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ERLICH’S METHODS WITH A RAISED
SPEED OF CONVERGENCE

N. KJURKCHIEV, A. ANDREEV

Let the equation
(1) fx)=x"+an 1 x" '+ +a1x+8y=0

have different roots x;, xs,..., x,. In 1967 L. Erlich [1] suggested the following
method for simultaneous determination of the roots of the equation (1):
k
@) XA = xh f(xi)" — i=1,2 ..., n
’ k
f(Xf)—/(r,)/ixl,_,_;; k=1, 2, ..

ii J

He showed that the method (2) has a rate of convergence equal to 3. Let us note
thatin 1964 K. Dochev and P. Barnev proposed in [4] the following expression for
the equation (1):

i —f ()2 (1 (=)= (4 D E ) il (xt—xtp
5;} /tl /*l
i—=1,...,n; k=1,2....1n 1979 Ch. Semerdzjev proved the cubic rate of con-

vergence of the above method [5]. The cubic rate of convergence under weaker ini-
tial conditions was obtained also by N. Kjurkchiev [6] in 1982.
In 1977 A, Nourein [2] modified the method (2) in the following way:

3) gt D - 0=l 2.,
/'(r)_/u)z‘(x, —x} +f<t"‘f D k=1, 2.,

J+4

and he proved that the rate of convergence is equal to 4.
In 1974 Alefeld and Herzberger [3] suggested the modification of Gauss-
Seidel type for the method (2)

/'r) .
Xhtl = xh— —- i=1,2...,n,

f(x)/(x)): PR B
1 ( "', "'-“,”l J :+le—-x,’) k=1,2,...

and they obtained that the rate of convergence is in the open interval (3, 4).
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In 1981 N. Kjurkchiev proposed a method which also makes use of { ey,
on the k-th step [7]

1
o

s

n 1 n /(xk) n

x4 = xk — f(xXRY(f(x) — f(xF) z LG D A LA ||
fDIf(xf) — f P P Py ) F

s+j

i=1,2,..., n; k=1, 2,... with a rate convergence equal to 4.
The methods of type (2) and (3) (when we use the derivative) have perfect com-
puting properties and it turned out in practice that they are inpretentious to the choice

of the initial approximation.
In this paper we present the following modification of (2):

(4) = X ()~ D T ) i=L 2
T THEAT R=0,1,2,...,

where

AR* = — fxB)/(f (b —f (x¥) él;k_‘xfl_—[sf_':.k hos=L...,n
! 5

+5
A*=0, s=1,...,n k=0, 1,...

It is clear that when R=0 the method (4) coincides with (2). The rate of conver-

gence of (4) is equal to 2R+3.
Theorem. Let 0<g<1, d=min|x,—x;| and ¢>0 be a number such that
i)

d>2c(1 +¢(2n—1)), nf(d—c) (d—2c—2cq) (1—cq ﬁ‘%)l_lsl'

If the initial approximations {xX%);_, of the roots {x;}; | of the equation (1) satisfy

the inequalities | x;,—x5|<cq, i=1,..., n then the following estimate
|xt—x;|<cq@RI%, i=1,...,n, k=0,1,...

holds.

Proof. The proof goes by induction on k. For k=0 the theorem is evidently
true. Let us assume that the inequalities

(5) [x*—x;|<cq@®R+ 3%, i=1,...,n

hold. We shall consider the 2+ 1 approximations

A —x, = x— fE)( () —fx?

1 z 1 2 1 ol
6) =xt—x,—( + X -2 )
¢ : R e N e
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» xf—x[
=xr—x,—

R R e S — )
Bt xl—xp xp— xp —AR*

& Rk
Xg — Xg, _Aﬂo

() (1~ (e —x) E

)—1
Bt (F—xy) (eF —xh— AF )

B (% —x)? : xp —xh —AR*
- - Rr * k__ &k R,
+(xf —x) £ k xe,“"i"—Aﬁ, Rk R =m)tr—rn
Bt (o —xp ) (e x5, — A5
The last sum can be rewritten in the form
- ah +(F(A) (k) = T ' ™!
R B, —Xp, 1/ (xg,) = =1,
£ medoagr g TEIUORIE) - T T
fool (v —xp) 5/ —xf—ATR Tt (e —xp)(xf —xf —ARH)
5 (xp—h +( ot T ! > ‘ )~1)/(xt
By - -
B=1 BC(xp %) B X=Xy Berh, Xp—xp —AGT !
i
R. s £Y (1 —(1 " - *8 x‘: -—Af—"'
— k_xk —ARK) = T (xp—x —(1+(xt —x z . ! —1
xp,)(xF—xk —AR*) Bé!( 8, —Xg,) (1 = (1 +(xg —xp,) a.#a.(x:_—x,l)(xﬁyx:.—Aﬁ"'*)) )/

Bo4

k R— 1,k
*p,— X5,— 85,

n n
xP—2xp) (xt—xk —AR*)= T ((x* —xp)? T —
(x; p) (¥ —2xg —AFL*) %;}« B %0 By4=Bo (xﬁﬂ—xa,)(‘ﬁ.“:."‘g_l") /

k_AR—1k
(xp,— X%) (x*—x* —ARK) (1+ (x* —xp.) £ *p, — %5, ~ A,
o i i B B Bo V’BBQ:..‘ (XB:_'tpl)(x:,—x:,—Ag_".)

