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SOME ADDITIONAL PROPERTIES OF KEYS
FOR RELATION SCHEMES

J. DEMETROVICS, HO THUAN

In this paper we prove some additional properties of keys and superkeys for relation schemes.
Some of them and their variants have been proved, perhaps by different methods, and used to design
an algorithm to find all keys for any relation scheme [3].

Introduction. In [1] some characteristic properties of kevs for a given relation
scheme S=(Q, F) have been investigated, in particular the necessary condition under
which a subset X of Q is a key.

In this paper we prove some additional properties of keys and superkeys for re-
lation scheme. Some of them and their variants have been proved, perhaps by diffe-
rent methods, and used to design an algorithm to find all keys for any relation
scheme [3].

The notation used here is the same as in [1] and [2]. The reader is required to
know the basic notation of the relational model and functional dependency [4].

1. In this section we recall some notions and results which will be needed in
sequel.

Let S=(Q, F) be a relation scheme, where Q={4,, 4,,..., 4,} is the universe of
attributes, and F={L, — R, i=1, 2,...,k; L, R; < Q} is the set of functional depen-
dencies (FDs). A relation R defined over the attributes Q={A,, A,, ..., 4,} is said to
be an instance of the relation scheme S=-(Q, F) iff each functional dependency f¢F
holds in R.

Let us denote:

k k
L=91L‘. R='U| R;
C,=Q L¥ i=1,2,..., k

J ={i| there is no j such that [,oL;} < {1, 2,...,k}. Recall that for XcQ,
X+ ={A| (X — A)eF*} is the closure of X" w. r. t. F, where F* is the closure of F
i. e. the set of all FDs that can be inferred from the FDs in F by repeated applica
tion of Armstrong’s axioms [5]. Without loss of generality, in this paper we assume tha

LNR=@, i=1,2,...,k; Li#L; with i&j; LUR=Q.

We have the following lemmas:
Lemma 1. [2]. Let S=(Q, F) be a relation scheme, X, Y < Q, then (X*})*
(XYt (X))
? Lemma 2. [2]. Let K be a key for S=(Q, F). Then Z*N(K\Z)=Q for all
K

t

in

Lemma 3. (2] For any i¢ S, L, is a key for S iff C;=Q.

2. We are now in a position to prove some properties of keys and superkeys for
relation scheme which can be used for the design of algorithms to find the keys for
a relation scheme,
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Theorem (key representation). Let S=(Q, F) be a relation scheme. Then any
key K for S has the following form K=L;X; where X, = C, i€f.

Proof. Let be given K¢ # g — the set of all keys for S. If K=<, then obviously
K=LX;,yi¢#. li K=Q, then by the algorithm to find the closure K* of K w.r.t. F,
(see [4]), there exists L; such that L,= K.

Consequently, 3i¢# such that L, = K. Thus K=L,X,, i€ f.

Now we have to prove that X; < C,. By Lemma 1, we have

() LiX, = (LX) =(LA)'=K+=Q=L;C,
By Lemma 2:
Ln(KN\L)=L N X;=Q.
On the other hand, it is clear that L} N C,= (. Hence, from (1) we have: X; < C,;
The proof is complete.

Remark 1. This theorem can be considered as an immediate corollary of Theo-
rem 2.2 [2]. But for our purposes, the representation given here is more appropriate.

Lemma 4. Let S=(Q, F) be a relation scheme. If C, 4+ then with j=i
C, N L,C[—t@

Proof. Assume the contrary that C;NL,C;=@. In that case, it is easy to see
that: (see Fig. 1) C;= L}~ L; and L,C;< Lj. Thus we have L} * L,C;*

This contradicts the hypothesis of the lemma stating that L, is not a superkey
(because C,+ @). The Lemma is proved.

Property 1. Let S—(Q, F) be a relation scheme, and suppose that |C,| =1,
vi€#. Then for any i€y, LC; is a key for S iff there is no je¢ g such that
L‘-C"DLI'C/. .

Proof. If L,C, is a key for S with /¢#, then it is impossible to have a j such
that L,C,>L,C;, because L,C; is itself a superkey for S.

We have only to consider the case |C;|=1. (Otherwise by Lemma 3, L; is a key).
Suppose that L,C; contains strictly a key

K=LCcLC, L,cL,

By the theorem just proved above
LCi=L,X;, jeJs, j¥i

The case X;=— @, by Lemma 3, it is clear that C;=@ and L,C;=>LC,=L,C; (with
C;~@). The case X;+(@, obviously X;=Cj;. But this shows (in both cases) that
L,C,>L,C;, a contradiction.

Remark 2. Property 1 is still true if the set # is replaced by the set
L, 2, ..., k}.

{ Coroll}ary 1. Let S=(Q, F) be a relation scheme with |C,|=1, yi¢ f. If for
any i¢ ¥, Ci(\Ly=@ v j+i, then LC, is a key for S.

Proof. From the conditions of corollary 1, it is evident that there is no j¢ #
such that L,C,>L,C;. Indeed. were this false and there exists a j¢# such that L,C;
—L,C,. Since C;¢L; and L;=L,C;,, we have L;=L, a contradiction. By property 1,
L,.C, is a key for S.

Property 2. Let S=(Q, F) be a relation scheme. For any i¢{l,2,...,k}, if
|C,|=1 and L,NRy=D, vJj+i then LC, is a key for S.

Proof. From L,NRy=@, vj+i, it follows that L,NR=(@. Thus L, L\R.
Moreover [1]

INRSK, wKeXs,

* In the following instead of (X — Y)¢F+, X|JY we write X * Y and XY, respectively.
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On the other hand, L,C; is a superkey for § and Lj=Q. This shows that L,C; is a
key for S.

