', cV; follows. Thus B

X* By and Lemma | imply Cr=Vit+. -+ V,=Vi+ -+ Vi Assume that
x,+ - +x,=0,where x, ¢ V;. Then 0= B/(x,+ - - +Xa) Bx; (By oot B.)x;
= Bx, since for i i j B, contains the factor p(A). Thus, x,-0,/ 1,..., k and

C-Vi@ . @V, V®. @&V, This and V' c V) imply V' =V, and hence
rank B)=dim V,
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4. The J. c. f. of A. For any O=:x¢V; x0:=(A—ijly-'x, r=1,2,... is
called the i,-chain of x, and m fits length, if x(™=0 and x("+U=(. Then
xn¢V; for all r and 1<=m=n; Observe that x+D=(A—i;)x", r=1, 2,...

Starting with the non-zero columns x,,..., x,, of B; (or with any other
set of non-zero vectors which span V) we construct a special (Jordan-) basis
of V; according to the following algorithm. (See Theorem 3 for dim V;=n;.)

a) Arrange the i;-chains of x, having Ilength m,, »=1,..., ¢, ac-
cording to their lengths in decreasing order, and assume (w.l. o.g.) that m,

= my holds. Next, assume that for some s=>1 x'™) »=1,..., s, are line

arly independent. Then x\7, r=1,. ., m, »=1,..., s, altogether are linearly
r

independent. This can be seen by successively applying (A -i,/)"™", r=1,...
m,, to a vanishing linear combination of these vectors which always yields
vanishing linear combination of x(,"'", v=1,..., s. Therefore, eventually, all co-
efficients have to be zero (see [19, Lemma 1]).

b) Assume, next, that x{™), y=1,... s-1, are linearly dependent. Then

’

Xt =85 aqx{™  with certain coefficients «, and we put y: = X,
— 5, a,x "™ ™+ 1* ) Observe that m,=myy,. If y=0, then the chain of x4,

is deleted. If y=-0, then, again, the chain of x,y, is deleted, and the chain of
v, having length<<myg.i, is placed between the remaining chains such that
all chains again are arrangec according to their lengths in decreasing order.
This elementary operation does not alter the total number of linearly indepen-
dent vectors among all chains, and at the start x(V=x, »=1,..., #, span
V; by Theorem 1.

The procedure described in b) can be repeated until, finally, a set of s;=1
ipchains 20, r=1,..., ny, (of length n, <ny), »=1,..., s;, remains with the
property that now all 2, » - 1,..., s, are linearly independent. Therefore, all 2,
r=1,.n>v=1,...,s;,together form a basis of V; and dim Vi=n;, + - +ny; Then
Az — (A—21) 20 4 120 =20 V4420 for r=1,..., n, with 2"#* =0and, as

v

usual, A", 22,.. ., =", 2P, ..., "), where the (nj, n,)-mat-
An 0

rix J,,:(l o ) is called the 1,-Jordan block corresponding to the i;-chain
o ~lis

of z,. These considerations and Theorem 1 yield
Theorem 2 (J.c.f. of A). If for ,=1,..., k, all ij—chains z\",...,
2" W (ny,—ny), v=1,..., s;, which were constructed above, are written next
to each other and combined in the (n, n) —(chain) matrix C, then C is non-
singular. Furthermore, AC—CJ or C™' AC=J helds with a (n, n)-(Jordan)
J; 0
matrix J:( \\J ), where J,, ..., J,(t=8,+ ---+ 8,) are all irJordan
0 ¢
blocks corresponding to the iychains in C (j=1,...,R).
Next, put 7, : —rank (A—4;/)°, 0=0,1,... and let N, denote the num-
ber of i-Jordan blocks in J which are (o, o)-matrices, e=1,2,....
Theorem 3. 7y~ rank p{A)—-n—ny; and therefore rank B;~dim V;=n,

Furthermore N, =71, 1—2rj 41,1 for o=1,2,... and thus J is uniquely
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determined by A except for the order of succession of the Jordan blocks on
the diagonal of J.
Prootf. Let /, denote the (n,, n,)-identity matrix. Theorem 2 implies

S .

rj,=rank (!-—i,-l»‘-h-i,’-’_l3?:1 rank (/;, —4;0;,)* = n—ny;+ 30| rank (S, A1)
=n-n+X%  max (n,—o, 0). Since all nj,=ny, rj,=n—n; follows and, hence
rank B,=dim V,;=n, by Theorem I. Next, d’.: =rj o1 —rj X, -,1,and, hence
/',,—_(_,l — AV/‘, fOllOW

5. Concluding remarks. Remark 1. Observe that the algorithm in 4
automatically yields a longest ijychain. As soon as s;i,~chains y), r=1,.._,
(n/‘\'

djo—dj, o+1= Xn

ny,, v l,...,s;, are found such that n; + - -- +~ngu,=n; and y, S TR
are linearly independent, the procedure b) of the algorithm can be stopped. If,
in particular, A is nilpotent, then the chains consist of columns of 4% 4, ... A"

