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CONVEX DENSITIES AND SELF-DECOMPOSABILITY
T. ARTIKIS

1. A characteristic function y(«) is infinitely divisible if and only if it has
a unique representation of the form
2 wx

(L1) y(u)=exp {iau— °~_, w2+ [ (6" —1——=]dM(x)},

10} 1+x2

where M(x), c* and « satisfy the following conditions:

(i) M(x) is non-decreasing in the intervals (— -2, 0) and (0, + -o).

(ii) The interval [® x?dM(x) is finite for every e>0.

(iii) The constants o2, a satisfy the conditions ¢?>=0, while « is real.

The representation (1.1) is the Levy canonical representation of y(«) and
the function M(x) is the Levy spectral function. An infinitely divisible charac-
teristc function () is self-decomposable if and only if the function M(x) has
left and right derivatives everywhere and if the function xM’(x) is non-increas-
ing in the intervals (—-o, 0) and (0, + ->). Here M'(x) denotes either the
right or left derivative, possibly different ones at different points. Every self-de-
composable characteristic function w(«) satisfy the functional equation w(u)

-y(ru)y,(u), where y(u) is an infinitely divisible characteristic function and r
any constant with 0<r<1 [1].

This paper is devoted to the study of a transformation which converts
characteristic functions of distributions with convex densities into self-decom-
posable characteristic functions.

2. Transiormed distributions. A distribution function F(x) is called uni-
modal with the mode at x =0 if the graph of FA(x) is convex on (— =, 0)
and concave on (0, + o). Let o(#) be 1he characteristic function of F(x).
Then

(21) o)y Jaly)dy,

where a(«) is the characteristic function of the distribution function F{x)—xf(x)
and f(x) the probability density function of F(x) (see [, p. 92]).

Theorem 1. Let F(x)be a distribution function with probability density
function f(x). Suppse that f'(x)exists. Then y(u)-exp{—[i¢(y)ydy}isa self-
decomposable characteristic function if and only if f(x) is convex.

Proof. Only the sufficiency condition will be proved since the necessity
condition can be proved by reversing the argument. Distribution functions
having convex densities are unimodal at x-0. Hence from (2.1) and Theo-
rem 12.2.8 of [1] it follows that
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y(u)=exp {— :f(v( Vv)ydy}=exp{— f ju(x)dxdy}

is an infinitely divisible characteristic function and

v(w)=exp{ [ [e—1 —iux) AL

is the IKolmogorov canonical representation of y(«). From the correspondence
between the Levy and the Kolmogorov canonical representations of y(«), the
Levy spectral function M(x) of y(«) is given by

[ L dlF(y)—yf(») x<o,

y2

M(x) = T

oo 1 .
— [ dF()—y (3} x>0.

The convexity of f(x) implies that xM’'(x)=-—f'(x) is non-increasing.
Hence y(u) is self-decomposable.

Corollary 1. Let o(u) be characteristic function of a distribution func
tion F(x) with finite first and second moment p,,no. Then y,(u)—exp { [§ g(illldy}
is a self-decomposable characteristic function. '

Proof. Theorem 1 of [2] implies that 8(u)=2[@(u)—ipu—1]/Ppgu? is the
characteristic function of a distribution with convex density. Hence form Theo-
rem 1 we conclude that

Yolit) = exp {—OF (v ydy})  1i(u)=[ya(w))=? exp {duu/2}

are self-decomposable characteristic functions.

The class of distribution functions on (0, ) with convex probability
density functions includes the class of distribution functions with completely
monotone probability density functions. A probability density function f(x)
with (—1)*f"(x)=0, n=1, 2,..., is said completely monotone. Here fI)(x)
denotes the nth derivative of f(x).

Theorem 2. F(x) be a distribution function on (0, =) with completely
monotone probability density function f(x) and characteristic function ¢(u).
Then the self-decomposable characteristic function y(u)=exp { — [4¢( y)ydy}
satisfies the functional equation y(u)=Y'(ru)y(u), whére y(u) is a self-decom-
posable characteristic function and 0<r<1.

Proof. The function y,(2) can be written in the form (1.1) with a=0,
o2=0 and the function M(x) given by

0 x<0,
M=) — [ dIRY) =y I +r [ 5 dIAD=yf () x>0,

Since f(x)=0 and f(x)=0 it follows that f"(x) is nondecreasing and that
M(x) =’Mx_) =0, x>0
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From here we get that M(x) is non-decreasing. Hence from (1.1) we conclude
that v,(«) is an infinitely divisible characteristic function. Furthermore from
the fact that f(x) =0 it follows that f”(x) is non-increasing and that

[xM' (X)) = fOx/1)—fO(x)=0.

Form here we get that xM'(x) is non-increasing. Hence from (1.1) we con-
clude that y(«) is a self-decomposable characteristic function.

Below we establish some properties for an infinitely divisible characte-
ristic function related with the self-decomposable characteristic function y(«)

exp {— [fo(y) ydy}.

Theorcem 3. Flx) be a distribution function with a twice differen-
tiable convex dens’ty f(x). Let ¢(u) be the characteristic function of F(x).
Then d(u)y=cxp{ w?o(u)} is an infinitely divisible characteristic function and
y(u) =l e M7 [é(k%)y(k::— )it e(w) is differentiable at x 0.

Proof. From (2.1) we get that a(w)-—o¢(u)+ue’(1) is a characteristic

A N 1 1 : -t .
function. Furthermore P(u) - —5-a(u) +— @(u) is the characteristic function of

the distribution function B(x) ; F(x) + %[F(x) xf(x)]. The convexity of
f(x) implies that B(x) is unimodal at x--0. From Theorem 1 it follows that

8(u) —exp {2 [ B (y)ydy} ~exp {u? o)}
[}

is an infinitely divisible characteristic function. Furthermore /&) = y(u)d(u) is
an infinitely divisible characteristic function. Using the partition {0, 1/n, 2'n,
, n/n} of the interval [0, 1] and the expression

1 u
v(u)=exp{[ k(uy)dv} -exp {—’1'— [R(y)dv}

we get that
vy = tim 11 (3% (X
n—oo k=1

In Theorem 4 we establish two properties for the infinitely divisible cha-
racteristic function y(u)-—exp {— [“o( v)vdy}.

Theorem 4. Let F(x) be a distribution function which is unimodal at
x -0 and ¢(u) its characteristic function. Then :

(1) @) y(u) is the characteristic function of a distribution function which
is unimodal at x 0.

(i) @(u)--exp {~ [“o(v)vdy} with F(x) infinitely divisible having a finite
Second moment if and only if ¢(u) -2/2+u>.

Proof (i) From Theorem | and Theorem 12.2.8 of [I] we get that y(«)

exp{- [“¢ (¥)ydy} belongs to an infinitely divisible distribution function

having a finite second moment. Hence y"(«#)'y"’(0) is also a characteristic func-
tion. Since

Ly
(P(II) v (1) - u s —_I',.(di dy
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it follows that @(«)y (#) belongs to a distribution function which is unimodal
at x=0.

(ii) By differentiating @(u)=exp{— [ (y)ydy} we get the differential
equation ¢'(u)— —*wu with ¢(0)=1. Therefore @(u)=2/2+u?
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