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GENERALIZED-ANALYTIC SETS IN A GLEASON PART
TOMA V. TONEV

We give conditions, under which a metric neighbourhood of a Gleason part in the ma-
ximal ideal space of a uniform algebra is homeomorphic to a set, quite different from a clas-
sical analytic set.

Let A be a uniform algebra on the compact Hausdorff space X, i. e. 4
is a closed point-separating subalgebra of C(X'), containing the constants.
SpA will denote the spectrum of A, i. e. the space of linear multiplicative
functionals on A, which is naturally equivalent to the space of the maximal
ideals of A. An interesting and important problem in the theory of commuta-
tive Banach algebras is to find conditions which assure the existence of spe-
cial structures in sp A, according to which the functions of A belong to cer-
tain classes. Wermer showed first, that if A is a Dirichlet algebra on X, then
each Gleason part (i. e. each equivalence class of the relation |0—0||<2, o,
0¢spA) of spA is either a single point or an analytic disc, according to
which all functions of A are analytic; then Hoffman generalized Wermer’s
result to logmodular algebras; finally Lumer observed that if a linear multi-
plicative functional ¢ has a unique representing measure on X, then the Glea-
son part P, of sp A, containing ¢ consists either of ¢ alone or of an ana-
lytic disc through ¢ (see [3]). Later Gamelin proved, that if a linear multipli-
cative functional ¢ with finite-dimensional space of representing measures has
a unique logarithmic measure on X, then P, consists of ¢ alone or admits
a structure of a connected open Riemannian surface, according to which all
functions of A are analytic. The further investigations of the matter have
been connected with its local nature. In[1] Browder proved the following
generalization of a theorem of Gleason [2: 3]: If A is a commutative
Banach algebra with unit, and ¢ is a linear multiplicative functional on A,
which continuous-point-derivation space Ker ¢/[(Ker ¢)?] is finite-dimensional,
then some neighbourhood of ¢ in the metric topology, which sp A inherits
from A*, is homeomorphic to an analytic subset of some finite-dimensional
polydisc, according to which the Gelfand transforms of elements of A are
analytic functions. Note, that any element f of A in this case has a unique
presentation of the form: f— XA, +X{°n,0.k, for some w,, ..., w,€A, where
My Mg €C Z7 <oy G A€ A, Il gl | 2y ==1. The further picture of the
matter seemed to be somehow vague intil the following enlarging of the
concept of analyticity has been attracted into consideration.

