Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Serdica

Bulgariacae mathematicae
publicationes

Cepauka

beiirapcko MareMaTu4ecKo
CIIKCaHue

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic reprints.
Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to third party websites are prohibited.

For further information on
Serdica Bulgaricae Mathematicae Publicationes
and its new series Serdica Mathematical Journal
visit the website of the journal http://www.math.bas.bg/~serdica
or contact: Editorial Office
Serdica Mathematical Journal
Institute of Mathematics and Informatics
Bulgarian Academy of Sciences
Telephone: (+359-2)9792818, FAX:(+359-2)971-36-49
e-mail: serdica@math.bas.bg



GEOMETRIC QUANTIZATION OF THE SPHERICAL PENDULUM
MIRCEA PUTA

The Kostant-Souriau geometric quantization of the spherical pendulum is discussed and some of
its connections with the Marsden-Weinstein reduction are pointed out.

1. Preliminaries. It is a classical theorem going back to Jacobi and Liouville that
if one has k-first integrals in involution, i.e. their Poisson brackets all vanish, then it
is possible to reduce Hamilton’s equations to a set of Hamiltonian equations in which
2k variables have been eliminated. Similarly in the celestial mechanics rotational inva-
riance allows one to eliminate four variables from Lagrange's equations — Jacobi's
celebrate “elimination of the node”.

Both of the above examples are special cases of the Marsden-Weinstein’ reduc-
tion technique which can be briefly sketched as follows.

Let (M, o, ®, s) be an Hamiltonian G-space, with Ad* — equivariant momentum
map. Denote by G,={g¢ G| Ad’_, p=p} the isotropy subgroup of the co-adjoint action

at peg*. Assume that p is a re‘gular value for / so that J7!(u) is a (dimM — dimG)-
dimensional submanifold of M. By Ad*-equivariance G, acts on J~'(u). Assume that
this action is proper and free so that M,=J'(u)/G, the G, — orbit space of J~\(n),
is a smooth (dim M—dim G—dim G,)-dimensional manifold with the canonical projection
m,: J7N(u)—»M, a surjective submersion,

The theorem of Marsden and Weinstein states then that M, has a unique sym-
plectic structure o, satisflying n* o,=1i o, where &z J7 (1) ™ M, is the canonical inc-
lusion. (M,, ©,) is called the reduced phase space.

Under all the hypotheses above, let H: M—R be a G-invariant Hamiltonian. Then
the flow F, of X, leaves J~'(p) invariant (since J is a conserved quantity) and com-
mutes with the Gy-action on J~'(u) (since @, Xy=Xy) so it induces canonically a
a flow H,: M,— M, defined by F,oip=H,on, Then the theorem of Marsden and
Weinstein, [1], asserts that /, is a Hamiltonian flow on M, with the Hamiltonian H,
induced by H, i.e., Hyom,=[loi, and the Hamiltonian vector field X,; on M, is
merelated to X[ /7' () i e, 1 Xy=Xyy om - Hy s called the reduced Hamiltonian

and ‘\’,,“ the reduced Hamiltonian vector ficld.

The above theorem tells us that the dynamic on the extended phase space of a
mechanical system is projected in a canonical way on its reduced phase space. It is
an open and very tempting problem to try to obtain the quantic equivalent of this
theorem, or more precisely to give an answer at the following problem:

“Are the reduction and the quantization interchangeable processes ?”

The main goal of this paper is to study this problem for the particular case of
the spherical pendulum,

2. Spherical pendulum. The classical problem of the spherical pendulum consists
in the study of the motion of a matherial point on the 2-sphere, under the action of
the gravitational field. The configuration space of the corresponding mechanical system
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Geometric quantization of the spherical pendulum 199

is a 2-sphere in R3, say the unit sphere S% is we choose our unit of length so that
the pendulum has length 1. The phase space is the cotangent bundle, 7*S52, with
the symplectic structure, induced by the canonical symplectic structure of R%.

If p denotes a point on the 2-sphere and a an element of 77,52 then the Hamil-
tonian for the spherical pendulum is:

1
H(o, p)=—-|/a|P+ps

where the first term is the kinetic energy and the second term is the potential energy.

If SO(2) (=~8") is the classical group, of rotations in plane which acts on S? ro-
tating the points around z-axis, then (7*85? o, SO(2)) is an SO(2)-Hamiltonian system
and its corresponding moment map, which is an independent constant of the motion,
is given by:

Na, p)=a, p,—a, p;.

Finally taking p=(J, /), p: T*S*—R3, it is not hard to see that for each regular
value (x, y) of p, its inverse image, p~' (x, ¥), is a 2-torus in 7*S? thus, the inverse
image of the regular set of p is a bundle of 2-dimensional tori. Indeed, the spherical

pendulum is a complete integrable mechanical system and then the property results via
the well known Arnold-Liouville’ theorem, [1].

