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ON A CLASS OF GENERALIZED RIEMANN ENTIRE FUNCTIONS
IVANKA M. KASANDROVA, MARIYA D. KOSTOVA
A class of generalized Riemann entire functions is considered. Some results about the
distribution of the zeros of such functions are obtained.

In [1] Iliev introduced entire functions of the kind

oo

(1) _{c F(t)g(z +t)dt
and
) [ A@) plitz) at,

- 00

where g(2) is a polynomial with zeros in a strip a<Rez<P or a limit of such
polynomials in every bounded domain, and p(z) is a polynomial with real non-
positive zeros only or a limit of such polynomials in every bounded domain.
The functions (1) and (2) are called generalized Riemann entire functions [1].

In [2) Bozhorov examined generalized Riemann entire functions of the
kind (1), where the zeros of g(2) lie in the half-plane Rez<y, v ¢R.

Let L9 denote the class of entire functions which are polynomials with
zeros in A9, A: |argz—n|<¢, 0<@<n/2 or in every bounded domain are
limits of such polynomials.

In this paper entire functions of the kind

(3 _?F(t)p(tz) dt

are considered where p(z) ¢ L$—=. According to [1] the functions of the kind (3)
will be called generalized Riemann entire functions of the class R(L}), 0<¢
=n/2.

Let us represent the entire functions p(z) as a series

(4) p(2)= Eo = P

Then we get formally for (3)

J Rpatyt = = S g,

=0

where b,— [ (*F(f)dt, k=0, 1,2, ...
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Let g(S) be a linear transformation defined on entire functions by

5) gSp= T e o,
k=

0
where p(2) = 3 :—!" 2% and g(2)= b3 %z*: TF(t) e** dt. It is natural to call
k=0 k=0 —o0
(5) transformations of Shur. Thus we obtain for (3)

T Fiop(etidt=gS)p.

This representation (in the domain where the integrals are convergent) provides
a possiblilitary to connect the distribution of the zeros of (3) with the opera-
tion of the transformation (5) on the functions of the class LY,

1. The following statements hold.
Theorem 1. For every function p(z)€L? the function g(S)» belongs

to the class LS if and only if g(z)€L}: L)==L, is the class of entire func-
tions which are polynomials with real non-positive zeros or limits of such
polynomials in every bounded domain.

Proof.let g(2)=X -b: 12%¢ L, and p(2)=Z “5/’;7 2k ¢ Lg. 1t follows from the

k=0 k= :

transcendental criteria for a-sequences and /°-sequences ([1], p. 18 and p. 39)
that {b,)7_, is a-sequence and {a,}; , is /°-sequence. Consequently {abe}s_,
is /°-sequence. Then

< aph
I =aSpels.

A=0

Conversely, suppose that for every p(z)€ LY
«AS)p :_ZF(t)p(zt)dteLg.
In particular, when p(2)=(1+2)"€ L, we obtain
&Sp ~ TEO (1 +2tyat=J,g: 2) € Ly,

where /,(g: z) is the Jensen polynomial for the function g(z). Consequently
g(2) € L,. This completes the proof of the theorem.

In particular, if ¢ =0 we obtain that for every function p(2) € L, the func-
tion g(S)p belongs to the class L, if and only if g(z)€L,.

Theorem 2. For every function p(z)¢L, the function g(S)p belongs
to the class L? if and only if g(z)¢€ LY,

Theorem 3. For every function p(z)¢ L, the function g(S)p belongs to
the class Lq if and only if gz)€ Ly: Ly is the class of entire unctions which
are polynomials with real zeros only or limits of such polynomials in every

bounded domain.
The proofs of Theorems 2 and 3 are analogous to that of Theorem 1. As

an application of Theorem 1 we get the following
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Theorem 4. Let giz) = 7_ F(tye?dteL,, k=1,2,...,n and p(2)¢Ls.
Then the function

®2)= T Fi(t)dt,  Fut)dty . .. T F(taptits - . L)ty

belongs to the class L%.
In particular, if p(2)=(14+2)"€ L,, then

T Ft)dt, [Ft)dby... [Ft) (1+bt .. t2)dt € L,

and therefore
_fFl(tl)dtl I Fo(ty)dt, . . . _f F(t)) exp(tty. .. t,2)dt, € L,.

2. We have shown that the distribution of the zeros of the generalized
Riemann entire functions of the kind (3) can be connected with the distribution

of the zeros of functions of the kind g(z) = fF(t)e”dt. With these functions
are associated the polynomials
J.(2) = [F()(1+t2)dt.
-3

The polyonmials J,(2) are the so-called Jensen polynomials of the function
g(2). Let us notice that /,(z) can be considered as generalized Riemann entire
functions of the class R(LY)

We introduce the following classes of functions
He: {F(t)| THRE) (1 +t2ydte L), n=1,2,..., 0<o=m/2;
Se: ={a(t) | wF(t) € H® = a(f)F(t) ¢ He}.

According to Bozhorov [2] the functions a(f) of the class S°® will be called
multiplier functions of the class He.

It is evident that if a(f) € S°, B(f) € S® then a(f)B(£) € S°. We will prove the
following

Theorem 5. Every function which belongs to the class L? is a multi-
plier function of the class H®, i. e. L{=S*,

Proof. It is sufficient to prove that every polynomial of L? is a multi-
plier function of /*.

Let B® denote the domain: |argz|<¢. We will show that if § € B® then
1+t € S*.

We suppose that A2)= [ F(t) (1 +tz)'dtely, n=1, 2,... Let

ad

T(2)=nl (@)~ (28 J()=n [ Ft) (1+£6) (1 +t2)ydt
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be the polar derivative of J(z). Since the zeros of J(z) belong to A9 and
A? is the section of the half-planes ¢ < argz<n+¢, n—¢ argz < 2n—¢ then
from the theorem of Laguerre ([3], p.120) it follows that the zeros of JE(2)
also belong to this section. Consequently

l(l +EE)F(t) (1+t2)"dt € LY.

This implies 14§ € S°.
Let us now suppose that the polynomial Q(2) ¢ LY and Q(z)=az* I] (l —2z2/z,),

where 2z, ¢ A% and & -0. Then the points —1/z, € B°. In view of the above

result we have 1 +#—1/z,)€¢ S° for n—=1, 2,..., m. Since ¢*¢ S° we obtain
Q(t) € S°.

Theorem 6. /If g(2)= 7 F(t)e*dt is an entire function of the class L?
and the function o(t) ¢ S°, then

&)= Tat)F(t)e™ dt € L3.
Proof. Let g(2)¢L3. Then
Jdg:2) - [F@E) (1 tzydeele, n=1,23,...
and therefore F(f)¢ /. Since a(f) ¢ S® we have a(f)F(¢) € H*, 1. e.
[a()F) (1 +tz)y'dt =T, g ; 2)€ L3

It is sufficient to conclude that g,(2) € LS.

As an application of Theorem 5 and Theorem 6 we obtain that if
g2(2)= fF(t)e" dt ¢ L? and a(f) € LY, then fa(t) F(t)e'*dt ¢ L. In this case the
following problem arises. Let us suppose that for every entire function g(2)

= jF(t)e”dt( L3, the function f a(t)F(t)e**dt ¢ LS. Then whether the function

a(t) belonge to the class L. When ¢ =mn/2 the problem is solved by Bozho-
rov (2]
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