Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Serdica

Bulgariacae mathematicae
publicationes

Cepauka

beiirapcko MareMaTu4ecKo
CIIKCaHue

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic reprints.
Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to third party websites are prohibited.

For further information on
Serdica Bulgaricae Mathematicae Publicationes
and its new series Serdica Mathematical Journal
visit the website of the journal http://www.math.bas.bg/~serdica
or contact: Editorial Office
Serdica Mathematical Journal
Institute of Mathematics and Informatics
Bulgarian Academy of Sciences
Telephone: (+359-2)9792818, FAX:(+359-2)971-36-49
e-mail: serdica@math.bas.bg



PURE C-SEMI-SYMMETRIC J-CONNECTIONS
ON AN ALMOST COMPLEX MANIFOLD

STEFAN P. IVANOV

For a symmetric J-connection on a complex manifold (M, /) with a complex structure J an impor-
lant group of transformations of the linear connection is the H-projective group [4]. In [I] G. Ganchev
and the author have introduced the class of C-semi-symmetric W-complex connections and the HS-pro-
jective group of transformations of the linear connection generalizing the H-projective group.

In this paper we study a subgroup of the HS-projective group. We find a new characterization
for a Kaehler manifold of constant holomorphic curvature and for a Kaehler manifold with B-metric of
constant totally real curvatures.

1. Let (M, ) be a 2n-dimensional almost complex manifold and ¥M denote the
algebra of smooth vector fields on M. Throughout the paper X, Y, Z, V denote smooth
vector fields on M. A linear connection 57 on (M, /) is said to be C-semi-symmetric
W-complex (1] if the torsion tensor 7" and the covariant derivative / of J are given by:

(1) T(X, V)= X)Y =v(¥) X+ pIX)Y —p(JY)IX
2) HX, YY) = (7)Y =MIV)X =M Y)IX

where v, A, p are l-forms on M.
For a symmetric J-connection we have 7=/ - 0.

Theorem A [1]. On an almost complex manifold (M, s) there exists a C-semi-
symmetric W-complex connection iff (M, J) is a complex manifold.

Let R,p, p,o,c be the curvature tensor, the Ricci tensor, the associated Ricci ten-
sor, the Shouten tensor and the associated Shouten tensor respectively, i. e.

p(X, Y) = tr(Z—R(Z X)Y); p(X, Y)=tnZ—~R(JZ X)Y);
o(X, Y)=tr(Z—R(X, Y)Z); o(X, Y)=tr(Z—R(X, Y)/Z2)

Let W, p¢M be the space of all curvature tensors of type (1,3) over T,M, peM,
i. e Wo={Re(1, 3)YR(X,Y)Z~—R(Y, X)Z}. The general complex linear group GL(n,C)
acts on W,, p¢ M in the usual way: (aR)y, Y)Z-=aR(a 'X,a"'})a"'Z. The space
W, is decomposed into two invariant components [1]: W,= W O W,; Wy={Re¢W,/p
p=06=06=0}; W, {Re W,/ R(X,Y)Z¢ span {x,Y.Z JX,JY JZ}}. The projection
Ry of R on W, is the Weyl component of /. The Weyl holomorphic tensor WHP(R)
is defined as the Weyl component R, of R [1], i.e. WHP(R): — R, The Weyl holo-
morphic tensor is described in the following way:

(1) WHPRXX, Y)Z - R(X, Y)Z+ MY, Z)X ~M(X, Z)Y— P(X, Y)Z—L(Y, JZ)JA
LY, JZ)IY + Q(X, IY)IZ

where M, P, L, Q are tensors of type (0,2). These tensors are determined uniquely by

(3)
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p, p. 6, 6. The H-projective curvature tensor HP(R) of a symmetric J-connection intro-
duced by Y. Tashiro [4] is determined from (4) by the additional conditions: M=P
=L=Q where

1
(5)  MX, V)= —5t5 (P(X 1)+ 575 (X V) + (Y, X)—p(UX, JY)—pUY. IX))
Theorem B [l]. The Weyl holomorphic tensor WHP(R) of a symmetric J-con-
nection is equal to the H-projective curvature tensor HP(R).
Two linear connections 57 and 7'on (M, y) are said to be HS-projectively equiva-
lent if
(6) TxY =7 Y +a()Y +BNX—YIX)IY —8(JY)IX

holds for arbitrary 1-forms o, B, v, & on M[1].
The H-projective group introduced by Y. Tashiro [4] is determined by (6) and the
additional conditions: a=pf=y=24.