3. Prequantization. Let {9, 8}, 0<<o<<m, 0<<O<2r, be polar coordinates on S?
and {pe, pe} the corresponding moments, on 7*S? so that the functions A and J are
given in terms of these coordinates by:

1 1
H=—4- p3+—23m,v pi+cose

and J=pe.

A straightforward computation show us that the Marsden-Weinstein reduced phase spa-
ce Mpo=J"'(pe)/SO(2) can be identified with 7*R which is parametrized by {¢,p,} and
its symplectic structure is:

©py=dpe \ do.
Since ®,, is an exact form, @,y =d(ped9), My, is a quantizable manifold. Indeed, the line
bundle (L°’°. Rpe M,,) is simple the trivial bundle, L°’°=M,.><C. the Hermi-
tian structure on L ™ is defined by -
((x, 20) (x, 22))=2y2,,

and the space of smooth sections I' (L 0) of the line bundle L-’° can be identified
with C°°(M,.. Q).

Let C’;"(M,.. C) be the space of smooth complex functions on M,. with compact
support. It is a pre-Hilbert space under the inner product given by:

(f' g)= f-En
4,
and let #, be its completion. Then for each f¢ C°°(M’., R), the prequantum operator

87 corresponding to f,
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80 Hp —Hp,

is given by:
_af @ of 0 of

8/"°=——th[m e oo 5,,;]",;,;1’9‘*‘f-

Let (3, #) be the prequantum operator and the Hilbert space of T*S5? given by Ko-

stant geometric prequantization. Then we have:
Theorem 1. Let f: T*S? —R [resp. g¢ #| be SO(2) invariant functions on

T*S? and fPe [resp. g,,e] the induced functions on M, i. e. f,,aon,,e= f olpy [resp. &,
° My =8olyl, where m, 1 J71(pe) =M, and i, : J~' (pe) ~ T*S* are respectively
the projection and the inclusion. Then we have:

(i) 6,(9) is a smooth, SO(2) — invariant function on T*S?;

yJ
(ii) [8,(g)],e= 8,: (g,,s), or in other words the reduction and the geometric prequan-
]

tization are interchangeable processes.

Proof.
(i) It is a straightforward computation and we shall omit it.

(ii) We can write succesively:
X/”e ( gpe) (("Pe) (X)) = (X/pe)nm(x) (gpe) = Tx(X/)x(gpe) = (X/)x (gﬂ!0 ° npo)

=(AD:(8° bp) = (XA, (¥);
(2o d9) (X;, ) (5, ()] (25, (T (D)
= [(Po d0)r, (x) (X7y ey - (€215, ()]
= (o d0)y, (T 5y (X)) 1@ Iy, ()]
=[5, (Pod®)s, (X)) [8lip, (0]
=[(Pod0),, 118015, (NI =[Podo(X ey oy
(foy+ &ry) oy (D= fiy (Rpy () &y (g, ()
= Uy () 8ip, ()= (£ &), ()

by where we obtain the desired result.
q. e. d.

4. Quantization. Let us consider now the particular case of the horizontal mo-
tions on the sphere. These motions were first discovered by Huygens, [3], see also
Duistermaat [2), the physical explanation being that the centrifugal force, together
with the constraining force of the pendulum exactly balances the force of gravity.
Huygens has also proved that the surfaces of revolution for which, the horizontal
motions have a constant period are the paraboloids.

The equations of the horizontal motions of the spherical pendulum are:

Pe=0

sin ¢ + J? b J =0,

sindg
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and they represent in fact the equilibrium points of the reduced phase space M,o. The

Hamiltonian [resp. reduced Hamiltonian] for the Huygens periodical motions [resp. re-
duced Huygens periodical motions] is given by:

P
H= —°—+cos 0]
2/ =cosp

resp.
H,,e =Cos o.

Let F be the polarization on T*S? generated by {‘%, 32—} and F, the vertical
°

polarization on the reduced phase, i.e., F),e ~o—g—. Then it is not hard to see that H

and H,,e are quantizable with respect to F and Fop respectively. Moreover, we have

P,
Theorem 2. The geometric quantization, operators (8;)y and (8;: )Hpehave the
0

diagonal form, and the geometric quantization and the Marsden-Weinstein reduction

are interchangeable processes.
Proof. Let C®(T*8?% F; 1) [resp. C°°(M,,e, Fpy3 1)] be the space of quantizable

functions on 7*S? [resp. M, ], i. e. feC®(T*S?, F; 1] [resp. feCm(M,e. Fpys ] if

and only if [X, X] is tangent to the polarization F [resp. F,,O] whenever X is tan-

gent to the polarization F [resp. Fpyl, and # [resp. .#’,F] the Hilbert representation
(]

space. Then a straightforward calculation show us that for each g¢ # we have:

(@)= (5} ), (&)= Fy, -8y

P,
or in other words, the quantum operators (3;), and (SF‘; )y have the diagonal form.
8 Py

This implies that the reduction and the geometric quantization are interchangeable

processes.
q. e. d.
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