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ON CURVES WHICH BOUND SPECIAL CONVEX SETS
WALDEMAR CIESLAK, STANISLAW GOZDZ

A class of plane closed convex curves is considered. We construct curves which bound special
convex sets, especially curves which bound both a triangle set and a set of constant width. Moreover,
a counterpart of antipodal pairs is introduced.

Introduction. A family of C', plane closed convex simple curves is considered.
Each convex polygon with n sides and equal interior angles is called equiangular
n-polygon. In this paper we give a construction of a curve C that for a given finite
or infinite sequence of natural numbers n,, n,, ... all equiangular n-polygons describ-
ed on C have the same perimeter (the circle is the unique curve which posses the
following property: all equiangular n-polygons have the same perimeter). In particular,
we determine all such ovals (C?, plane closed simple curve with positive curvature is
called on oval, [4]). The construction is based on the characterisation of an oval for
which all equiangular n-polygons described on it have the same perimeter [2]. If
Spyeees s, are parameters of tangent points of an equiangular n-polygon described on
an oval with the curvature k, then all equiangular n-polygons have the same perime-
ter if and only if

1 1
—W'F +';(;n—)——C0nSt.
Curves which bound triangle set (see [7, 5]) and curves of constant width (see [7, 6,
1)) are contained in the class under consideration. Ovals are included to the class of
closed curves of the following form

"‘(9)=f’(“)COSUdu. ¥(0) —-Ujo'r(u)sinudu for 0-0<2nr,

where 7 is a continuous, 2r-periodic and positive function (if r is a differentiable
function, then 1/r is the curvature), (see [4, 6]). Moreover, a counterpart of antipodal
pairs is introduced.

I. The class M. Let us fix a natural number n=2 and a positive number 4. We
denote by M(n, k) a class containing all functions r: R — R such that for all u¢R
the following conditions are satisfied

(1) r(u)>0,

(2) 1) =r(u+2r),

3) £ rw 2 (-1)=h,

(4) r is continuous,

(5) zr(u)cosuduusf- r(u)sinudu=0,

SERDICA Bulgaricae mathematicae publicationes. Vol. 13, 1987, p. 281—286.



282 W. Cieslak, St. Gozdz

. . o 1 . . s
(6) the Fourier series expansion of r 5 o+ X7 (aycos ju+b;sinju) is uniformly
convergent.
Remark 1. The condition (5) means that the Fourier coefficients a,, b, of r

are equal to zero.
Remark 2. The class M(2, k) was considered in [6].

Let

Cs

(7) M= U M(n, k).
2 h>0

n-

Il

The coefficients of r¢ M are characterized by the following condition:
Lemma 1. /f re¢ M(n, k), then
(g 28
®) o
a;=b;=0 if n|j (jis divided by n).

Proof. Making use of (3) we get
2 n 2riln n 2x/n on .
na,= [ r(u)du= X r(u)du = '21 6[ r(v+-- (i—1)dv
v =

i=1 2»(i—1)/n

=/ n n

SR r@ ) do=" b,
v i=1

If » j, then we have

2x n i /n

i ] =X r(u)cos judu
(f r(u) cos ju du I 2:(:[!)/.. () cos J

n 2x/n m . X j
=X f r(‘t'+fn‘(l'—~l))COS(j‘v+-21!(l—l) ) dv

/
i=1 0

2r/n n

[z r(o+-2"1(1f‘-1))1cosjvdw
i==1

2r/n
=h [ cosjvdv=0

0

and a;=0. The equality b, =0, where n|j may be derived similarly.
Lemma 2. If a function r: R— R satisfies the conditions (1), (2), (4), (5), (6)

and (8), then the equality (3) holds.
Proof. If j is not divided by », then we have the known relations

) £| cosj(u+-2n£(l——l))=’§‘ sin ju -+ (i—1))=0.
Using (6), (9) and (8) we get

E e 2= )= E (ot E laeos j T (= 1)+ b sin k55 G- 1))

=h+/i[u,( ‘}j:l cosj(u+3:- (I—=1))+b4 é‘ sin j (u+ :‘ @ 1))
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=h+_£ n(a; cos ju+b;sin ju)=h.
/'"-_;
In view of Lemmas 1 and 2 we can replace the condition (3) by the relation (8)

given in terms of the Fourier coefficients of the function r¢ M.
We introduce the following compositions in the class M:

(ry + ra)fu) = r(u)+ ry(u),
2
(ry ry)u)= -:—-of r(b)ryt—u)dt.