Theorem C [4). A symmetric J-connection <7 on a 2n-dimensional (2n=6) com-
plex manifold (M, J) is H-projectively flat iff the H-projective tensor HP(R) of v
vanishes.

Theorem D [1]. The Weyl holomorphic tensor WHP(R) of a C-semi-symmetric
W-complex connection is an invariant of the FHS-projective group.

Theorem F [1). A C-semi-symmetric W-complex connection <7 on a 2n-dimen-
sional (2n--6) complex manifold (M, J) is HS-projectively equivalent to a flat sym-
metric J-connection iff the Weyl holomorphic tensor WHP(R) of <7 vanishes.

A H-projectively flat Kaehler manifold has been characterized in [5] as follows:

Theorem G 5. Let (M, g J) (dim M=2n=6) be a Kaehler manifold. The
following conditions' are equivalent :

a) M is H-projectively flat;

b) M is of constant holomorphic sectional curvature;

A H-projectively flat Kaehler manifold (M, g, /) with B-metic (g(JX, JY)= —g(X,Y))
has been characterized in [2] as follows:

Therem H (2] Let (M, g, J) (dimM=2n=6) be a connected Kaehler manifold
with B-metric. The following conditions are equivalent:

a) M is H-projectively flat;

b) M is of constant totally real sectional curvatures.

2. Pure C-semi-symmetric J-connections. Let « be a_I-form on an almost complex
manifold (M, /) and « be a l-form associate(i to ¢, i. e a(X):=a(/X). A l-form a is
said to be H-closed if the associated l1-form a to « is closed,i. e. d(a,s)=0.

Definition. A linear connection 7 on an almost complex manifold (M, J) is
said to be pure C-semi-symmetric J-connection if<7is a J-connection and the torsion
tensor T of <7 is given by

(7) T(X, ¥) =t X)Y =t Y)X=t(JX)JY + t(JY)JX,

where T is an I-form on M. If v is closed and H-closed <7 is said to be a special
pure C-semi-symmetric J-connection. A pure C-semi-symmetric J-connection is C-semi-
symmetric W-complex connection. Applying theorem A we have

Theorem 1. On an almost complex manifold (M,J) there exists a pure C-semi-
symmetric J-connections iff M is a complex manifold.

Two linear connections 57 and 7* on (M, s) are called pure HS-projectively equi-
valent if
(8) TxY =Y+ a(X)Y+BWX—a(JX)Y —B(JY)IX

26 Cepanxa, kn. 4
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holds for arbitrary 1-forms «,p on M. If « and P are closed and H-closed we have
a special pure HS-projective transformations. It is easy to verify that the pure HS-pro-
jective (special pure HS-projective) transformations form a subgroup of the HS-projective
group.

Theorem 2. a) A linear connection <7 on an complex space (M, y) is pure
C-semi-symmetric (special pure C-semi-symmetric) J-connecton iff it is pure HS-pro-
Jectively (special pure HS-projectively) equivalent to 2 symmetric J-connection.

b) The class of pure C-semi-symmetric (special pure C-semi-symmetric) J-connections
is an invariant of the pure HS-projective (special pure HS-projective) group.

Proof: Let 77 is a pure C-semi-symmetric (special pure C-semi-symmetric) J-con-
nection with torsion tensor 7" given by (7). The connection ©''—<7—1/2T is symmetric
J-connection. The inverse follows by the simple verification

The statement b) follows by a straightforward calculation.

Now we characterized the subclass of special pure C-semi-symmetric J-connections.

Theorem 3. Let <7 be a pure C-semi-symmetric J-connection on an 2n-dimensio-
nal (2n=6)complex space (M, J) and R be the curvature tensor of <7.iThe following
conditions are equivalent :

a) R(X,Y)Z+ R(Y,Z)X+R(Z X)Y=0;

b) <7 is special pure C-semi-symmetric J-connection.

