Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Serdica

Bulgariacae mathematicae
publicationes

Cepauka

beiirapcko MareMaTu4ecKo
CIIKCaHue

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic reprints.
Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to third party websites are prohibited.

For further information on
Serdica Bulgaricae Mathematicae Publicationes
and its new series Serdica Mathematical Journal
visit the website of the journal http://www.math.bas.bg/~serdica
or contact: Editorial Office
Serdica Mathematical Journal
Institute of Mathematics and Informatics
Bulgarian Academy of Sciences
Telephone: (+359-2)9792818, FAX:(+359-2)971-36-49
e-mail: serdica@math.bas.bg



ON QUASI-INJECTIVITY AND QUASI-CONTINUITY
ROGER YUE CHI MING

A generalisation of quasi-injective modules, noted SQC modules, is introduced. Such mod-
ules are proved to be quasi-continuous. Left continuous modules need not be SQC but prime
left non-singular SQC rings are primitive left self-injective regular. Let A denote a SQC ring:

(1) If A is left non-singular, then A=BPC, where B is a left self-injective regular ring
such that any non-zero ideal contains a non-zero nilpotent element and C is a reduced quasi-
continuous ring whose injective hull is a strongly regular ring;

(2) 1f either A is left p-injective or every simple left A-module is flat, then A=BPC,
where B is the quasi-continuous left minimal direct summand containing all the nilpotent
elements of A and C is a left and right self-injective strongly regular ring.

Characteristic properties of left self-injective regular rings and semi-simple Artinian rings
are given in terms of SQC rings. For example, a left non-singular SQC ring is left self-inject-
ive iff either A is left p-injective or every principal left ideal is isomorphic to a complement
left ideal. A SQC ring is semi-simple Artinian iff either every essential left ideal is isomorphic
to 4A or A is semi-prime with maximum condition on left annihilators.

Introduction, Throughout, A represents an associative ring with identity
and A-modules are unitary. Z, J will denote respectively the left singular ideal
and the Jacobson radical of A. Recall that

(1) A left A-module M is quasi-injective iff any left A-homomorphism of
a left sumbodule of M into M may be extended to an endomorphism of M;

(2) M is quasi-continuous iff (a) every complement left submodule is a dir-
ect summand of 4M and (b) for any direct summands N, P of 4M such that
NN P=0, NPP is also a direct summand of aM;

(3) M is p-injective (resp. Up-injective) iff, for any principal (resp. compl-
ement) left ideal / of A, a¢A, any left A-homomorphism g:/a—M, there exists
y€M such that glba)=bay for all b¢l. Then A is von Neumann regular (resp.
left continuous regular) iff every left A-module is p-injective (resp Up-in-
jective);

(4) M is called semi-simple (8] iff J(M), the intersection of all maximal
left submodules of M, is zero. Then A is a left V-ring iff every left A-module
is semi-simple [8, Theorem 2.1].

Since several years guasi-injective and related modules are extensively
studied. Y. Utumi introduced continuous rings as a generalization of self-
injective rings (cf. [9, 10]). This notion of continuity is, in turn, extended
to quasi-continuity by many authors (cf. the bibliography of [1]). The purpose
of this note is to study the following generalisation of quasi-injective modules.

Definition. A left A-module M is called SQC (strongly quasi-cont-
inuous) if, for any left submodule N of M such that there exist a non-zero
complement left submodule C of M which is isomorphic to a factor module
of N, then any left A-homomnorphism from N into M may be extended to an
endomorphism of M.
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Ais called a SQC ring if A is SQC.

Let us first prove an interesting result on SQC modules.

Theorem 1. Let M be a SQC left A-module and C a left complem-
ent submodule of M. If E is a submodule of AM and f: \E-~.C a left epim-
orphism, then f may be extended to a left epimorphism g: . .M-—.C.

Proof. Let U denote the set of submodules N of ,M containing £ such
that / may be extended to a left A-homomorphism from N into C. By Zorn’s
Lemma, (/ contains a maximal member V. Let #:,V—,4C be the extension of
f to V. Since #(V) - C, if i:C—M is the canonical injection, by hypothesis,
ih: \WV—M may be extended to an endomorphism g of M. Suppose that
gM)EC. If K is a relative complement of C in M, (gM)+~C)N K- 0. Let
0 keK (EM)+C), k=gm)+c, meM, c¢C. Then L ={3eM[g(3)e¢ KDC} is
a submodule of M which strictly contains V' (because g(m)¢C and hence
m¢V obut g(m) k- ceKE@C). 1 p is the projection of KGC onto C, then
pg:al—,C is clearly an extension of # to L and hence pg is an extension of
f to L. This contradicts the maximality of V. Thus gM)=C and g is an
epimorphism of M onto C.

We are now in a position to prove that SQC modules are intermediate
between quasi-injective and quasi-continuous modules.

Proposition 2. Let M be a SQC left A-module.