Theorem 3. If ri¢ M(n;, k) for j=1, 2, then

oy +mhy
g.c. d.(m, ny)”

(10)

ri+roe M(l. c. m. (ny, ny),

2hyh
(n ry=ry€ M(n,, nl:,’)'
2,k
nll ),

. ryery€ M(nyng, 2h,hy),
where g. c.d.= greatest common divisor,

l. c. m.=least common multiple.
Proof. Let us note that if r,, 7,¢ M and

ry & rg€ M(n,,

r(u)= —;li— a, + E (aj cos ju+ b;sin ju),
2 j=2

rg(u):—;—co + X (cj cos ju +djsin ju),
J=2
then
(12) (n-r,)(u)z—;— aoco+ I [(ase;+b;d)) cos ju+(ad;—bycy) sin ju).
j=2
Using (8) and (12) the relation (11) can be easily obtained.
2. Curves associated with the class M. We associate with each r¢M a plane
curve C,, 8— x(0)=(x'(0), x¥0)) defined as follows

x'(0)= J’ r(u) cos u du,
(1)
(13) R
x¥0)= [ru)sinudu for 05052r
v

We introduce the following class of curves
(14) CM)={C,: re M}.

Let us note that C,¢ C(M) is a closed simple convex curve. Indeed, using the relation
a,=b,=0 and (6)., we get

X0+ 2r) =J‘ r(u) cos udu +.:f2‘ r(u)cosudu

= x|(9)+.2‘” { —.:, a, + /:f.’ (aycos ju+ b;sin ju)) cos u du
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0+2n

o 0+2r
=x'(0)+ X (a; { cos jucosudu + b; [ sinjucosudu=x'(0)
=2 0

Similarly x2(0-+ 2r)=x%0). Thus C, is a closed curve. The convexity of C, is proved
in [6]. It is easy to see that C, is a simple curve.

Definition 1. Fach convex polygen with n sides and equal interior angles
will be called an equiangular n-polygon.

Theorem 4. If réM(n, h), then all equiangular n-polygons described on C,
will have the same perimeter.

Proof. The perimeter L of a polygon with interior angles n—a,, n—ay,...
n—a, described on C, is expressed as follows (see [2], (10)):

n
(15) L(0)= T [d(0)tg 5 —DO).
i=1
where
[d,(e):det X(0+ay+ - +uy)—x' O+ +---+a) cosb
| 2O0+a,+- -+ o )—x¥0+0a;+---+0a;) Sinb
(16)
D (6)--det X‘(O+(11+"' +(1‘-_l)—x1(9+(1l+---+(1‘) —sinf)}
o ’
[ X0+ 0+ 0 )= X0+ a + e ta)  cosd
for i=1,2,...,n
Let a,=n—2n/n for i=1,2,..., n. Then the formulae (16) can be rewritten in

the following form
2r

d,0)= [ Ho+0+% (i—1))sinvdo,

(17
3=

D,®)=[ r(o+0+7% (i—1)) cos v dv,
for i=1, 2,..., n
Hence we get

n x n — o . .
(18) L(B)= _Xl [d.(0) tg - —D{(®)] = -21 (tg—- j(; r(v+0+ <~ (i—1))sinvdo
+2mr(*u+0+-2“(i—l))cosvdv]: 3 2’;j'"r('u-h()%--2—“—(i—l))cos('zz——"—)dv
0{ n COSL =l n n
n
M 7"I{“cos('v— ™) dv=2htg —
s ow ) dv=2rtg -

COS—
n

Theorem 5. Let a function r: R— R satisfy the conditions (1), (2), (4), (5).
(6). We assume that a curve C, given by (13) has the following prope/rvt,y: all equi-
angular n-polygons described on C, have the same perimeter. Then re¢ M.

Proof. Making use of (18) and (6) we obtain

n 2n/n

(19) L(0) = < r(v+0+:‘:i(l ~1)) cos (v— 2:)d'v
cos-’.r i=1 0
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oo

E n 1
=2ntg -, [Tao— Z’ o=
j=

nlj

T (a cos jO+ b, sin jO)].

The Fourier series expansion of L implies the following equivalence
(20) L(B)=const<a;=b;=0 for n j.

