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ON CERTAIN SUBCLASS OF STARLIKE FUNCTIONS
SHIGEYOSHI OWA

There are many classes qf starlike functions in the unit disk U. We consider a class
Sp(a ,B) of univalent and starlike functions in the unit disk U. The purpose of this paper
is to show a representation formula, a distortion theorem, a safficient condition and an argu-

ment theorem for the class Sp(a, B). Furthermore, we give the radius of convexity for functions
in the class S,(a, B).

I. Introduction. Let S denote the class of functions
f(@)=z+ Eza,z",
n=

analytic in the unit disk U={|z|<1}. Further, let S(a, B) denote the class of
functions f(2)€ S satisfying the condition

2" (2)
f(2)
zf (2)

T !

)] <B, zeU

for some a(0<a<1) and B(0<B=<1). For this class T. V. Lakshminara-

simhan [2] established some results. Moreover, M. L. Mogar [3] and K. S.

Padmanabhan [5] studies the class S(1, B) of functions f(2)¢S satisfying

the condition (1), where a=1, 0<B=1, and R. Singh [7] studied the class

S(0, 1) of functions f(2)€S satisfying the condition (1) for a=0 and B=1.
In this paper, we consider the function

f(2)=2z2+ Zl a,+,,z’+".’ peEN

analytic in the unit disk U and satisfying the condition (1) for some a(0<a=<1)
and P(O<P=1). We denote the class of all such functions f(z) by §,(a, p).
The class S,(1, ) is precisely the class of functions studied by M. L. Mogra [4).
2. A representation formula. Here, we obtain a representation formula
for the functions of the class S, (a, B). In the first place, we require the follow-
ing lemma.
Lemma 1. Let the function H(2)=1+b,2"+b,, 2’ +.... (pEN) be

analytic in the unit disk U. Then H(z) is analytic and satisfies the condition
,',;ij’) <P, for some a(0=a=1) and B(O<P=1) if, and only if, there

exists an analytic function ®(2) in the unit disk U such that | ® (2)| =P for
ze¢U and
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_1-2’o(2)
H(z)= 1 +az’ @ (2)
Proof. We employ the technique used by K. S. Padmanabhan [5]
Let the function H(z)=1+b,27 +b,;,2°*'+---. satisfies the condition
1-H(2)

T+af 2y | <P

for some a(0<a=1) and B(0<B=1). Setting 2”14 (z):%%%’ we note that
the function A(z) is analytic in the unit disk U, satisfies |#(2)| <P for z¢ U and
h(0)= 0. Consequently, using Schwarz’s lemma, we have % (2) =2®(z), where ®(z)
is analytic in the unit disk U and satisfies | @ (2) |<p for z¢ U. Thus we obtain
_1=2"""hz) 1-2P®(2) . _1-Fo@)
H(Z)_1+ul’—‘h(z)— 15 ar® ) On the other hand, if H(2) 170 @) and
|®(2)|=Pp for z¢U, then the function /(z) is analytic in the unit disk U.
Furthermore, since |2? ®(2)|<p|z|?<p for z¢U, we obtain

1-H
ﬁ — |22 d(2)|<B,

for z¢ U. This completes the proof of the lemma.
Theorem 1. Let f(2)=2+Z,-1a,4,2°"" be a function, analytic in the
unit disk U. Then the fanction f(z) is in the class S,(a,B) if, and only if.

2 @ (2)
= - — =" dt},
@) f@)=zexp{—(1+a)[ [T dt)
where ®(z) is an analytic function in the unit disk U and satisfies | ®(z)|=pB
for z¢U.

Proof. Let f(z) be in the class S,(a, B). Then, since f(2) satisfies the

sai . zf'(2) _ 1-2°®(2) .
condition (1), we can write 7@ ~1rat 0@ by using Lemma 1. Hence we

iz 1 —(+4a)z” ' @(2) . . )
ga::e 7@ 7T lterem which at once gives (2) on integration from
oz

Conversely, if f(z) has the representation (2), it follows that %f_gl‘:::f;:)
holds with ®(z) as in Lemma 1. Accordingly we obtain that f(2)¢S,(a, B)
with the aid of Lemma 1.

3. A distortion theorem.

Lemma 2. Let f(2)=2+ Znut @pypna2”*" be in the class S,(a, B). Then
we have

1-Blz )P _ 2 (2)y_1+B|z|P
n+ua|z;"‘R°{/('> }"l—uslzw
for z¢ U.
Proof. Let f(z) be in the class S,(a, B). Then, by Lemma 1, we have

w(z)a.‘/.’;j()')all‘:é with | Z|<B|z|” for z€U, so that
bd 121 d =Re{1=Z)< 1 +B|2)"
l+abltI’SRe(w) Re{"““z = l—ap|z )
This proves Lemma 2.
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Theorem 2. Let f(2)=2+X7u1a,,2°t" be analytic in the unit disk U
and suppose f(z)¢S,(a,B). Then we have

2] |z
(l +GB z z [pxl-{'ﬂ)/ﬂ’ (l _aB | z lp)(l+n)/up

for 0<a=1, 0<B=1 and z¢U. Furthermore, we have

slf@l=

|zlexp(—5 |21)=If@ =]zl exp (5| 2)7)

for a=0, 0<B=1 and z¢U.

