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ON A NEW CHARACTERISTIC OF FUNCTIONS, 1
KAMEN G. I[VANOV

The problem of a characterization of the best algebraical approximations in L, and C
with suitable moduli is one of the still insolved ones in the constructive theory of tpunclions.
Till now there are some modifications of the usual modulus of continuity witich, as we know, do
not lead to a satisfying solution of the problem. In this paper we define a new modulus,
which can be successfully used as a characterization of the best algebraical approximations. The
connections with some other moduli are investigated. Some properties of the new modulus are
proved.

1. Introduction. Let /7, be the set of all algebraical polynomials of a de-
gree at most #. The best L, approximation with the weight W of the function
fel,la, b] by means ol elements of A, is

E(Hn. w S f)/_pln_[,] = inf { 'm’( f-’ Q),, . ()6/1’, }

Flere with /..[a, b] we denote the set of all measurable and bounded in
[a, b] functions, equipped with the uniform norm. We shall denote this norm
with - . Therefore Cla, b]—L .[a, b].

[et

o (fit),=sup {1A% f(.)lpa. o) 1 O~h<t}

be the k£ -th modulus of L, continuity of f, where b, =6 if f is b —a periodic-
al, and b,=—b kh, it f is defined in [a, b].

We shall consider only the algebraical approximations in the interval [—1,1].
The approximations in the other interval are evidently connected with these
ones in [ —1,1]. We set A(d, x) ~d\1-—x2+d2; A (x)=A(1/n, x). The follow
ing equivalence is established as a result of the papersof Timan [12[,Dzja
dik [8], Freud [3] and Brudnij (7] for the case p=co:

E(H (M) g O (=)

o f3 O O (£—0) for O<a<k.

This is a characterization of the moduli of continuity (or of the classical
Lipschitz spaces) in termsof the best approximations. Later Devore [2] shows
that the direct replacement of with p (1-=p< ) in the above equivalence
is impossible. So the problem of a characterization of the Lipschitz spaces in
L, is not solved till now.

But there is another natural way for the investigation of the connection
between the best approximations of one function and its moduli of continuity.
The following modulus provides us with a convenient tool forthe characteriza-
tion of the best approximations:

(1.0 (o @y 8)pr, pra. vy = 10 )op( fras 6( %))y Ipia, o)
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where

(1.2) o fo x5 8(x))y = [m) T aLf (ol av|"”,

k
where A% f(x)= EO(—I)k‘f(f)f(x+i-zf) is defined as 0, if x or x+ kv are not
k:

in [a, b]. In (1.1) & is an arbitrary positive function of x and w is a continu-
ous non-negative function.

As far as we know, the local L, modulus of continuity (1.2) is used for
the first time here for p< -o. The defined local L. modulus is a little different
from the local modulus of continuity (1.4) used till now. One other modulus
using a local modulus in its definition is

(1.3) T(f3 &), =l f, - ; 8)l,; S=const,
where
(14) o f x; 8)=sup{lALf(£)|:t, t+khe[x —k8/2, x+k8/2)1 [a, b]}.

This modulus was used for the first time by Sendov [11] and Korovkin
[10] in the case k=1. It has already some important applications (see [1], [4],
(5} [6])-

We shall give now one condition over the behaviour of the weight w
(1.5) w(x)=c(Myw(t) for x,te[—1,1], | x—t|=<AA(d, x),

Let us note, that w(x)=A*d, x) (real n) and w(x)==1 in particular sa-
tisfy (1.5).
We are ready now to give some direct and converse theorems for the best
algebraical approximations. The proofs of these theorems will be given some-
where else.

Theorem 1.1. If w satisfies (1.5) for d=1/n with c(A)=0(r) (A — o)
for some ¢ >0, then for every k=0 and for every f with f*¢L,[—1,1] we
have

E(Hpsr @5 101 =c(RE(H,, @A) 5 f®) 11
E(Hyipo @5 frn = c(R)yu(f®, @8,)" 5 A,
and in particular
E(Hyip 1 e = c(REH, (A5 f®r
E(Hyip 1 g = c(R)U(f®, (A A,
Theorem 1.2. /f w satisfies the conditions (1.5) and(l .6) lwQ¥(nA, ),

<c(knilwQl, for every Q¢ Hny, ny=n, then for every p'¢[l,p] and f¢L,
we have

k) 2
tk( fv ws; A,.)p'.péii'(lk)‘:_zﬂ(s'*_ l)k_lE(H:v w, f)Lp[—l,l]-

Using the Konjagin’s results in [9], we obtain
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Corollary L.1.If fel,, p'€[l,p), m=0,1,2,..., then
G fo (nAY" 5 Ay =SB & (s DLE (H, (18, )t
)]

5

and in particular
R & o =
G A= D (SHIPTE (Ho 15 e

Theorem 1.1 and Corollary 1.1 give the following equivalence:
E(H, 1 ;f)Lp(-—l,IJ =O(n—") =
T (fo s Ald))prp=O(d*) (d — 0) for O<a<1, p €¢[l, p].

Let us note, that everywhere ¢ is an absolute constant, ¢(A,B,...) is a
constant depending only on the marced parameters. In general the constants
denoted by ¢ or ¢(A, B,...) are different.