Let T be a subgroup of the group Rofall rational numbers, provided with
discrete topology, G-=T is the compact connected group of characters of the
group I' and A, is the “big disc”, i.e. the cone over G: A;=[0, 1)XG'{0} XG
with {#}={0}x G/{0}XG as a peak. For any p¢Il', =T [0, + =) the character
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xo(g)—g(p) on G is extendable on the whole A; in the following way:
x?(h, g)=2"x"(g) for p+0, A=0; x”(*)=0 for any p3+0 and x°=1 on A
In 1956 Arens and Singer [5] introduced the algebra A; of generalized-
analytic functions on a compact group G with ordered group of characters
[ —G. The following is an equivalent definition: a continuous on Ag; function f
is called generalized-analytic, iff f is uniformly approximable on A; by genera-
lized polynomials, i. e. by finite linear combinations over C of functions 7,
pel. (see e. g. [3; 6]). 1f Ay(e) denotes the big disc with radius €>0, i. e.
the set [0, )< G/{0} <G, then Ag(e) is the uniform algebra of continuous on
Ag(€) functions, uniformly approximable by gen. polynomials on Age). If Visa
subset of some big disc Aye), we call V a generalized-analytic set, if it coin-
cides with the vanishing set of some family of gen.-analytic functions on
Age). -
In (7] it is shown, that if A is an antisymmetric uniform algebra, gene-
rated by the elements of a multiplicative semigroup, isomorphic to the posi-
tive rational numbers, where the generators are constant on the Silov boun-
dary 0A of A, then sp A is homeomorphic to some big disc, according to
which the functions of A are gen.-analytic and A is isometrically isomorphic
to the algebra Ag4(l). The Gleason parts of the algebra Ag(e) are not interes-
ting from our point of view, because Ag(e) is a Dirichlet algebra and accor-
ding to Wermer’s theorem all its parts are either separate points (as the
point =) or analytic discs. Of a greater interest is the Gleason part P, of the
algebra Av(e)—{f¢ Aye)| [, f(k, @xP(gdg=0 for any p: 0<p<v}, containing
the point # which coincides with the whole big disc Ag(e). Indeed, an appli-
cation of a generalized version of the classical Schwarz’s Lemma (see [8])
shows that any point of the open big disc Ag(e) belongs to P,. Of course the
point = admits far from only one representing measure on &£xG in this case.
In [6] it is proved, that if there exists a multiplicative semigroup of elements
{4p pi7., from Ker o, where ¢€sp A, | up pll-=1, isomorphic to the semigroup
Q! of rational numbers, bigger or equal to 1, such that any element of A is
presentable in the form: f—o( f)+Zj1 fitipc ) With some f,€A, IV | f;l|< o,
then near ¢ the spectrum spA of A, provided with the Gelfand (i. e. weak*-)
topology is homeomorphic to a gen.-analytic set, according to which all func-
tions of A are gen.-analytic. Because any weak*-neighbourhood contains a
metric neighbourhood, ¢ is non-isolated in the metric topology of spA and
also a metric neighbourhood of ¢ is homeomorphic to a gen.-analytic set of a
big disc. Note, that in this case any element f of A admits a representation
of the following type: f—o(f)+Z7 0 f)) - tpipn+ I w=i firtp plhpy Where f;, € A,
4] ful|< -, the last summand being a special element of the space
[(Ker @)3].

In the present paper we show, that if each element f of A admits the
following representation:

f=o(f)+ /zl Alp )+ &
QY

where
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g:}l: Maehe 25 p€C, IPlhj|<oo, IP|pgl<oo, @EspA,

8w hp€Kero, | g, [ =1

then either ¢ is an isolated point of spA with respect to the metric topo-
logy. which sp A inherits from A4* (namely with respect to the metric p(o, 0)

lo—06!) and Po={¢} or a metric neighbourhood of ¢ is homeomorphic to
a gen -analytic set of a big disc, according to which the functions of A be-
long to the algebra A¥(e) and hence are gen.-analytic. Note, that the space
Ker ¢/[(Ker 9)?] of continuous point derivations at ¢ is infinite-dimensional in
this case.

Let A be a commutative Banach algebra with unit. The maximal ideal
space of A provided with Gelfand (weak*-) topology we denote by sp A. Let
z=(24, 29, ... ) and / bethe set of these sequences a=(a,, gy, ... ) from non-
negative integers a;, the most finite of which are different from zero. As usual
la|=X{a; and ze=2), 232... for z¢C=, a¢/. Analogously, if {g;}T is a se-
quence of elements of A and a¢ /, by a® we denote the finite product aj!.

as?... A polynomial of infinite-dimensional argument we call any linear com-
bination of functions z¢, a¢/.

Let w(e)={2¢C= || z||;,=2 |z;/<e} and 0<p=1/2. Following the Brou-
der’s technique for the finite-dimensional case [1], we consider the function

P(2)=p(1—[1— 5 (E72)]'"?)

on w(p?), where (-)V? is the principal value of the square root. According to
the binomial theorem,

(1) P@)=—p T () (—5 E 2"

Applying the Cauchi rule for absolutely convergent series, (1) can be re-
written as:

(2) P(z)= E’C..zﬂ.
ag

where z¢w(p?) and Co=Ciq, a.. ...) Cy=0. Because i(l,/,z)i;il/Q for any &k
we obtain the estimation:
1
NI S L1
1 Ttz
,——p—’lz“l. B ‘I"'ll

3) | P(2) |= 5 gl(,,liIzll,, P=L

Let P,(z) denote the expression P,(z)_—.—P-‘JZL,.;;(%) ——)‘(‘Ju z)*.
Then on w(p?) we have analogously :