).

It should be noted that the sum in the numerator in the last expression is similar
to the initial sum with the only difference that we have R—1 instead of k. Using that
dependence recursively wet get successively

R,
(7) n "'B.."“";._Ap.k
—1(xf—xg) (xF —xk —ARH)
o=t (47— %) () —xp,— A%
n (x:'—xa_)’
i )

Bo=1 n x _x‘ —-AR—I"
Bt (ep—xf) (] *‘ﬁ.-“f.">“+(f3.—"ﬂ-’,£a. (e x") (x:' & ag—t)
¥ B B VBT R T O
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n (xg,— %5,

X X s X eee
T —AR=1R) (14 (xf —xy ) 5 xp,—%p,— AR
8) (5, ) (1+(xg, —%p, B. (xk_rb)(xk xk AR=TH) )
3 1~ *pp_1 I
BR_1#BR—2 (-"al\_ ng 2) xsk_z —-ng_l _Aéz_.]) (l+(x;R 1~ *Br_1 )
n X’R—I:R
n xBR“"';R BR+PR—1 (‘3R_, —Xpp) (x:R_l st)

z
BR¥Bp_y  (X5p_,—%og) (x;R_l—ng)

Let us estimate from above the absolute value of the items in (7). To this end
we show first that the following estimates

8) MK =2cq, s=1,2,...,n p=0,1,..., R

hold. The proof can be done by induction on p. When p=0, the inequalities (8) are
satisfied since A% =0 for s=1, 2,..., n Let us assumed that |[AT—'*<2cq, s=1,
2,..., n. Then we get for Am™# s=l, 2,....n,

A= —fxl) (f () —fx?) ,3":, )
14—:: £ { ]

=1 s

n xh £ n 1
= —(xF— —(X5i—X -1,
= (x_‘ Xs) (12 x-‘ - ( s IZ Kk Ar_l_. )

It follows from the last equality and (5)

. o I 1 _
artiseq(l—cq X (oot o amta )

I+=s
From
(9) Ix:—xﬂ =|x:—x3+x,——-x, + xl_xlk& zlx:—xlg—lxs—xfl_lxl—xﬂ Zd—?fq,
|t~ x| =d—cq
we finally obtain
- L fa 1 1 gl cho._u
| s cq(1—cq(n—1) (g + —gmgrmaeg ) ' S0q (1 — Zogisy )™

end for the raliclity of the inequality |A™*<2cq the following conditions are sufficient

2cq(n—1) )1 2¢q (n—1)

(1——4- 21+q) <2 and 1—-=%

i—2c(15q) >
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These two conditions are satisfied if @>2c(l1+¢(2n—1)). Now we are able to
estimate the sums in (7). In view of (5), (8, and (9) we get for an arbitrary item in (7)

k_AS—Lk
n v, — X5 —A *

k_ k_ASk k A T
X -.tt’v‘v—"u—Au [T+ —x,) X |

Asn k k_ ok AS—1.k
(x,—x;) (-‘u—"x_A;. )

~ 1

‘ M‘x"*’x +'A>f LA
v X (d—e) (d—2—2cq)

Ap

6, — X% (xf — el =A% ) (1= |k —x

< ((d—0) [d—20—20g) (1=cq(n—1) =5 (o= N = A

[t hollowy from the last inequality, (5), (6) and (7) that .

k1
x;@ru —x|s [Cq(z/e+3)k12+2k+1 . (nA)RH .:Cq(zma)*“(ca,m)ku <cqOR+d +

since ¢?n2A<21, according to the assumptions. So, the theorem is proved.

Numerical results. In order to show the computation properties of the method
we carried out a series of numerical experiments.

The polinomial x943x%—3x7—9x5+3x5+9x* +99x3+297x2—100x—300 has the
followmg different roots:

3 xg;‘—l X;:—l x‘ 2[. X5=—2i, .V.;:2+l.. x7=2—i, x“:—2+ip xﬂ=—2_i°

For numerical determination of these roots we will apply the method (4) using
the initial approximations

x)=—-32+02, x{=—-12-02, x3=01+17, x3=—19+13i x}=—-18-08i
x0=23+11, x3=19-07i, x3=12+02i, xJ=02-22i

when R=0,1,3,6 and 9. Let us denote by o(R, k)= E||x" "R—x}~1R| the error between

two consistent approximation on the step £—1 and 'e{xk LRY 9 {xkRY 2 by fixed R
equal to 0, 1, 3, 6, 9. The next table shows o(R, k) obtained for different R and 4.

1 3 | 6 9

=
L. Erlich i
k B e — _ | |
1 0.269907844 0.267935929 0.267912902 0.267912462 0.267912462
5005. 101 7802.10! 4201.100 3440.101 6439.10!
2 0.142893377 0.929246993 0.448638099 0.151098417 0.474303602
0351.100 3326.10—2 7840.10-¢ 4056.10—7 7916.10—1
3 0.314259694 0.596944211 0.174483820 0.277983314 0.243631196
4109,10—4 1547.10—u 2929.10—14 2895.10-15 6690.10—14
1 0.165991577

6040.10-14
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