2. Auxtliary results. We denote

(- ¢, =), if we consider a periodical case;
S = { [a, b], lf we consider the interval [a, b] in a non-periodical case
and J(u, w(v)) =|u —w(v), u-+wy(v) N
Let =1 and d¢€(0, (21)7']. We set

Ald, x), if | x|=y1—4x2q";
(a4 D)a?, if | x|>{1T—arza

a(x) is defined for each x, while A(x) is defined in [ —1,1]. Obviously a(x)
is continuous. The monotonousness of A(x) in [—1,0] and [0, 1] and (2.1) give

(2.2) Ald, x)=w(d, x)—=(2h+ 1)A(d, x) for | x|=1

(2.0) aud, x)-a(d, x)=a(x)= {

a(x) is differentiable for x + + |1 —42242,

) [ —xdl1—2x2 if | x]|>\1—42%a?;
a,(x)= ' ) —
0, b x> VT4,
Therefore @) l.~d/\T—(1—4A2d?)=d/2\d or
(2.3) a, lle=(20)"

If | x|<1 and | y—x|=XA(d, x), then

| a( y)—an(x) |~ a; .| x— ylx kA(x)— A(x)
or
1 (x) =5 M) =a(y)=@(x) +5 Alx),
The above inequality and (2.2) give

(2.4) LA, )= ax(d, y)= (2x+%)A(d, x) for | x—y|=AA(d, x).
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If also |y|=1, (2.2) and (2.4) give
Ald, y)=ax(d, y)=(2r+3/2)Ad, x) and
A(d, x)=2a;(d, y)=(4r+2)A(d, y) or

(2.5) L A(d, x)=A(d, y ) =(2).+3/2)A(d, x),

G2
if |xllyl=1, [x—yI=2A(d, x), d=(21)7"
Lemma 2.1. For each x¢|—1,1] and for each real y we have
[ / AN(d, y)dy =c(k, y)A**(dx)

J(x,\A(d,x))
2M(2h+3/2), if v=0;
204 +2)77, if y=0.
Proof. a) y=0. Using (22) and (2.4), we have

x+AA(d.x) x+AA(d,x)
1= ] (@dydy= [ [(2k+3/2)Ad, x)|'dy = 2M(2A + 3/2)" AT+ Y(d, x).
x) x—AA(d,x)

x—AA(d,2
b) v<0. Using (2.2) and (2.4), we have
x+AA(d,x) a{(d, y)dy x+AA(d,x)

<@+ [ (%A(d.x))’dy=21(4x+2)—w+l(d,x).

= —_—=
x—2Ad,x) (2A+1)7 X—AA(d,x)

for d=(2kh)"', where c(x,y):{

Let us consider @(x)=x-+A(x). @' (x)=1-xdJl—x2. ¢ decreases in
[0, 1). Therefore ¢’>0 in [0, | —a2] for o'(1—at)=1-—J(1—a2P/(2—a?) >0, if
d=1. Hence ¢ increases strictly in [0, 1—a&2]. If d=1/2, we have ¢(0)=d+a?
<1 and @(1—d?)=1+d?|2—d?>>1. Hence there is unique x, ¢[0, 1 —a? such
that x,+A(d, x;)=1.

Lemma 22. Leta=2+ 3, d<1/2 and

x—A(d, x) if —x;=x=1; x+Ad, x) if —l=x=x;
(%)= (@i —a=x=li = %) ¥ o
—1 if —l=x=—x;; 1 if x=x=I1;
B,(x) = —1 if —l=x=—14ad?;
! v, where y+aA(d, y)=x if —l+ad?=x=1;
—1 if 1—ad?=x=1;
Bo(x)= X
y, where y—oaAld, y)=x if —l=x=1—od

Then B(x)=y,(x)and yyx)=PBAx) for each x¢[—1,1].

Proof. We shall prove only B,<vy, because the two inequality are symmetric-
al. First, we shall show that the definition of B, is correct, i. e. the equation
v+ 0A(d, y)=x has unique solution, if —1+oad?=x=1. We set y(y)=y+aA
(d, ). o - ‘
vi(y)=1—ayd/ 1=y yv'(v)>0,if ye[—1, (1+a2d?)~72).

Therefore, y increases strictly in [—1, (1+a2d2)'?]; y(—1)=—1+0ad?® and
w((1+a-3d-z)~—\'?):(l+u9a”)m)+ad‘3>1. Hence the “definition of B, is correct.
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1) Let x¢[—1, —1+0ad?]. We have By(x)=—1 and y,(x)>=—1 for every
x€[—1,1]. Hence By(x)=rv,(x).
2) Let x¢[—1+ada? 1]. Then y,(x)=x—A(x) because —1-+ad?—A(d, —1

+ad?) = —1+ (1+ {3)d(1 —(1—ad?/2)"?)> —1. We set y=B,(x) - —1. Then
Yi(x)=x—Alx)=y -+ aA(y)—A(y + aA( V).
Hence

10— By(x)=a(d\T— 2+ d%) (@1 —(y+ad 1 —y* +ad?p +d2)

—ad V1 =12 +(a - 1)@ —d N1 -y*=2yda(J1— 32 +d)—a2d>(J 1 —y2 +d)?