Proof. First we prove the following lemma:

Lemma 1. Let <7 be a pure C-semi-symmetric J-connection with torsion tensor
T given by (7). Then the following conditions are equivalent:

a) The I-form v is (7) in closed and H-closed ;

b) (V0¥ —(7y )X =0; (7)Y —(7y)X=0; T=1,/.
Proof of the Lemma 1. For arbitrary 1-form « on M we have:

9) du(X, ¥) = (7 y2)Y —(7 ) X—a(T(X, ¥));
Specially for t and t from (7) we calculate:
(10) (7T(X, ¥)=0; wT(X,Y))=0.

Let dt—dr—0. Using (10) from (9) we have the condition b). The inverse follows
similarly from (9) and (10).
Proof of the Theorem 3. The first Bianchi identity for R is [3]:

(1 o{R(X, Y)Z} = o{T(T(X, V)Z)+ (7 . TXY, Z)},

where o denote the ciclyc sum of X, Y, Z. Using (7), we calculate:

(12) T(T(X, Y), Z)=((¥Y ](Z)— (Y 2W(IZ DX —(«(X )(Z) = (JX ) Z)Y = (Y (IZ)
+1(INU2)NIX + (X 1 (JZ)+(JX (Z))JY.

(13) (T xTXY- 2)=(7 x0)Y- Z—(7 O Z. Y~ (7 xOY. JZ+ (7D Z.IY.
Substituting (12) and (13) in (11), we find:
(14) S{R(X.V)Z} = of[(/ xO)¥ —(7y)X]Z— (7 yO) Y — (7 y X2},

Let dt—-dt=0. Then (14) and Lemma 1 imply o{R(X, Y)Z}=0. Let o{R(X,Y)Z}=0.
Denoting (<7 x1)Y :==A(X, Y) and using /=0, we have (7 x1)¥ = A(X,JY). Contracting
in (14),we obtain:
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2n—3)YAX, Y)—A(Y, X))+ (A(JX, JY)— A(JY, JX))=0.

In view in the fact 27 =6 we can conclude A(X,Y)—A(Y,X)=0; A(JX,JY)—A(JY, JX)
=0 which imples t is closed and H-closed by Lemma.

Using Lemma 1 for a symmetric J-connection we have

Theorem 4 Let <7 be a symmetric J-connection. Then the curvature tensor R
of <7 is an invariant under the following transformations: 7xY=<7xY+a(X)Y
—B(JX)JY, where o is closed and B is H-closed I-forms.

Proof: For the curvature tensors R’ of 7’ and R of ©/ we calculate:

RI(X.Y)Z=RX, V) Z+[(7 x@)Y —(7y0)X)Z— (7 xB)Y — (7 yB) X1IZ ;B =B, .

Applying Lemma 1 we obtain R'=R.
From the Theorem 3 we have
Theorem 5. If on a complex space (2n=6) there exists a flat pure C-semi-
symmmetric J-connection <7 then <7 is special pure C-semi-symmetric J-connection.
Theorem 6. Let <7 be a special pure C-semi-symmetric J-connection on a complex
space (M,J) (dim M=2n=6) with curvature tensor R. Then the Weyl holomorphic
tensor WHP(R) of <7 is equal to the H-projective tensor HP(R) of .
Proof: For the Weyl component R,= WHP(R) of R we have

(15) WHP(R)=R,=R—R,; R(X,Y)Z¢ span {X,Y,Z,JX,JY,JZ}.
For a J-connection it is well-known R/=JR. Using theorem 3 we find:
(16) RN, V)Z=—L(Y,Z2)X+L(X,Z)Y +(L(X,Y)—L(Y,X)Z+L(Y,JZ) /X~ L(X,JZ)JY
—(L(X, IY)—L(Y,JX)JZ.
Contracting in (16) after some calculations, we obtain:
(17) LY, ¥)=— gy (X, 1)+ sy (X, V)+p(Y, X)—p(UX, JH)—p(JY, JX)).
Substituting (17) and (16) in (15), we get WHP(R)=HP(RY
Theorem 7. The H-projective tensor of a special pure C-semi-symmetric J-
connection is an invariant of the special pure HS-projective group.
Proof: It follows immediately from Theorem 2, Theorem D, Theorem 6.