(p' “ Z 1l )r 41 ||z “r+l
p, =1, TN —|lzln)

@ IP@Isy E Gullzly=
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Now we shall deduce a recurrent dependence, connecting various coefficients
C. from (2). According to (2), the function P(z) develops into an absolutely
convergent series ¥ 4 =1Ca2% on w(p?). Then
(PRP=( = Cf( X Ca= T (% CiCze.
[81= Y=

|a|=2 B+r=a
On the other hand, by definition of P(z) we have that

(P2 = p(1 — 21— (32)] 4 1— 5 (82) = p? (- P)— 55 22))

p
=2pP(2)—2z;= X 2pCoze— X za= I (2pCa—1)z¢+ I 2pCaze.
la =1 a|=1 tal=1 la|=2

Consequently
Y (X CpCyzt= X (2pCoa—1)2v+ S)‘Zp(fuza.

la'>2 B+y=a al=1
from where X 4 =1 (2pCa—1)29+ 2 a 1=2(2pCa -~ Zpsy—a CpCy)ze=0. Let z=(z,,
29, ... )=(p,e®, pge®, ... ), 0=(0,0,...)and (¢, 0)=2a;0; for any a¢/ Then
(5) ¥ (2pCoa—1)pielei®® 4+ ¥ [2pC*— X CgC,lp! @lei=9:=0.

1 =a

fa|=2 B4y

a|=
Let ® denote the functional on the set of finite products of continuous func-
tions fuz;) of one variable on the circles z;|=1, j—1,2,.., defined as the
product of corresponding Lebesgue integrals on circles [z;| -1, j=1, 2, ...
For any a¢/, a$0 holds: ®(e*?)=0. If we fix a a,¢/, multiply both side
in (5) by e~/ and apply ® to the expressions obtained, we get that the
coefficient before e“® ® is zero. Thus since all the coefficients in (5) are zero,
we have:

. 1/9a=1 i Vel -
(6) Co=1/2p -1 if la =1;

C.,=l/‘2ps+§ LCsC, for ja=2.

In the following by B, we denote the closed unit ball of the linear sub-
space £—A. Let 0¢spA and M be the kernel of 6. Suppose that there
exists a sequence W={u)=, |lu,|=1, with elements of M,u,—u,¢ (M for
i+ j, such that every element f¢ M is presentable in a unique way in the
form

(7) f=Zrahuy+ 8

where A, €C, j=1,2,..., Z|X;/<co and g¢[M?]. In the following Lemma N
denotes the linear subspace

{feM [= .“ill‘ngb’h; v € By [ {ma} |, <o}

Lemma |. There exists a constant p: 0<p-.1/2, such that if r is a
positive integer, any element f¢ B, takes the form [~ X a5 Sa(Aa)+F for
some constants E, and L, j=1,2,... with | L, <1/2p, and for some ele-
ment F¢N with |@(F)|=p*' for all 9¢spA, | ¢—0| = e=p°
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Proof. We shall show a little more, namely that the constants &, can
be chosen so that ]Ea};Cu for |a|=r. Let

S={feA f=3UNu;+ 20,85 Qp» hp€ Bpp 2j §x€C, X3 [+Z( 8, =1}

It is clear that S M. Because M= U mS= U [mS], according to the

m=1
Baire category theorem there exists a m>0, such that int [mS]+ . Conse-
quently int[S]+ (). Because S is a convex and symmetric set, then [S] con-
tains some neighbourhood of the origin, say {f¢M|| f|=4p}. Hence, any

fixed element f from B, belongs to 1 §]. Denote b , such an element of
p y

15 S, for which |f—f,|<1/2. Then f—f,€ (g S] and we can find such f,€ S/8p-
that |f—f,— fa| =1/4. By induction we obtam that for every m>0 there
exist such f,,e_)k:,p S, that | f—Xrf, = 2", - It is clear that f=Zp_ifi€o—