—dVa(1 —v?)+2a(a—1)d V1 -3+ (a— 1R a2

AN —y2—2yad 1—y2—2yad? >0
because a2(1—y2)=(2+ V32 (1 —y2)=1—y2,
2a(a— NAVT—y2=(1+ {3)2ad JT—y2~ —2ayd y1—y* and
(@—1Rd2= (143242 =22 +V3)d? = 2ad> = —2ayd? for |y|=1.

This completes the proof. B
Lemma 23. If p1,d=<(2+{J3)'A Y, g(x)=0, G(x)=0for|x|=1, G(x

. x+AA(d,x)
=0 for | x|>1 and one of the inequalities g(x)~c(AA(d, x))'"'?[ [ GP(v)
x—AA(d,x)
X =AA(d,x) 1
dy|'? or g(x)=c [ G(v)1y holds true for | x|<1, then [ [ g”(x)dx]'?
1

Y —AA(4,x) —
1
“or2[ [ AP(d, x)GP(x)dx]'P
-1
Proof. The Holder’s inequality gives
xX—A

A x+AA
I Gdy=2ra)y=te [ [ GP(y)dy]'?
xX—A

X+AA A

Hence we shall consider the first inequality holds true. Then using Lem-
ma 2.1 and Lemma 2.2, we have

1 1 Y+ AA(d, x)
[ [ @dx]?=—[ [ PPAOP [ GA(y)dydx]
1 —1 x—AA(d,x)
1 x—AA(d,x)
el [T T GAyWIAPd, x)dy dx)'e
1 x—AA(d,x)

cel [ O T A )

J(y.arhA(d,y))

ol | GAMImI2AAE 327 A1 (d, )y ]
=

1
scA? L A?(d, y)G*( y)dy)'*,
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Now we shall prove an identity with finite differences.

= (=1 B ) A £

r=0

= (8) 2 (8 f e it r e hk)

re= r

i (— 1) (f):_ko( ~1)E l:)f(x*ih‘vri(e—h)'k)

k

= 3 (=1 —l( .)Am Bk f(x+ik).

I3 :-()

Separating from the left-hand side the term for r=0, we have

k
26) (- DFAGf(x)= Z (1} ( f){ femmuS (X i) — Ahw(:—h)/kf(*‘)}

or in the right-hand side we have Af%f(x)=0 for i=0. Hence

@7 IMG = 2 (AL S8 O

The identity (2.6) enables us to present the finite difference of the order
k with a fix step # as a sum of finite differences of the same order:

a) with less steps (if O<e<h);

b) with steps depending on a parameter running some interval.

Let p~1. Then for u, v=0, we have ((u+v)/2)?<(u?+v*)/2 or

(2.8) u-+p=92t— llp(up.x..z.P)lp
Also (u+v)"?-u'?+v'7 because the function x'” is concave in [0, =
Hence by induction we have

r.

(2.9) ( X u)r= X u?if u,~0 for i=1,2,..
3 1

=1 i=

3. A connection between t.(/f, w; 3),, and some other moduli. Exept
the usual norm in 1,

b
(3.1) fliotaer = [1f(x)?dx]'e,
we shall use its following modification
, 1 ¢
(3.2) S lptap) = =2 [1f(x)?dx
a

It is more convenient for us to work only with (3.2), but the usual defi-
nitions of moduli of continuity are connected with (3.1). When it is neces-
sary, we shall note outside the variable in the normalized space like this

F(X) opian - Using (3.2) and Holder’s inequality, we obtain
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(3.3) I f ‘plf\f“f‘!;z. if 1=p,~=p,, fE Lﬂz'

Theorem 3.1. /f §=const>0 (8<(b—a)/2k in a non-periodical case),
feLya, bl, p’e[l, p), then

(3.4) (o 15 8)p pras) =0u(fi 8)pae) =c(R)YT(f, 15 8)p’ plase) -
Proof. a) The periodical case: [a, b]=]0, 2r). (2.7) for 0=~=<3 gives
(3.5) LAY f(x)|= 1| AR f(x) I (e)pr10.5)

A . |
= I ( )[" Af f(x+1/z) “(t)P'IO-5]+[|A2+i(£—-h)’kf(x) !(e)p'[O.S]]

i—1 1 i(e—nm)/k

— }f(" ) { [i f8| % f(x+ih)|p'de ]I'/p' +[% f L AG e f(x)'p’de]l’p'}

3 ) Ane-h;k

SO L] oy rora]
< Sawoffs frassesmirad [ flasreorae )

k
< S (c(k i) op f, x+iR; )y
=0

(3.5) for f is 2rn periodical gives
Il Azf(X) l(x)pl0,2r) = C(k)‘tk(f, 1; S)p'p.[«),ln] for 0<h<=5.