(1) If C is a complement left submodule of M, then for any relative
complement D of C, M=C®HD ;

(2) M is quasi-continuous.

Proof. (1) If Cisa complement left submodule of M, /) a relative compl-
cuent of 4C in' . M, L -CHD and p:L—C the canonical projection, then by
Theorem 1, p may be extended to g: i M—,C. Now ker g 1 C--0 and for any
VEM, yv—-gy) (v g(y). where g(WeC, v—g(v)€eker g which proves that
M=CP ker g. Since D ker g and D is a relative complement of €, then
D - ker g. It follows that condition (a) for quasi-continuity is satisfied.

(2) Let P, Q be direct summands of M such that 21 Q -=0. The set of
left submodules NV of M such that 21V -0 and Q=/N has a maximal member
K which is a relative complement of 2. By (1), M - POK and if M=QMR,
then M=(PPQ)YP(K " R), where K- QD(K (1 R). This proves that M is quasi-
continuous.

As usual, an ideal of A means a two-sided ideal.

Corollary 2.1. If A is semi-prime SQC ring, then the left annihilator
of any ideal is generated by a central idempotent.

(Apply [1, Proposition 10] to Proposition 2)

Corollary 2.2, A SQC left A-module M is continuous iff any left
submodule of M isomorphic to a complement left submodule of M is a comple-
ment left submodule of M is a complement submodule.

It may be noted that left self-injective regular rings need not be left

V-rings. _
Corollary 2.3. The following conditions are equivalent for a SQC
ring A

(1) A is a left V-ring,

(2) Every cyclic singular left A-module is semi-simple and every min-
imal left ideal of A is a complement left ideal.
Proof. (1) implies (2) by [8, Theorem 2.1J.
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Assume (2). Let /7 be a minimal left ideal, K a relative complement of /
in 4A. Then by Proposition 2, A=/®K which proves that K is a maximal
left ideal of A. Then (2) implies (1) by [12, Theorem 3].

Corollary 24. If A is a SQC ring such that any proper essential
left ideal contains a non-zero complement left ideal of A, then A is left
self-injective.

At this point, we note an important property of SQC rings.

Remark 1. If A is a SQC ring, then any non-zero-divisor is right invert-
ible and hence invertible. [t follows that anyv left or right A-module is div-
isible.

As usual, Z(M) denotes the singular submodule of the left A-module M-
Then M is non-singular iff Z(M)-0.

Theorem 3. The following conditions are equivalent :

(1) A is left self-injective regular;

(2) A is a SQC ring whose cyclic left modules are either isomorphic to
AA or p-injective ;

(3) A is a left non-singular right p-injective SQC ring;

(4) A is a left non-singular SQC ring such that any principal left ideal
is isomorphic to a complement left ideal ;

(5) For any finitely generated left A-module M, M—=Z(MY®DP, where P
is a p-injective SQC left A-module ;

(6) A is a left non-singular left p-injective SQC ring;

(7) A is a left non-singalar ring whose finitely generated faitful non-
singular left modules are p-injective projective.

Proof. Obviously, (1) implies (2).

Assume (2). Since every cyclic left A-module not isomorphic to 4 is p-
injective, then A is either regular or a simple domain. Thus (2) implies (3) by
Remark 1.

Assume (3). Since A is right p-injective, then every principal left ideal of
A is a left annihilator [7, Theorem 1] and is therefore a complement left ideal
[4, Lemma 1]. This proves that (3) implies (4).

Assume (4). Then A is left Up-injective by Proposition 2. Since Z-=0,
then A is von Neumann regular SQC which yields A left seli-injective and
(4) implies (5) by [14, Corollary 10].

Assume (5). Then .Z is a direct summand of ;4 which implies Z -0 and
hence (5) implies (6).

If A is left p-injective, then any left ideal isomorphic to a direct sum-
mand of 4A is direct summand of 4A. Therefore (6) implies (7) by [10, Lemma
4.1). [14, Corollary 10] and Proposition 2.

Assume (7). If F is a finitely generated non-singular left A-module, then
M= A, D.F is a finitely generated non-singular faithful left A-module which is
therefore p-injective. This implies that 4F is p-injective projective which proves,
in particular, that A is regular. Then (7) implies (1) by [2, Theorem 2.1].

Corollary 3.1. The following conditions are equivalent :

(1) A is left and right self-injective strongly regular;

(2) A is a reduced SQC ring such that every principal left ideal is iso-
morphic to a complement left ideal ;

(3) A is a reduced SQC ring such that ewvery principal right ideal is
a complement right ideal.

Proof. The equivalence of (1) and (2) follows from Theorem 3 (4).

(1) implies (3) evidently.
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Assume (3). By Proposition 2, every complement left ideal is an ideal
and since A is reduced, then every complement right ideal is also an ideal
and is therefore a right annihilator by [11, Lemma 1]. Since A is a Baer ring,
then every principal right ideal is a direct summand of A, and hence (3)
implies (2).