Remark 2. By theorem 1 V/; coincides with the Ai-eigenspace of A iff
(A—lj[)Bj' 0. f

Remark 3.Put p(4): I} (i—4;). Then by Theorem I A is diagonalizable if)
p(A)=0. (Observe that in C p(i) ~ ¢(2)/d(i), where d(4) is the gcd of ¢(Z) and ¢’(2).,
Since p(A)- 0 implies (A—4i;/)B;= 0 for j=1, ...,k by Remark 2 and Theorem 1
A altogether has » linearly independent eigenvectors. Therefore, A is diagona-
lizable and the converse is trivial.

Remark 4. By Lemma | A=3% | AB,B~'=D+N where N: =X} (A
—4;1) B;B! is nilpotent since B,;8,=0 for i==j, and D: =X%_, 1,8;B—" is dia-
gonalizable by Remark 3, since p(D)—0. Also N, D are commuting polyno-

mials in A (see [5]).
Remark 5 Y(): = }Jj‘.‘:,e"/”" Wy (t:tf') (A—Jiyly B; satisfies Y'(t)

AY(t) and Y(¢,)- B. Hence, by Lemma I, Y(t) is a fundamental matrix (rea
for real A) of the differential equation y’' - Ay and ei~% =Y(f)B ! (see [20])
T, * .

Remark 6. As an example assume that A-—-( where for j--1,
O T,

vy

ek, T, - ( ) is a (n;, ny-triangular matrix. Considering the gene-
O i

ral solution vector/xeC" of (A—i;1)y x=0 yields n—r;,=n;-rank (T; i/

for all j, ¢ where /, is the (n;, n,)-identity matrix. Hence by Theorem 3 J

only depends on the blocks 7,..., 7, and A is diagonalizable by Remark 3

it 7,,..., T, are diagonal matrices. Assume, finally, that for some j

T, O oot

T; ( ) where for »--1,...,8,(1 s, npy, T, ( SN\ ) is a
O Ty 0 i

(ny,, n;,) triangular matrix with non-zero (if n;, >1) super diagonal elements. For

v=1,..., s, let x, be the (n, ' ---+n_)+(ny+ - -+n;)th column of B,

Then, by considering (A—2,/y ' B;, r=1,2,..., the i-chain of x, has length

ny,and for » 1,...,s; all vectors of these chains form a Jordan basis of V.

In particular, / contains exactly the i;-Jordan blocks J, of type (n, ny),

V—’:',...,Slr.
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Example 1
1 —1 1 —1
1 -3 3 -5 4 . , ,
A= R 4 3 4| Here i,= —1, n,—4. Hence B,/
| 15 —10 11 —11
2 —1 1 ——1| O o 0 O
- 13 4 -5 4l aiqe_| 2-1 1 —1 .
(A+h=1"% _4 4 4| A+ o o o ol @tn=o
15 —10 11 10} -2 =1 1
Thus, there are 4 i,-chains of length 3. We choose
[0 0| =1 f -y
X | S . | with x{V=x,, x{¥= . x® = ! I and
1 o | 1 1 b 4 4 I’ ™M 0
| o 0 | —10 1]
2 0
X =xq, X = "‘: , xP)= (1) . Since x{ = —x{* we replace the chain of
11 —1
§ 9 . %
X, by the chainof y: —x, +x{". Then y" = } g —(l) , y®=0.
0 1)
Since y® = x{¥, we finally replace the chain of y by the chain of 2: =y—x{s-+1
1
=y—x®. Then z(V= _g , 2@=0 and
10
0 15 ) 1 ( 2 53l o=l 1
1 4 —| 3 ~ ~gf): 140
_ 1 2) 3 ; 1
C= (x5 2)=]19c.4 o 5| —10 0 0 1
0 —10 1 10 —4 0 170
\ e
yield C'AC-J (3 9,) with j|=< 1 —1 0),_/._, - (—1).
' i 0l -t
Example 2
0 1 0
A= ( 0 0 1 ) Here 42,=1, n,=2 and i,= —1, ng=1.
11 1
1 k-0 1 2 1
B, - (A+= 0 | l), By=(A—1I¥=1| —1 2 —l).
—1 1 2 1 —2 1
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1

Since (A +/)B.=0 _v=( — 1, is Aq-eigenvector.
S

I

1

I 0
Since (A -~I)Bl=( —1 0 1 ), we can choose as 4,-chain:
1 0

1 10 —1 1 1
'\’(1“:( 0 ), X ”‘( : ) Then C=(—x{), —x?, y :( 0 1 —l),

] 0 2
= 1 2 1
1 2 1

.G

H

Z X

moow

11 1
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