The definition of w,(f; 8), and (3.6) give the second inequality in (3.4).
Using (3.3), we get

w(f. 1oy, =wulf. 1; 8, = 45‘8 _f:mgf(xwdzrdx

(3.6)

8/ 2 1?8 <
=5 | ( 1Ak f(x)"dx) dv~ 35 | olf; 8ydv-o,(f; 8)
~s\0 -
The above inequality gives the first one in (3.4). (3.4) can be written in
the form

(3.7) QW fo 13 8)rp Z ([ 8), for pre[1pl.
As a corollaly of (3.7) we have

(3.8) W fo 1 8)prp X Tl f, 15 8)pmp for p, p g1, p).

b) The non-periodical case. We have to take care in this case because
Ak f(x) is defined a priori iff x, x+kv¢[a, b]. Letus remember that for the
other x, v we have set AXf(x)=0.

Let x, x+khe¢[a, b] and 2¢O, 3).
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1) Let x¢[a, (a+b)/2]. We consider (2.7).
X+ ih=x+hkd=(a+b))2+k(b—a)/2k=0b. Also for e¢[0,8] we have x+ik
+ki(e—h)k=x+ie=(b+a)2+k(b—a)/2k=0b; x+ie=x=aandx +k(h+i(e—h)
R)=x+(k—i)h+ie=x+RE=0.

Hence A%e—ny f(x+ih) and A ., ,f(x) are defined and (2.7) gives

. CE kN I .
(3.9) 145 (x) = P ( i ){ 1Ak ey f (X ER) gy 0,5 11 A% se—nynf ) ey 0.1}
2) Let x¢[(a+0b)/2, b]. From | A} f(x)|=|A*, f(x+kh)| we get

k
(3.10) 1887 (1= S (%) (1AL L0 S G 185, pyuf (2 +RR) )

=1
Let e¢[—3,0]. Then
v=x+(kR—ih+ki(e+h)kh=x+kh+ie<x+kh=b
y=x+k.0-kd=(a+0b)2—k(b—a)/2k=a
z=x+kh+k(—h+ie+h)R)=x+i(e+h)<x+ih=x+kh=0b

z=x—kd=a.
' Hence A%, ., .f(x+(k—i)h and A%, ., f(x+kh) are defined and (3.10)
gives

k
S kR o ’
(311 8 7C)= S () 08 nn S+ Ge— D) s

+ ”Ak—h+i(s+h)/kf(x+kh)”;s)p’[—s.ol }
By analogy with (3.5) from (3.9) and (3.11) we have

k
(3.12) |85 f ()= Z clk, Do f, x+ik; 8)p .

From (3.12) we get
(3.13) O ([ 8plan) = 0;‘:25 1A% ()l eypta,—rny

h=8 i=0

oo k oo

sup | [ |ALf (o) Pdx]'P= sup X c(k, D[ [ of(f x+ik; 8)pdx]'”
k oo oo

= sup I ok J of(fi x: 8)pdx]P=c(R)| [ (f X3 8)prdx]'”

—-c(k)[f“’f( S xi 8)pdx]'P = c(RYGU(f, 15 8), o)

because for x€[a, b] wu(f, x; 8),y =0. We now obtain the first inequality in
(3.4) as in the periodical case and this completes the proof. Let us note that
the equivalences (3.7) and (3.8) hold also true for the non-periodical case.
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Let us now consider the connection between t,(f, @; 8).., and t,(f; 3),
for 8 =const.
1) £=1. Using the definitions, we have

o fo X5 8)e—sup { | Fx+8) —f(x) 3186, x ~LeJ)
“osup {If(t)  fty)lit, ta€[x- 8, x+08] 1S} o f, x; 20)
Therefore
(3.14) 4L 1 8) e 1[5 28),=20,(f: 9),
On the other hand
o f, x; 6)=sup{if(t,)—f(ta):t, ta€[x—8/2, x+0/2] 1/}
<sup { | f(t)—f )| +1f () —f(x)| 14y, by€[x—0/2. x +82] 11/}
<2sup {l f(x)—f(&):|t-—-x1=<8/2, teJ}—20(f x:i 62).
Therefore
(3.15) (i 0),==2t(fi 11 8 2)wp=2t(f 1i 8)crp
(3.14) and (3.15) gives

(3.16) 1,— T(fo 15 8)wp=Ti( f3 8),=27,(f, 1} 8),p for 1=p=

2) k2. This case is more complicated. We have
Ol f, x; 8)w=sup {|ALf(x)|:x+khe[x—kS, x+k3] (1]}
<sup {| A f(£):t, t+hhe[x—kS, x+R3] 1 J}=wf x; 25),
Therefore t,(f. 1;8)w.p=Tx( f; 28), or
(3.17) (i 15 8)wp=c(R)TK( f3 8),
We do not know what is the situation with the converse inequality, i.e.
whether the inequality
T f3 8),=c(R)tu( £, 15 8)wrp

is true or not for £2 and for every f¢L.[a, b].

4. Properties of t,(f, w; 8),7.,. We shall first give some obvious proper-
ties following directly from definitions, the Holder’s inequality and the linea-
rity of the operator A%.