The relation (20) and Lemma 2 imply that r¢ M.

The following theorem is a simple consequence of Theorem 5.

Theorem 6. If r¢e M(3, k), then a curve C, bounds a triangle set if and only
if the Fourier coefficients of r satisfy the condition agm,-=b3,=0 for m=1,2,....

Let a finite or infinite sequence 3<<n;<ny<--- of natural numbers be given. There
exists a function ré M such that

r(u)= 52“ + X (aj cos ju-+b; sin ju),
Jj=2

where a;=0 if n,|j, ny J,.

A curve C, has the followmg property for each fixed n; all equiangular n,-poly-
gons described on C, have the some perimeter. Thus we have

Theorem 7. For a given finite or infinite sequence 3<n,<n,<--- there exists
a curve C, such that for each fixed n;, all n-polygons described on C, have the
same perimeter.

Example. We give an example of a curve which bounds a triangle set and a
set of constant width simultaneoucl\' [7]. Let

(21) r(#)=— @+ as cos Su + by sin 5u,
where
(22) a,>0 and -} ai>a2+ b2

The conditions (22) and r>0 are equivalent. Thus the curve C, is expressed as follows
24 x'(0)= 5b; + 12a, sin 6 —3b, cos 40 + 3a; sin 40 —2b; cos 60 + 2a; sin 66
24x%(0) = 12a,—a;— 12a, cos 0 + 3a; cos 40 4 3b; sin 40 —2a; cos 60 — 2b; sin 60.
The formula (19) implies that all equiangular - n-polygons (n==5) described on C, have
the same perimeter na,tg(n/n).
Remark 3. If a Fourier series expansion of r¢ M is a trigonometric polynom

of a certain degree m =3, then for each fixed »>m all equiangular n-polygons describ-
ed on C, will have the same perimeter.

3. On. counterpart of antipodal pairs. We recall notions of an oval and anti~
podal pairs, [4]. C?, plane closed convex curve with positive curvature is called an
oval. Two points of an oval are called an antipodal pair if the tangent lines at these
two points are parallel and the curvatures are equal. The following result is due to
W. Blaschke and W. Siiss [4]: On every oval there are at least three antipodal
pairs.

Let C, s x(s) for 05s<L be a positively oriented oval. By f(s) we denote the
length of an oriented arc contained between two points x(s) and x(s,) such that the
tangent lines at these points are parallel. The extrema of f could be only at points of
an antipodal pair, [3]. We introduce a counterpart of antipodal pairs for closed curves
of the following form

(23) 0 x(0)=( f r(u) cos u du, l};"r(u) sinudu) for 0=0<2n,
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where 7 is a continuous, 2rn-periodic and positive function. It is easy to see that the
tangent lines at x(0) and x(0+mn) are parallel. Let us denote by f(60) the length of
an oriented arc confained between x(0) and x(0+ ).

Definition 2. A pair of points (x(8), x(6+nr)) of a closed curve C given by
(13) such that the function f reaches its extremum at f(8) will be called a =-anti-
podal pair.

Theorem 8. There exist at least three s-antipodal pairs on a closed curve C
given by (23).

Proof. If C, is given by (13), then the function f will be expressed by the
formula f(0)= [3+" r(u) du. Hence we get f(0)=r(p+n)—r(8). Now we use the idea of
the proof of Blaschke-Siiss theorem (see [4], p. 202). The equality f'(6+x)=—f(0)
implies that there exists 0, such that f'(0,)=f(0,+m)=0 and f* changes its sign in a
neighborhood of 0,. We may take 6,=0. Let assume that f’(6) =0 in some right-hand
neighbourhood of 0, then f’(6)-=0 in a right-hand neighbourhood of = and f'(6)=0 in
a left-hand neighbourhood of =.

We have

ff’(u) sinudu:fr(u+n) sinu du —Uf r(u)sinu du

2x L3 2x
=—F r(u)sinudu—d{ r(u)sinudu=— [ r(u)sinudu=0
A3 0

since our curve is closed. It follows that f° has at least two zeros in (0, x). They
determine the required s-antipodal pairs.

A consequence of the above theorem is Blaschke-Siiss theorem. Indeed, each oval
with the curvature %2 can be represented in the form (13), where r=1/k. Moreover, if
the function f reaches its extremum at some point 6, then k(6)= k(8 + ).
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