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A CONSTRUCTION OF ALMOST ANTI-SELF-DUAL CONNECTIONS
ON KUMMER SURFACES

YURIDIMITROV BOZHKOV

Using a partition of unity we glue Eguchi—Hanson metric near a singular point of Kummer
surface and the Euclidean metric. The resulting metric is Hermitian one. It determines canonically a
connection, which is called almost anti-self-dual. Two L, estimates on its curvature are proved. This
work is the first step of Taubes’s iteration procedure.

1. Introduction. If the first Chern class of a compact complex two-dimensional
Kahler manifold vanishes, then there exist two types of such manifolds: Abelian ma-
nifolds and K3 surfaces. By definition K3 surface is a two-dimensional compact com-
plex manifold whose first Betti number b;=0 and whose first Chern class ¢;,=0. We
are interested in finding a metric g on a two-manifold which satisfies Einstein
vacuum equations

Ricci(g)=0.

For instance, in the case of torus T in C” the unique solution is the restriction to T
of the Euclidean flat metric in C” but it is not interesting from differential geome-
trical point of view.

For the present K3 surfaces are the unique simply connected compact manifolds
on which there exists nontrivial Ricci— flat metric ([10]). The construction of this
metric in explicit form or in appropriate approximation is of great interest both for
the mathematicians ([4]) and for the physicists ([6]). Actually, N. Hitchin has set
in [4] the problem of finding of the K3 metric explicitly and proposed a method of
attacking based on twistor theory.

One important particular case of K3 surfaces are the so-called Kummer surfaces,
which are viewed in the following way.

Let A be a lattice in C? generated by four vectors, linearly independent over
R, A =~ Z*. Consider the complex torus 7=C¥A, which is a compact complex mani-
fold. Let

o: T-T
be the involution, defined by

o(x)=—x,
where x¢7. We introduce the following relation of equivalence on 7':

x~y iff o(x)=y.
Denote X=T/~ =T/o. X is said to be Kummer surface.
One verifies that ¢,(X)=0. It is proved that b,(X)=0 ([8]), i. e. X is certainly

of type K3.
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It is easy to see that X has 16 singular points and near a singular point it can
be embedded locally in C3 In fact, near a singular point it can be identified locally
with the cone y2=y,y, in C3.

The purpose of this paper is to construct an almost anti-self-dual connection on
the Kummer surface X. Denote it by v, and let Fv be its curvature.

Our main result in this paper is the following

Proposition 1. These exists a constant ¢,>0 such that for all p>1 and
sufficiently small A\

(1 ([ o, =eve
@ | PP || <cpb.

Here P,=(1+ %)/2, where % is the Hodge-star operator and ¢, is independent

of A
Definition. A connection which satisfies (2) is called almost anti-self-dual
connection.

How do we construct the connection y,? N

First we blow up the 16 singular points and let X be the resulting non-singular
surface. Under this transformation every singular point is replaced by a copy of CP,
the complex one-dimensional projective space. In a neighbourhood (ball) of every
distinct projective line in X, which has sufficiently small radius %, there exists the
metric of Eguchi-Hanson (see [1, 2] and [3]). Denote this metric by g,,. Outside the
neighbourhood of radius 2. we consider the Euclidean metric g Let (a, B) be an
appropriate partition of unity subordinate to these balls. Set

3) h=agry+Bg

h is a Hermitian metric, but it is not Kihler one, while the metrics gy and g are
Kahler. The metric 4 determines canonically a unique connection y,. This is the con-
nection we have looked for. We hope that (3) yields a good approximation of the
Kahler-Einstein-Calabi-Yau metric ([10]).

The metric 4, as an approximation of the K3 metric, was deduced (using the
words of N. Hitchin, [4], p. 115) “heuristically” by D. Page [7], but in this paper
we use it in a concrete way. The Proposition 1 is only the first step of the iteration
scheme of C. Taubes [9], which will enable us to obtain stronger results concerning
existence of anti-self-dual connections and metrics on Kummer surfaces. They will
appear in a separate paper.

In the next section we introduce some notations and give explicit form of the
metric 4. In section 3 we prove Proposition | using a technical lemma which is proved
in section 4.