(41) t(f+gw; 8)p =T fL@; ) p +Th(Q W3 0)prp for £, g('/'nnx:l".n‘,;

(4.2) af,w; &)y p=lalt(f, w;:d),, for a€eR, f€ L {o".p) s
(4.3) W fow: )y p =t fo Wy 8)prp fOr 0w =wy, f€Luax (r".0}
(4.9 W f w; 5)’,;_’ ,/,r,,(f.w;ﬁ)ﬂr_,_p for 1<<p.<p,:

11

(4.5) W@ 8)pp, =(b—a)” "yl fiw; 8)p . for 1 opp,
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We shall give without proofs some properties in the case 8=const. These
properties follow immediately with worse constants from Theorem 3.1 and pro-
perties of w,(f: 8), Let w==1.

o(f. 15 nd) ,=nt( f, 15 8), for integer n;
(£ 1; ad), ,=([u]+ 3)ty( £, 15 8),, for real a=1;
u(fi1;8hp _nlf 1 8y

l‘?ﬂ?f S = 5 for every 8,>0;
t(f’l;82), t(f'l;s), . .
1 " 1p§4 1 - UL,p for °2>°1;
2 1

w(fo 1:8)p p=c(R)8T,_1(f', 1;8)np for every p',p"=1; k=2; S € Lmaxor.p) -

We now concentrate our attention over the case &(x)=A(d, x), which is
main in the best algebraical approximations as Theorem 1.1 and Theorem 1.2
show.

In the following theorems w will satisfy (1.5). Obviously w=const satis-
fies (1.5) with ¢(x)=1. (2.5) shows that w@(x)=A"d, x) satisfies (1.5) with
c(h, p)=(4r+2)*, if p=0 and (2r+3/2)™*, if p<0. The condition (1.5) enables
w to depend on the parameter d. w can be more irregular, when 4 decreases,
but always @ must be greater than O.

We set A(d, x)—d?, if |x|>1 just to take care whether | x| is greater or

less than 1. 3
Theorem Ll. /f w satisfies (1.5), d<(2+V3)~1k~', 1=p'<p, feL,
then
(46) w(fow: A, =c(R) W,
Proof. We set
- f(x), if lxl=1 w(x), if |x|=1;
E=1"0 if |xI>1: @x) = (1) if x> I
w(—1), if x=—1;
Then w satisfies (1.5) for every x, ¢ such, that | x—¢|<AA(d, x).

(47) W fow; Ald))yp=!lw(x) Il Akg(x) i'Zz—;)p[—A(d.x).A(d.x)] o111

&
R\~ ’
— 1l 70 S (1T | B
=i w1 S (=1) (%) &+ 1yt sgercon iy

k
k ~ :
= ¥ | i
= ..0( , ) Il (X)) | (X +70) gy p1—acer.acen leorpt—1.1g -

r==

For r#0 we have

- " 1 4~ \p T .
(4.8) 11 g(x+7r0) llgyp1—a.a) = [g—A _fdlg(X+rv)lPdﬁv] Z[H —_j:A | g(x+1¢t)|7dt »

.k ps
-

= 11 8(x+8) lpypy—rara) = 7 | 8X+E) i _rara)
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Using (4.7), (4.8) and (1.5) for @ and A—!, we have
(49) wW(f. @3 Ad))or o= | W & lp—11) +C(R) 1) 11 &CX+2) 1t _acer wncert eompi—tut)

- (k)| EA(d LW+~ NE
Slwflpre(k) I RA( .x)‘,m—”g(xﬁ- )“‘mpl-kA(.n.kA(‘)I (e[ 1,1]

e Fll L LWy .
“'f 30"“(/2) | RA(d, x) | RA(d, v)  (VPlx—kAX)x 4 kA(X)] Yopi—1.) "

Applying in (4.9) Lemma 2.3 with G-28_ 5 -k and g(x) = kA, x)
£ Ald) v

G we obtain

'ple—kA(x).x+EA(X)] "

. . Cwlx)| g(x) _
1 fi @, Ad))p o<1 fllpj—1.1] +c(R) I A(d, x) %)— Ip)—1.1] =c(R) @ fllp—1.1)

Lemma 2.3 limits d as follows d<<(2+ y3)~IA—'=(2+3)" 1k
This completes the proof.
Corollary 1. If feL, l=p' <p, peR, d<1/(2+\3)k then t,( f. A¥d)

Ad))p p=c(k, ) AMA) f | . ~
Theorem 4.2. If w satisfies (1.5), f' €L, 1<p'<oo, and d=(2+ 3)~!
then

(4.10) tl(f' w, A(d))p'_p}c ] Zi’A(d)f, lp(—1,1] -
Proof. Let f'(x)=0 for |x[>1. Using (1.2) and properties of the finite dif-
ferences, we have

(4.11) o fi, x5 Ald, x))pr =11 A, f(x) ';('v,p.[_A'A] < | z{ f e+t

A(d,x) | ’( Id X+ A(d,x) If'( )| /
< |l x+)ldt |, = V) ldy,
_Aj;d.x) s ) (@P"[—A(x),A)] — Aj(‘d.x) l

Lemma 2.3 with A1 and (4.11) prove (4.10).
Corollary 42. If fe¢L, neR, d<Q2+V3) ", 1<p’< o then . f. AXd);