+35 S+‘i6p S+ --- :,;ES i. e. By lp—S Consequently for any f¢ By there

exnst %; and p,€C, with ¥ A, +3|u,|=1/2p and such g, #,¢€ By, that

3 f=23V M+ E0 pngelty
If ||[fll=1, then 1=|f||<X A;|+Z|n,|=1/2p, from where p=1/2. If we

take Eo=1 for la|=1, then |&u|=1=1/2p=C,, |a!=1. Now for F=X{" mx8etx
we have

O(F) =I7 | e |08 o(hy) = _—i lo—0|p

for all p¢{oespA|/l@—0| =g} The case r=1 is proved. As an immediate
corollary from it we see that N=[M?]. Let now r=2 and suppose that the
assertion of the Lemma is true for the case r—1. Then the elements ¢, and
h, from (8) admit the representations:

g,=’ °;<’ )';.k(;"u)u +Gp b= ) a‘\l-:<,)";:k(w)°+Hkv

L 2
_Qp< ‘<p

where |1, , |=Co |2, ,|=Co for any a and &, and |9(G,)|=p", |9o(H,)|<p"

for every £ We can rewrite (8) as follows: f_ Y e = ha(M)e+F, where Ao=1
for |a|=1and Aa=Z¢- 1l Spsv=a 1811y <r Ay, . A for2<|a|<r,and F=Z3 . F,
with

Fn= G,H,+G, N k;:‘(lu)“ + Hk - )‘;.h(w)“ + B l;-kl;:k(xu)“
la|<r la|<r B+ rema

r<la|<er
IBlLlviI<r
Consequently |A,|=1=C, for ja|=1, and
lkﬂl\- > i}l.l 2 (4567;2 z C’CySCn
kol P4 y=a P B4 y=a

for 2=|a|=r. In addition, for every ¢¢sp A,
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| O(Fp) |= | 9(GR)o(H) |+ 9(Gy) |+ o(H) ) ‘ ‘\I;< Ca| @A) |2
+ X (X CgCyle(u)|
r<|a|<2r B4+y=a
Because
| Shad Shad oo l ‘
L o(hu) [, = 277 | @(huey) [ =] 0~ 01 Z0 | hjuyll =gl -7~,-|<:p55s*.} ’

then the sequence {@(Au;)};” belongs to w(—‘;‘)cw(p"), where the correspon-
ding function P(z) is defined. Now | P(@(ru)) =|P{@(rjit))}7) =Za¢iCa|@(ru)|*
= P(|o(Au)|), which yields

o(Fp) = oG || o(F) 1+ (1 0(Uy) |+ o(H ) [ )P(] 9(ha) )+2P|ﬁ>,Ca o(hu)l®

= p¥+20"P(| (hu) )+2p. P 0(u) )
o oG, 20 e

Spv+2pT S
=p P 2 p2—||o(hu)|!, 2p-/-1'pz_k (p(lu){/‘)

o) |, 20 1 o0 ||71]

- % 2 N B N _ ~
PP p2— o) |, +202’+1(p2——‘ o ()|, )

- 474+4 7+1 ) )
.—par_*_i}_.'_ﬂ' + 20.p 7127 2 — < p? + p’+? pt+t 2p
- —p 27— 27— p? rl

2—p? 2p—! mz_.ﬂ;) 2—p Q3,27 l(p,__;_;_)

2p_92!+3

LY

L — r+2 72 2 pr
27+ Rz_».o'-'ep =+ 3 g )
5

3.2
= P’+2(1 -~ ~§ 3 _;.)52p7+ 2

Now | 9(F)|=2|mel| @(Fy) 5z 2072 =p "' Q. E. D.

Note, that according to the remark after the case r=1, N=[M?] and
hence the space M/[M?]—= M/N of continuous point derivations at the point 0
is not finite-dimensional.

If EcAg (n), then AG(E) will denote the algebra of uniform limits of fi-
nite linear combinations over C of functions x”, with p belonging to
I, =Qv=Rat[v, + )/ {0}. By u: spA—~C= we denote in the following the
function: (@)= (&y(®), ux(®), . .. )=(9(1,), P(ig), - . .), us€A.