It is known that continuous regular rings need not be self-injective [10
P. 1972]. It follows from Theorem 3 that left continuous rings need not be SQC

We now consider two decompositions of SQC rings.

Proposition 4. If A is a left non-singular SQC ring, then A= B®C,
where B is a left self-injective regular ring such that any non-zero ideal
contains a non-zero nilpotent element and C is a reduced quasi-continuous
ring such that the injective hull of AC is a strongly regular ring.

Proof. If A denotes the injective hull of 44, then A isa left self-inject-
ive regular ring and H=B®K, where B is a left self-injective regular ring
such that any non-zero ideal contains a non-zero nilpotent element and K is
a strongly regular ring [9, P.604]. By Proposition 2, A=(B"1 A)PK N A) and
since B& A, then A=B®C, where C=KnA and K is the injective hull of 1C.

Corollary 4.1. The following conditions are equivalent :

(1) A is a primitive left self-injective regular ring;

(2) A is a prime left non-singular SQC ring.

We here make a remark which will contribute to another important de-
composition result.

Remark 2. If A is a SQC ring such that A=B®D, where B is an ideal
of A and D is regular ring, then D is a left self-injective ring.

Applying [1, Corollary 13], Proposition 2 and Remark 2, we yet

Theorem 5. Let A be a SQC ring satisfying any one of the follow-
ing conditions: (a) A is lett p-injective or (b) Every simple left A-module is
flat. Then A -BEC, where B is the quasi-continuous left minimal direct
summand containing all the nilpotent elements of A and C is a left and
right self-injective strongly regular ring.

Let us mention a result on SQC modules analogous to that of C. Faith
and Y. Utumi for quasi-injective modules.

Proposition 6. Let M be a SQC left A-module. If E~End(uM), then
E/J (E) is von Neumann regular, where

JE)-={feE}| ker f is essential in M}

is the Jacobson radical of E.

Applying Corollary 2.3 to Proposition 6, we get

Corollary 6.1. A is a left self-injective regular left V-ring iff A is
a semi-prime SQC ring whose cyclic singular left modules are semi-simple.

Our last theorem characterises semi-simple Artinian rings in terms of
SQC rings.

Theorem 7. The following conditions are equivalent for a SQC ring A :

(1) A is semi-simple Artinian ;

(2) A is semi-prime with maximum condition on left annihilators ;

(3) Ewvery essential left ideal of A is isomorphic to 1A ;

(4) Z=0 and for any essential left ideal L, every proper complement
left subideal of L is a complement left ideal of A;

(5) Every cyclic left A-module not isomorphic to A is injective.
Proof. (1) implies (2) evidently.



QUASI-INJECTIVITY AND QUASI-CONTINUITY 305

Assume (2). A is then a left Goldie ring by Proposition 2. If L is an essen-
tial left ideal, then L contains a non-zero divisor ¢ by a well-known the-
orem of A, W. Goldie and by Remark 1, L=A. Thus (2) implies (3).

Assume (3). If L is an essential left ideal, since .L~-,4, by hypothesis,
any left A-homomorphism from L to A may be extended to an endomorphism
of aA4. This implies that A is left self-injective whence A is the only essential
left ideal. Therefore (3) implies (4).

Assume (4). Suppose there exists an essential left ideal £ such that any
non-zero left subideal of £ is essential in £. Then any non-zero left ideal of
A (having non-zero intersection with £) is an essential left ideal which pro-
ves that A is left uniform. Since Z=0, A becomes a left Ore domain which
yields A a division ring by Remark 1.

Otherwise, for any essential left ideal L, there exists a non-zero left sub-
ideal which is not essential in 4L. Then L contains a non-zero complement
left subideal which C-=L and hence another non-trivial complement left sub-
ideal K such that CEOK is essential in 4L. By hypothesis, C and K are compl-
ement left ideals of A and by Proposition 2(2), CEHK is a direct summand
of 1A which implies COK=L=A. Thus (4) implies (5) in any case.

Finally, (5) implies (1) by [5, Theorem 1] and Remark 1.

We conclude with a few more remarks.

A theorem of Catcforis-Sandomierski [3, Theorem 2.1] yields

Remark 3. If A is commutative, then A is semi-simple Artinian iff A is
a SQC ring such that any A-module contains its singular submodule as a di-
rect summand. (This improves [3, Theorem 2.7)).

ALD (almost left duo) rings are considered in [13].

Remark 4. A is simple Artinian iff A is a prime ALD SQC ring. (Apply
[13, Lemma 1.1)).

Remark 5. Suppose that every cyclic left A-module D is SQC and that
every submodule of D isomorphicto a complement submodule is a complement
submodule. Then A/J is semi-simple Artinian.

Remark 6. The following conditions are equivalent:

(1) Every factor ring of A is left self-injective regular;

(2) Every factor ring of A is semi-prime left non-singular SQC ring. (Apply
|6, Corollary 1.18] to Corollary 4.1)
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