Ald))p p=c(r) |l ANd) f7 1 pr—1 - i ~
Theorem 4.3. /f w satisfies (1.5), [ €Lyipoy-p.p'.p" 1. k-2, d

<(2k)"', then

(4.12) L fows Ad))prp (k) f, wWAD), A(4k+2)d))p . p.
Lemma 4.1. /f ff¢L,, (8§ =(b—a)2k in the non-periodical case), then
+ k

O . x3 8)a (k) | op(fr ¥ Sndy.

n ,
Proof. Aff(x) 4‘ Ak f'(x -+ t)dt. We set Ap1f(y)=0ify, v+(k—1)r¢la, b)
(
and m—Rk-—1.
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a) 0=<A-0. Then
(4.13) [ALfQo) = [ 1A fi(x+t)ldt.
(V)

1) x+~t¢la,(a+b)2]. Then the formula of the type (2.7) holds true
for AP fl(x+1), 1. e.

Az f/(x+1t)l ;;‘__El("’f ) {1am o f(xrtil) | LAy f(x D)}

1 for x€a, (a+b)2]:3

0 otherwise. I'hen

We set x,(x)--—-{

o o C
AL o fayx w DI et D dt= T [a(x e8| AF fUx+8) | dtde

m

R TN S i) ALy [+ el

(=1 /0 0D h+ie

m m\m vLith+0 11~»Tm m Y+6 (m—ohm:i-iom
S(")ECL T I VAT f(y) | dody
=1\t x-+ih —th/m X (m—iYr m

Y-+ ko

x4-ko O
cam) [ [1apf(nldvdy=28cm) [ opi(f ¥ 8hdy

2y x+~tel(a+b)2, bland x-+t+(k -1)a=b ((4.16) is obviously true, if
x+t+(k—1)a>b). From (4.13) we obtain

(4.15) |AEF() = [ A7, f(x+(k—1a+1) ! dt
From (2.7) we have
(4.16) A7, fi(x +mh+1)|= .E,“A:"&u)m f(x+(m—i)r+t)

+ I Ai‘hi—i(c-{»h)‘mf’(x + mh T t) l }

, 1 for xe¢[(a+0)2 b]
We set  yolx)= 0 otherwise . Then

8

(L17) S “f xa(x+0) | A", f'(x+mh—+1t)|dt

=X (”; )o{ 77_4; (VA7 om [ (m—Dh+ )| =A™, o f(x+mh+t)| }de dt
m Xt (m—i)h-+d th'm X+mh+d (—m +i)h/m
(") - 2 e
i=l(‘ t [ rT(ni'-i)h i(—é:[h)‘m Cox .C'mn (-m+i)'£m-i6m“ "f(y)ldvd'v

Y+ko 8 x+ ko
~c(m) | .L [AZf(y)ldy =28c(m) [ w,(f,y; 8)dy

X —
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(4.13), (4.14), (4.15) and (4.17) give
84 FI=e®) [ op(f2 yi ndy for 0=h=5.
b) —8<=h=0. We consider this case as the case a) and we obtain
|ALf(R)=ck) T wai(f y5 Sndy.

This completes the proof of Lemma 4.1.
Proof of Theorem 4.3. (4.4) shows that it is sufficient to prove the theorem
in the case p”’ =<0, p’=1, Lemma 4.1 with 8=A(d, x) gives

x+kA(d,x
(418 ofxs Adoa=c®) T oy Ad, )y

Using (1.2), (2.5) and the condition | x—y|=~kA(d, x), we have
1 A(d,x)

(419) mk—-l( f’v Y, A(d' X))] = 2A(d, x) —A(Jz‘lx) IAz—l fl(y)l dv
26+32 © k+2)A(d,y) (26+3/2) (4k+2)2 A((4k+2)d,y)
T AP do < i s — A=) d
@3 s 27 T )] AR ) aademay Bo TN

=c(k) 0p ([, V5 A(4k+2)d, V)i
(1.5), (4.18) and (4.19) gives

kA(d,x

(420) o/, %3 Al Nasc®) [ D013 M2, Y)idy.

(d,x

Using Lemma 23 with A=k g(x)=w(x)o,f, x; Ald, x))- and G(y)
=w( V), (f,y; A((4k+2)d, y));, we get (4.12). The estimate d-=(2k)~"' comes
from the application of (2.5) in (4.19).

.k
Corollary 43. If w satisfies (1.5), f® €L, d=[2+{3) T (4 + 2)]-,
=1

then t(f, @; A(d))p p=~c(k) | w A¥d) f* |, for each p'¢[l, =].
Proof. If w satisfies (1.5), then for (2.5) wA(d) will satisfy (1.5). Using £—1-st
times Theorem 4.3 and after that Theorem 4.2, we get

(£, @, A(@))p o= c(R) T [/, wA@)) s A(4k+2)d))p .
< o(R)ty—ol f*, WA()A((4k +2)d); A((4k+2) (4k—2)d))y .
< c(R)t,_o f* wAAD); A((4k+2)(4k—2)d))p .