Theorem 1. Let A be a uniform algebra and © be a fixed linear
multiplicative functional on A. Suppose, that there exists a multiplicative
subsemigroup W={up p}y., in M=Ker0. |[up [|<21,  upy —upc ¢ (M?2] for
i+ J, isomorphic to the additive semigroup Qv=Rat[v, + o)) {0}, 0<v<],
such that any function f¢A is presentable uniquely in the form

f=0(f)+ X = Muppt&
P EIv. 2]
where gEN={feM|f=27Waltp i ha€ By |[{0a} |1, <o} Then there exists
a non-isolated " point according to the metric topology in sp A, there exists
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a set Ucsp A, containing 0 as an inner point in the metric topology of
sp A, a gen.-analytic set V in some big disc Ay d), where G=Z), d>0, and a
homeomorphism t: U—V, 1(0)={s}, such that f ot~ is a gen.-analytic func-
tion from the algebra Ao(d)= Au(Ag(d)) for any f¢ A.

It is clear that under the above conditions the space M/N, and conse-

quently the space M/[M?] of continuous point derivations at 6 too, have coun-
table many dimensions.

Proof. If yespA, for every p=n/m ¢ Rv it holds that : | w(u,) ™ =|V(&nm) ™
=|y(Uy) |=|w(u)|" 1. e. w(u,) =|w(u,) "m=|y(u,)|?. Let p be the positive
number, defined in Lemma 1, e=p5 3§§=2p7/1+p'<e, n=08""<8 and
Uy={oespAl|lo—0 =g, |ou) <ni=>{ecspA|||o—0|<n})6, considered
with the metric topology, induced on U/, from A* We claim that for every
o ¢ U, there exists a point t(¢) in Ay(n), where G- R, such that x2(x(9)) =o(u,)
=U,(¢) for any p¢Rat[v,2v). Let ho= o(z,)|=1 and yo( p)=0(,)/ | ®(1,), for
any p¢Rat[v, 2v), Yo( p)=7ve(—p) for p€Rat[v, 2v). The function vy, is autho-
matically extendable on R, so that we can assume that 7,60:@. For any
@ €U, the point 1(9)=(Ae, Yo) belongs to Ag(n) and x*(1(9))= %ex’(Ye) =25Ye( p)
= ou,) | (o(u,) O(up) | )= o(u,) =uy(9). Consequently t(U;)=Agm) and (ke o)
satisfies the sought properties. The point t(¢) is defined uniquely, because the
functions X7, p¢Rat |v, 2v), separate the points of Ag(n). If ¢, @, is a strongly
convergent sequence of elements of U, A% then @u(u,)—94u,) for every
peRat[v, 2v). Then As—Aiy, Ya—7%, If ¢ 1is a point of accumulation for
{t(¢a)} = {(*a; Ya)}, then t(@a,) —¢, for some subsequence ag, from where t(9,) = £,
From x’(r(cp)):;z\,(f)):o for p¢Rat[v, 2v), we obtain that t(0)={s}. Applying
Lemma 1 to the algebra A, we see that given a function f¢ M, there exists
a sequence {p,|p/(r2)=2 q =,Ea,A2%, | o, =2||fCa} of polynomials of coun-
table many-dimensional arguments and the functions p,(00) approximate the
function f —6(f) uniformly on U,. Consequently every ¢¢ U/, is uniquely de-
termined by its values on the elements u,, p¢Qv. A consequence from this is
that the mapping t: U,—t(U,)=A4(n) is one-to-one. As a one-to-one and con-
tinuous mapping from a locally compactset /;c=sp A into a Hausdorff space,
v is a homeomorphism. Consequently the peak {+} is an inner point of V,=t(U,).
On the other hand, we obtain that for any f¢ A the function fo ¢ Ag(Vy),
i. e. that the function fot™' belongs to the algebra AG(V,). Moreover, the
function for—l can be extended from V, up to the big disc Ayd) as an ele-
ment of Ag(d). In fact, the functions g, =p,cduot—' are defined not only on
V). but also on Agn), and present the partial sums of a gen.-power series,
converged on any big disc Ag(d) with O0<d<max {% (A, g)¢€ V,C—Ao(n)}, accor-
ding to a generalized version of Abel's theorem for power series. Let V de-
note the set A,(d)(V,, where d is as above, and let U=t (V). In order to
prove that V is a gen.-analytic subset of Ay(d), we consider the family
F - {FeAu(d)| FA, g)=0 on V} of gen.analytic functions, and the set
V={(A @€Agd) F(h g)=0, FEF). It is clear that V—=V. Let (y,, )¢ V. Let
A,—{Fe¢Au(d)|f -t '~ F}, where f is the given element of A. If F, and F,
are elements of A, then F, -F¢ F and Fy(X,, &)~ FyX\, g,) for the point
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(Ao, &) from V., Now the linear and multiplicative functional ¢,: @y f)=F(o &)
belongs to the spectrum sp A (see [l]). According to Lemma 1,