Proof. Since the function f(z) is in the class S,(a, B), we have
zf'(z)  1-zP®(2) . : g . . e <t
7@ = 1rar @ where ®(2) is an analytic function in the unit disk U and
| @ (2)|=B for z¢U. Hence we obtain

(3) @ 1 —(0+02 o)
f(2) z 1+az” @ (2)

Integrating both sides of (3) from O to z and taking the real parts on both

sides of the resulting equation,

f(z) ., JACINTN fLO 1 3 I _(1+a) P o
log",—l"—Re{IOg(T)}—RCJ W—T}dt—Redf l+:)t"0(t) ) dt

(1 +a)| @ 2 | 2!
56{ ||+at’c"°0(t.4°)|dt'

Hence,
2 (14a)p !

log (12| = [ GE5

dt=—log(1—aB|z|p)(+aer
for 0<a=1 and
L@ a1 gs_B 1
log | = IS([Bt dt-—pIZI

|z |

I —aB |z o)+ @ for 0<a=<1 and

for a=0. Consequently we have If(z)ls(

If@|=z|exp (5 |21) for a=0.
On the other hand, by Lemma 2,
zf () 1—-B|zP
Ref /(2) }"l+¢B|x|’
for 0sa=1, 0<PB=1 and z¢U. This gives

0 log L)) =Re (L2 _1y > 182, _ —(+a)p’
rRe {5 (log ) =Re (5 —1) 2= —1 -

for |z|=r. Thus we obtain

| .t ’
tog | L2 | =Re {log L) = [ Qa8 4

7 Cepanxa, xu. |
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Hence, log | @ |=—log (1 +ap r7)t+aer for 0<a<1 and log| f—f:—)— |= ——E— re
for a=0. Consequently we have

| f@|=

|z]
(14aB|z 1P)(l+ﬂ)/0P

for 0O<a<1 and
f@|=|z]exp(— 217
for a=0. The equality is attained for f(z)=(l~——‘3——f,)(~lm' when O0<a<1 and
—ap z

0<pB=<1 and for f(z):zexp(%z’), when a=0 and 0<B=1.

4. A sufficient condition for the class S,(a, B)-
Theorem 3. Let f(2)=2z+Ena1a,.,2°"" be analytic in the unit disk U.
If we have

) I {(p+n—1+B(l+ap+an) aps|=B(1+a)

for some a(0sa<=1) and B(0<P=1), then the function f(2) belongs to the

class S, (a, B).
Proof. Assume that the condition (4) holds. Then we obtain

2@ —f )| ~Blaz @)+ f@)|=| E (p+n—1)ap, 27|

—B|(1 +a)z+ El (1+ap+an) @y, 2°*" < E (ptn—1)[ap,||z/7*"

—B(1 +a)|z|+ Elﬁ(l +aptan)|a,,| |zt
<l,.§. {(p+n—1)+B(1+ap+an)}|@y,|—B(1+a)][z[=0

for z¢ U. Hence, by the maximum modulus theorem, the function f(2) belongs
to the class S,(a, 8')

5. An argument theorem.

Theorem 4. Let f(2)=2+ Ena1Gpa2”*" be in the class S, (a, B). Then
we have

zf’ (2) (B +a)|z)
2 2) ) <gin— (B
|arg 7@ |=sin—!( l+cb’lzl'°)

Proof. We use a method of R. M. Goel and N. S. Sohi [1]. Since
f(2) is in the class S,(a, B), by Lemma 1, we obtain

zf'(z) _ 1=z ®(z2)

/(%) | +az” ®(z)

where ®(2) is a function analytic in the unit disk U and |®(2)|-.p for z¢ U.
After a simple calculation, we have
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B(1+a)|z P
—a2p?| z [

| @) 1+ap

f(@)  1—ap|z | 1= 1
Consequently,

() -1 B+a) [z
|arg 1) |=si (I+uB’lz;zp)

Corollary L Let f(2)=2z+ZX7,a,,,2°*" be a starlike function of order
Y(0=y<]1) in the class S,(a, B). Then we have

’ PR PR B(l+a)iz p
!arg{f(z)}lg?(l—y)sm lI.Zl-}-Sll'l I(T-'_H!B’I—ZP‘,)
Proof. Since f(2) is a starlike function of order y(0=y<1), using a result
of B. Pinchuk [6], we obtain

| arg%”Ig?(l—y)sin—’ |z

Hence we have the corollary with the aid of Theorem 4.
6. The radius of convexity for functions of the class S,(q, B).
Theorem 5. Let f(2)=2+Z:21ap,2°*" be in the class S,(q, B) with
O<a=1 and 0<B=1. Then f(2) map the disk

lz]<( 2+(l+u)p—»/(l;Bu)p<(l+¢)p+4> Yie

onto a convex domain if C(a, p)<=B=1, where C(a, p) is the value of B which
satisfies the equation