Theorem 8. A special pure C-semi-symmetric J-connection on a complex space
M, J) (dim M=2n=6) is pure HS-projectively equivalent to a flat symmetric J-con-
nection iff the H-projective tensor HP(R) of <7 vanishes.

Proof : Let 17 is pure HS-projectively equivalent to a flat symmetric J-connection

A’. Theorem 6 and Theorem D imply HP(R)=HP(R')=0. Let HP(R)=0. Theorem 2
states 17 is special pure HS-projectively equivalent to a symmetric J-connection. 7
and Theorem 7 imply HP(R)=HP(R)=0. Using Theorem C 7 is H-projectively egui-
valent to a flat symmetric J-connection <t7. Hence, v7 is pure HS-projectively equiva-
lent to .

The Theorem 7 and Theorem 8 show that the H-projective tensor characterizes
special pure C-semi-symmetric J-connections as that tensor characterizes symmetric
J-connections. Using Theorem 7, Theorem 4 and Theorem C, we have

Theorem 9. A symmetric J-connection on a complex manifold (M, J) (dim M
=2n>-6) is H-projectively flat iff <7 is pure hS-projectively equivalent to a flat
special pure C-semi-symmetric J-connection.
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Definition. Let (M, g J.v) be a Kaehler manifold with the Levi-Civita

o
connection <7 . A linear connection 7 on a Kaehler manifold (M, g, J)is said to be
a pure C-semi-symmetric HW-metric J-connection if the torsion tensor T, the covariant

derivative H of J and the covariant derivative G of the metric g satisfy :
(X, V) =(a—BYX)Y —(a—BYV)A —(a— BYUX)WY +(a—B)IY)IX; H(X, ¥)=0;
GY, 2) Xi=(T 200, 2 )= —2u(X)g(Y, Z)—B(Y g, Z)— B(Z)g(X, ¥)—BUY)eX, /7)

—R(JZ)g(X, JY),

where a, B are 1-forms on M.
By a simple verification we have
Proposition 1. A linear connection 57 on a Kaehler manifold (M, g, J) is pure
C-semi-symmetric HW-metric J-connection iff 7 is pure HS-projectively equivalent to
o

the Levi-Civita connection 7 .
Applying theorem 9, theorem 6 and proposition 1 to a Kaehler manifold we have
Theorem 10. Let (M, g J) (dim M=2n>>6) be a Kaekler manifold. Then the
following conditions are equivalent:
a) M is of constant holomorphic sectional curvature
b)There exists a flat pure C-semi-symmetric HW-metric J-connection.

o] [+]
Definition. Let (M, g J, 7) be a Kaehler manifold with B-metric and <7 be
the Levi-Civita connection. A linear connection 7 on a Kaehler manifold with B-me-
ric (M, g, J) is said to be a pare C-semi-symmetric BW-metric J-connection if the
orsion tensor T, the covariant derivative H of J and the covariant derivative G of
he metric g satisfy: H(X, Y)=0;

TN, V) - (a—=PYX)Y = (a—BYY)X—(a—BYIXWY +(a—BYIY)IX,
GY, Z)X: =(7 3@ Vs Z)==2a(X)&(Y, Z)=B(¥ )g(X, Z)—B2)e X, ¥ )+ 20(/X)g(Y, /Z)

+BUN)RX, JZ)+BUZ)gX. IY ),

We have
Proposition 2. A linear connection 7 on a Kaehler manifold with B-metric is
pure C-semi-symmetric BW-metric J-connection iff 7 is pure HS-projectively equivalent

o

to the Levi-Civita connection .

Applying Theorem 9, Theorem H and Proposition 2 to a Kaehler manifold with
[3-metric, we have

Theorem 11. Let (M, g 4) (dimM=2n=6) be a connected Kaehler manifold
with B-metric. The following conditions are equivalent:

a) M is of constant totally real sectional curvatures;

b) There exists a flat pure C-semi-symmetric BW-metric J-connnection.
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