Remark 3. Let S=(Q, F) be a relation scheme. If |C; =1 then C; is a subset
of Q which consists of a single prime attribute. Indeed, since L,C; is a superkey for
S and L} < Q (because C, =), it follows that L.C; must contain a key K which has
the form K=L)C;, where L, L. This shows that C; is a prime attribute.

Property 3. Let S=(Q, F) be a relation scheme. Then vyi=j, i, je{l, 2,
v kY L(C.NLC)) is a superkey for S.

Proof. The case C,=(, we have L(C,N L;C;)=L, But in that case, it is obvious
that L; is a superkey. We now consider the case C;#+@. By Lemma 4 we have
C‘ ﬂ L,’Cj + @.

It is clear that L; % L;, C.(L;C; % C; (1 L,C;. Consequently,

L(C,NL,C A LF(C:NLXNC,NC)).
On the other hand, we have: (see Fig. 2)

Li=(L,\CXC:N L)<= LHC L)),

Ci=(CHCNC;NCY= LHC,NC.

Hence L,C; = L7 (C; N L;XC;NC)).
Finally we have L(C.NL;C;)* L,C; showing that L; (C,NL;C;) is a superkey for S

Fig. 1 Fig. 2

Remark 4. The case |C;/—1 we have: L(C,NL;,C))=L.,C, j*i.
Remark 5. let L,X and L;Y be superkeys for S, i=j. In general L(XL;Y)
is not a superkey. Let us consider the relation scheme:

Q={123456T7}
F={12 36, 64— 52, 23 — 17}
It is easy to verify that 641 and 234 are superkeys.
(641)* =6415237=Q,
. (234)* -=2341765 = Q.
On the other hand we have: 64(11234)=64, and (64)* =6452+Q.
Property 4. Let S=(Q, F) be a relation scheme. If C,+Q, Ci+Q@ then
T=L|(C; 1 L,Ch) I LAC, (1 LyCy)) is a superkey for S, where t+j, j+h.

Proof. By Property 3, it is clear that L; (C;(1L,C)) is a superkey for S.
Let us denote

Ve LH(C, 11 LC) N LAC) 1 LyCo)l = LH(C N LC)) N LFLAC N LyCh)-
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Obviously 7% Y and
LELAC; NV LyCh) = LAC; N LyCh).

On the other hand, L,C;=L}(C;NL,C;), (From the proof of Property 3). It follows
that LF(C, 1 L,C)) 2 LAC, N LyCh)
Hence 7% Y * L, (C/N L,C,) showing that T is a superkey for S.

Corollary 2. With the same conditions as in Property 4, we have :

(C; N LiCH N LAC, N LyCr)+=D.

Property 5. Let K be any key for S=(Q, F) having the form K=L/X,
X<=C, Then there exists j, =i such that K< L, (C;NL;Cy).

Proof. Assume the contrary that L.X & L,(C;NL;C)), v jFi, or, equivalently
X £C.NL,C; wj-=i. Then, for all j4:i there exists an attribute

A,-,((L;'\L/)DX (see Fig. 3),

()
¢

2
Fig. 3

Obviously we have: L, X * L,R X. Then there must exist p such that L, L,RX
(otherwise L,X 5 Q, a contradiction). Let A, €(L;\L,)NX and let X' =X\fA,}.
Since A, ¢ L, so L, < LR, X'. Therefore, it is easy to see that
L,X’ BN L"R1X' * LIRILDRPX’ R LiRlL;X'-

Moreover, 4,,€L}. Consequently L,X" * L,X* Q, showing that L,X is not a key, a
contradiction. The proof is complete. )

Corollary 3. The family {L,(C,NL/Cy)|j+i, 1si, j<sk} can be used to find
all keys for the relation scheme S.

Property 6. Let S=(Q, F) be a relation scheme. If L(C,NL,C))=LC; v j+1i,
then either L,C, is the unique key for S including L, or S has no key of the form

K=LX with X< C,.
This means that if L,C, contains strictly any key of the form L,X then there

exists j,=i such that
L(C,NL;Cs)=L,C,
In other words, L,C, is a key for § iff
 LICNLL)=LC, vj+
and there is no key of the form K'=L X contained in L,C, with L,cL, X<C.
Proof. Since C,NL,C;=C; v j=i, it follows that

CNULINLY)=D v
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Therefore if A¢C, then {A}1(L; \L)=@ vj. Let A be any element of C, AcC.
and X=C,{A}. It is easy to see that L.X* L,RX. Since L,R,C,=Q (because
LR, = L}), AcC, A¢ X, it follows that A ¢ LRX.

Now suppose that there exists L, < L,R.X, h=i. Obviously A¢L, and L.X,
KLR X LRL,R,X. It is clear that A¢ R, otherwise A¢(L;\ L,), a contradiction.
By repeating the same reasoning, we can prove that L.X 5, Q. This shows that either
lL,C,- is a key for S, or S has no key of the form L.X, X< C. The proof is comp-
cte.

Corollary 4. Let S=(Q. F) be a relation scheme. If L(C;NL;C;))=L.C; vy j+i
and L.\ R;=Q, v j-+=i then L,C; is a key for S.

Proof. The proof follows immediately by the application of Property 6 and by
the fact that in this case [, is contained in any key for S.[1] (L \R=L; = L\ RZK,
v K€ A ).

Remark 6. The case L,C; is a key for S, we have:

T=L, [(Ci N LiCi) N L)(CI n Lhch)]:'LlCi'
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