Lo N)—O(f) = Flh, &) —F(*)[=lim|q (. &) | = l aghe(XPye |

e - v gy 0 EIRIXE]
S2{ I 2C AXeD 2| fllpQ A X D=2 f1 5 S5 x|
i
1 dv 5 2p7
i 25 ~ nv H P — l:‘};P‘_‘ |3 el |
pllfl ;‘ 1 vép.lf\x.zpa—_r?kpbfl"jag:g‘S ; 2p7 [ fll=p> | fll=¢l fll
p~§5d 29“1

+p?

for (%, o) €Ag(d) =Ag(n) and feA, Consequently |¢, -0 <eg and ¢(u,)
=u,(9)=X'(a) €V, since |oyw) ~|u(9,) =X (#)/=d=n. Now (k. &)
—1(9,) € V, because ¢, €U, t(9,)€A4(d). Hence, V=V, i. e. V is a gen.-ana-
lvtic subset of Ay(d). The theorem is proved.

As an application of Theorem 1| we give another proof of the result of [6].

Corollary 1. Let 6¢sp A be such that in M—Kev 0 there exists a se-
quence {gy pir.y || &eon ||==1, for which:

1) {8(,)) is a multiplicative subsemigroup, isomorphic to the additive
semigroup Q'=Rat [v, + <) v{0}, O0<v<];

2) any element f of M admits a unique representation of the form,
where f1€A, X7 |f/||<co. Then there exist a number d>0, a neighbour-
hood U of 0 of the type U={op¢spA||o(g,) <n n>0}, a gen-analytic set
V in some big disc Ay(d) with G- Q and a homeomorphism t: U-»V, 1(0)={+}
.}‘_uch that fot~' is a gen.analytic function from the algebra Ag(d) for any

€A.

Proof. Let feM, f=Xfgup, [fr€A |[fli=2]fl|<-o. For every
J=1 2 [0S = 2 n&pwn With Z| fiell<->, and hence f=Z20(f)&e»

7
+ X fia&pm&puy Where X|0(f)|<=X| f; |< oo, so that the kernel M satisfies the
Jk
conditions of Theorem 1. We shall show that now any metric neighbourhood

of 0 contains a set of the type {pe¢spA |o(g) <&} for some £>0. In fact,

if S—={f€A|f=2fgn |f!i=1} then M= mS= [mS]. Applying the Baire
m m

category theorem, we can sce that [S] contains a | [,-neighbourhood of 0,

say {fEM|||fl\=2]|fsl|=4c}. It is easy to see that similarly to the situa-

tion in Lemma 1, BMCQL- S. Consequently for any f¢ A there exist elements

£,€ A, with || f]|= o | f] . Tor which £ X7 fg,0 . linow [|f[[ <1, f€ Ay then. .

Now the metric neighbourhood {9¢spA || 0| <e} of 0 contains the weak™-
neighbourhood {@¢sp A||9(g)|<d=(ec)V}, Q. E. D.

Remark 1. With obvious modifications Lemma 1 holds also in the case
of uncountable subsemigroups 11 of R

Remark 2. The right inequality for v: O<v<l in Theorem | and in
Corollary 1 can be dropped without loss of generality.
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