‘_’Ball’+?—2[ia‘l’—{2+(l +a)p}ai—2(1+a)a,+2+(1+a)p=0
and

a,—( 24(1 +n)p—J(T-t;xW€(l_-ﬁ)7v¢T} Yoo,

Proof. Since f(z) is in the class S,(a, B), by Theorem 1, we have
zf () _ 1-27®(2) .
f2)  14a?0(2)
where ®(2) is an analytic function in the unit disk U and satisfies |®(z) =p
for z ¢ U. Differentiating logarithmically the both sides of the above equality
with respect to 2z, we obtain
o) _ 1= 0@ (1+a)(pPf @)+ 00 (2)
3 14ef0(z)  (1+a” @ (2)(1—-2"®(2))
Moreover, we have

1+
- @' (2) 1—|®(2)/B?
(5) = IS'—l"_'mr'
for the analytic function @ (z) in the unit disk U. Since

(A=re®, ! —a|# ®(2) —(1—a)Re( & ()
| +az” @ (2) [1+a? @ (2)
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_(+a|Fo@E@)(-|Fe@E@]) . 1-]|22@E)]
- [1+az? @ (2) 2 T 14| 0(2)]

and
pzP @ (2)+2° @’ (2) I plzP @ (2)|+| 2P @ (2) |
(1+az? @ (2))(1-2" @ (2) "~ (1—a|2?®(2)|)(1—-|2" @ (2)])
_plFe@|+| P eE)
7 (1—a|2”®(2)]?

we get

’e PS-E 2
Re {1 zf"" (2) 2__1_—1”0(2)] _(1+a)(p|zp0(z)|+<z @ (z)))
efl+ f(2) b= 1+a|z° ®(2)| (1—a| 2P ®(2) )2

Assume that
6)  1+]|22 0 @) P {2+(1 +a)p} |22 @ (2)| (1 +a) | 22+ D(2)|>0
Then we obtain

Re {1+ ‘;'((:)’ }>0.

Now, in virtue of (5), the condition (6) will be satisfied

L4+ 22 0(2) P—(2+ (1 +@)p} [ 22 @) |- (1+a) | 2P P 2D >0,
Writing a=|z| and £=|z? ®(z)|, the above condition can be re-written as

(1—a?)[1 + 2 —{2+(1+a)p}t]—(1 +a)(Ba”*' — B‘j;,>>o,

that is,

(7) £2{(1—a*+ ng—‘f}_t (1—a?) {2+ (1 +a) p} +1—a*—(1+a)Ba?*1>0,

where O<a<1 and 0=¢=a”B. Let G(£) denote the left hand member of (7).
Then we see that

G'(2)=2t{(1—a%)+ p:;f‘ }—(1—a?){2+(1 +a) p} =0
for ¢=t, —(1—a?){2+(1 +a) pyy2(1—a®) +(1 +a)/a*—1}.
Further

') =2{(1—a")+—1+%1>0,

because 0<a< 1. Now ¢, is positive and negative with 2Ba”+?—2Ba” —{2+4(1
+a)pla?—2(1+a)a+2+(1+a)p, respectively. Let

E(a)=2pa? 1 —2pa’ —(2+(1 +0)p} @—2(1 + @) a +2+(1 +a)p

and let @, be the positive root of E{a)=0 lying in the open interval (0, 1).
Then E(a) is positive for 0<a<a, and so t|>a’§. Therefore (i’(t) is negative
for Ost= a’P, G(a’B)<<U(t) and the condition (7) is satisfied if G(a”p) >0. This
is equivalent to
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(1—a?) [a®Pp?—a’B {2+ (1 +a) p}+1]>0
which holds for a<A'?, where we have denoted

Avp—( 2+(1 +u)p—\/(12-gu)p {(14+a) p+4} Y.

Ave i 2+ +@) p— (i +a) p{1+a)p+4)

Furthermore, we can show that a,> 3 =B=1.
The condition for P implies A<1, and so a,=A'”<a, if E(a,) is positive
If £(a,)=0, then a,=A"?. This shows that

lz;<(2+(l+a)p—~/(l;;’u)p{(l+a)p+4}),,p

is mapped onto a convex domain by f(z) provided C(a,p)=B=1, where
C(a, p) is the value of B which satisfies the equation E(a;)=0.

Finally, the estimate is sharp.'Choose the function f(z)=(—l—mz—:)-(‘m
so that f(2)€S,(a B) while 1+Z 2 0 when z— A", 0<a=1 and 0<B=1
so that f(2) is not convex in any disk |z|<R if R exceeds

(2+(1 +a)p— v (12~;a)p{(l+u)p+4} e,

This completes the proof of the theorem.
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