ey (SO, @A) AC T (44 2

— (k) | f DA (d)A( ﬁ (4i+ 2)d) 1, = c(k) || f DwAXd) -

k
. . 1
if d Lll(lt#—2) BV
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Corollary 44. If f®¢l,, d<[(‘2+\/§)vﬁ (4i + 2 k=2, p',p =1,
WeR, then =
W fo Ad): A(d))pp=C(ky 1) | WA f 5 1],
Lemma 2. If k>0, x;=x+jh, n¢N then

n—1

(4.21) o,(f, x3 nh),<2'=Vrp=tr X (n—|jo,(f, x;: 1),
J=1—n
Proof. (4.21) is evidently true if p= <. Let p< ->. Then
nh n-‘-l (t+hHa
(4.22) g’lf(.\’)~f(x1—t)|’dt-_<_, »‘:0 { [ f(x)—f(x+1)|7dt
(i+Dh

i+1
(4.23) | ‘_{ | f(x)—f(x+1t)rdt)'r < | (,-{ )’E L (x0)—F(x) |+ f(x)—F(x+ )l pdt]r?
=AVP| f(x,) —f(x) |+ [U;_Z“h | f(x)—1 (x;+(t—ih))|7dt]'P

i—1 h
<h'e X |f ()= fx)l =l [If)—F (ki) |Pde]

J=

1
Jj=0

=X R Gy P {”If(x,-)—f(x.-+t)pdt1' g

GG n17ate = [ FIF G)—fxo )Pt
o B U1 G a1 (e f G- ) o)
From (4.23) and (2.8) we get
@20 1T e fCerpat) e <] [1f ()~ (o bt
+ S 2l [1f(e)—f (et Pt
By analogy with (4.22) and (4.24) we have

(4.25) _jilf(x)—f(xﬂ)lf'dtg li -f,,. | 1 (x)—f(x+)|7dt

=1—n (i—
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(426) LS GO CeofPlan el [1f (o) —f (o1 7dE] 7

+2- "’_‘ [J | f(x)—f (x,+2) |Pdt]e

(4.22), (4.24), (4.25), (4.26), (2.8) and (2.9) give
nh n—1 h
@21) [ S IS —fCernPde=2=te 2 (a1 S 17 ()
— f(x;4t)|7de]Ve.
We get (4.21) from (4.27) and (1.2).
Theorem 4.4. [f w satisfies (1-5), p',p=1, f€Lmaxpp' o), A=1, d=(24)"",
then

0 fo i AMA))p p= 12QA+ 1) (242 + A)t,(f, @3 A(d))p oo

where c(2A2+ A) is the constant in (1.5).
Proof. We set N=[24(2A+1)]+1. Lemma 4.2 with p=p', n=N,
h=Aay(d, x)/N gives

N—1
(428) oy(f, x. Aay(d, X))y SA2N) =P 8 (N=ljDoi(f. x5 Aad: )N )y

where x;=x+jAa,(d, x)/N. From (2.2) and (2.3) for |x—x;|=|jlAa,d, x)/V
=Aay(d, x) we have

(429)  A(d, x)= 2;:_1 a,d, x/)—m[“.‘t(d x)+(aq(d, x))—a,d, x))

1 1 1 _apld,x) Aaj(d,x)
gagralald )=zl x—x 1= oy = —w

and
(4.30)  Ad, x))=a,(d, x))<|a,d, x,)—a,d, x)| +ax(d, x)= aA(d X)

3N Aap(, x) — ZA(2A+1)+1 Aaj(d, x) /laA(d x)
=24 N =93 24 — N <64+

Using (4.29), (4.30) and (1.2), we have

4.31 Aa 4 (d,x)/ N \p
. L. / —__ o p’
(431)  w(f. x;: Aad Ny = | grmaaw 1 Gty
B(A+1) "" "
S ) e Pdt] T —(6A+6) T o (f. X3 Ald, X))
i) —ai 1:

Using (4.28), (4.31), (1.2) and (2.2), we get
(4.32) o, f, x; AAd, X)), =LA+ 1" o f, x; Aayd, x))p
;s N—1
e e e R I O VDTV AR CE S
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From (4.32), (1.1) and (1.5) with A=2A2+A because |x—x;|=Aa,(d, x)
<A(A+1)A(d, x), we obtain

. (2A+1)3(A+1) \Up* NI . .
(4.33) 1,(f, w; AA(d)),,'_p§2(—————(.2A+I)2A ) 1_212 N(N—IJI) lw(x)o,(f, X535

N—1
Ad, x)p lp=6 2 (N—1j1)1 c(2A?+ Ayl x)oi(f, X5 Aldy x)))pt lliore-

Interchanging the variables in (4.33)

dy 1 11 1 -
Cx)ldxldyl=1/% L y(1-NAL N)=2
(v=x))ldx/dy]| l/ldx‘ H+jAaA(d,x)/Nl§ ( NA 53 ) )
we prove the theorem because

N—1

S (N=1/D=N<(2AQA+1)+1P=A+ 1)

Corollary 4.5. If d=(2A)7", A=1, p,p'=1, [€Lmaxppy, then
T (f, A%d) : AA@))pr,p=12(2A+ 1) [c(242+ A) W1, (f, Ad); A(d))p.p
for each real p and in particular
T(f, 1, AA@))pr,,=12(2A+1)'1( £, 15 A(d))p -

We shall prove now an analogue of (3.8) with the weight satisfying some
condition in the cases d=d=const and &=A(d).

Theorem 4.5. If feL, 1<p'<p”"<p, then
a) if w satisfies (1.5) and d<(2+ J3) 'k, we have

(4.34) 1, (fiw; M)y p="1f @; Ad))pp=c(R)t(f, w; (4k+2) Ald))pp s

b) if w satisfies the condition w(t)<c(Mw!x) foreach x, te[—1,1}, | x—¢|
=M and d<=(b—a)/(2k), then

T fiw: d)prp=1(f, w; dprp=0c(R)(f,@; d)prp-

Proof. a) (44) shows that it is sufficient to prove only the second
inequality in (4.34). From (3.12) we get

k
(4.35) o f, x: A, x)),,ugi_‘..i) c(k, D)oy (f, x+ih; Ald, x))p H;,,)p,,[_A(“)‘ Adu))
=c(k) I oy(fy X+h 5 Ald, X)pr o —ra, xa) T RIS, X5 A(d, X))y,
Using (1.5) and (2.5), we obtain
(4.36) W x) @ f, x+h; A, X))o | nypmi—raia,n). ka@n)
—c(R)A(d, X) 1w x +h)ATN(d, x+h)o,( f, x+h; (4R +2)A(d, X+ 2))p I 4 oo —racv), raGx

c(R)A, x) Il (A~ (d, y)o,(f, v (4R +2)Ad, )’ ”;y)p"[x—kA(d,x). x+ kA(d,x)]
(4.35), (4.36) and Lemma 2.3 give (4.34).
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b) We proceed in this case as in the case a) with the necessary varitions
It is sufficient to use the Fubiny’s theorem instead of Lemma 2.3.

Theorem 4.4 and Theorem 4.5 give

Corollary 46. If w satisfies (1.5), feLy, 1=p’=p"=p; d=1/24V3,
then ©,(f, w; Ald))pp =< 1(f, @; A(d)pmp an in particular t(f, A4d); A(d))p p
= 1,(f, A%); A(d))pp for each real p.

Remark. We have the restrictions of the type d=c(c<1) or d=c(k)
(c(k)<1) in the conditions of the assertions of this paragraph. But this asser-
tions are true, when d—1. We can prove them if ¢(k)<=d--1 by the following
plan: 1) we replace A(d, x) and @{(x) with 1 and |w . (d is bounded with
c(k) and 1); 2) we use Theorem 3.1; 3) we apply the corresponding property
of ©,(f; 8),; 4) we use Theorem 3.1; 5) we put A(d, x) and w@(x) on their
places.

Using the main idea of the proof of Theorem 4.3, we shall establish the
following connection between t,(f: 3), and o, _,(f"; 8),.

Theorem 4.6. If k2, 6—-const, p=1, f'€L,, then

‘rk(f; 8)p' J‘(k)&(ﬂk_‘('f'; 8),.

This inequality is proved by V. A. Popov, when k=2.
Proof. For >0, £¢[0,8],a>0, from (3.5) in the periodical case and
from (3.12) in the non-periodical case with p’=1 and k—=s we have

(4.36) FlAsf(x0)lde= | i‘uc‘(s. DO [13f (x+ih)| dvdx
5 at+ss 8 8 a+s8
= X (s, 08 [ [ IAf(y)ldvdy=c(s)T | ] | AS f(v) dydv.
=0 0 8 8 0O

Using (4.36) with @ k8, s=k 1 and f’ instead of f, we obtain
(4.37)  wu( f. x; 8)=sup {|ALf(t)|:t. t+kh€[x k82, x+ k82|11 J, h=0}

h
:sup{UfIA:*‘ f(t+u)|du:t t+~khe|x k32, x+kd210J h=0}

ko
<sup{ [ | A" fi(x ~kd/2+u)|du; O=h=38}

8 (2k—1)8

"~"(k)5"‘_1; A‘ | AR f'(x k8/2+u)| du dv.

a) the periodical case. From (4.37) we have

(3 8)ppoon — (@p(fo X3 8) llxppoznl

6 (2k—1)6
kRSN [ [ UARY (o RS(2 4 ) ioppo,0m A dU

o 0

3 (2k—1)6

—cks=t [ LART (V) liplozm) du dv
'S (
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& (2k—1)8

=c(k)d™! J; 0/' Op1(f' 3 8)pj0.2n) dtt dv=0(R)Sp—1( [ 5 B)pl0.2013

b) the non-periodical case. Using (4.37), we get

T(f3 8)ptae1 =l ©x(f, X3 8) lxpla.t)
8 (22-1)8
’\:.('(k)S—l f j ‘gAz-—l f'(x—k8 2 +u H(x)p(a_b)du d’U
0

—8

(2k_—l)5

)
=c(k)Y! fs g AR f/(x — RS2+ 1)l (x)p(—oe, =) AU T

2k—1)8

3
=c(k)™! _fs ‘[ | AR (%) ll(p(—e, ) AU

& (2k—1)8
<cBB™ [ [ 0 fs S)pias dit dv= (R0 S5 Shpast

This completes the proof.
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