In conclusion of this introduction we would like to thank Professor Andrei To-
dorov for proposing th: problem, his useful advices and the help in preparation of
the work.

2. Definition of the almost anti-self-dual connection. Let { p;}, j=1,..., 16,
be the set of the singular points of the Kummer surface X. In fact

P €4(0,0,0,0,); (0,0,0,1/2); (0,0, 172, 0); .. .; (1/2, 1/2,1/2, 1/2)}.

Real coordinates are used above. Let B/ be the ball of radius A and centre at P
We choose A<1/2 to be so small that

BLNBy=@ it jks.
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Define
1, x¢B]
“/(x)={0, x?Bé;.' =
Set a(x)=2}° ja,(x) and B(x)=1—a(x), or a+ B=1. Then

( {l, if x¢B, for some j=1,..., 16;
X)= - .
0, if x€Bu for every s.

After making 16 o-processes, instead of Bl we write B again with no confusion.

Since for every point p'¢.X we have a(p’)=a,(p’) for some j it is sufficient to
work in a neighbourhood of a singular point p;=p. In the ball By=B] we know the
metric of Eguchi-Hansan

Zen=W+ct/(1+] 22 +c |z [F|EPNT+ct) dz®dz+((c/2) (1+]| 2 [D2ENT + ct)d2RdE
+((€/2) (1+] 2 [2)RE/N T+ ct)dE@dz +((¢c/4) (1 + | 2 PPN T+ ct)dERE,

where
t=(1+|zPP|EP 2 &G,

¢>0 is an arbitrary constant ([1]). In order to prove Lemma 2, section 4, we choose
c=4.

gey is a Kihler metric on the bundle L —CP!, where L is biholomorphically
equivalent to the cone {( vy, ¥,, ¥9)€C?: yI=y,¥,}. See [1]. But our Kummer surface
defines the same bundle after making 16 o-processes, that is, g, is the metric near
the singular point we need.

Since the real dimension of a. K 3 surface is four, then there exists a local -
dinate chart (¢, U) such that o

peU, ¢:U—R* and o¢(p)=0.

Assume X is such that Bu—U. We identily ¢(B.), ¢(Bx) and B,, Bx. correspondingly
and instead of @(B) we shall write simply B. Introduce real normal coordinates x;
Xg, X3 X; Then we make the change 4

(4) z=x;+V 1%y, E=xy+y—lx,

The “normality” of coordinates means (see [9], p. 161) that
a) o(p)=0¢RY; .
b) the components of the Riemannian metric n:

n(p)=(9*dx), ¢¥(dx)), o(p')=x,
satisfy
A p)=5,  dnl,=0, |WAp)=87|<| o(p') 30l p)=| x 9( p),
for all p’¢U. |.| is Euclidean norm in R* and p(p)<oo is a constant which depends
on Riemannian structure of X.
Let A, be sufficiently small and Ap(p)<1. Then for A<,/2 we have the incly-
sion Bn:{p’(U | X ](21}\:{,)’: 'x|<kl}_ Hence, for every P'(Bn

[ p") 87| | x 2 p( p)<Ap( p)<I.
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After the change of variables (4), we get that the metric 2=ag;;+Bgs can be
expressed in the form

A 0 C —-D
0 A D C
—D C 0 B
where

A=a[V1+4¢/(1 + X3+ x2P +4(x2+ x2) (2+ x2)/\ 1 +4¢) +B,
B=a(l+x3+x2)2/J1+4¢+B,
C=2a(1 +x2 4+ x2) (x,X3+ X0 x )N T+ 4, D =2a(l +x2+x2) (xoxX3—x,,)/\ 1 +4¢

and £ (1+x?4 x2)?(x2+x2). v, will denote the unique connection corresponding to
h, which is determined by the Christoffel symbols

ahk([l dhim dhik ,

D=k (5 + 5k~ gem
where
B 0 —-C D
‘ 4 : 0 B —-D —C
(6) h_1=(h‘/)=,4_3fcrpz —C -D A 0

D —C 0 A

is the inverse matrix of the matrix %~ and we have used Einstein’s summation con-

vention.

3. Proof of Proposition 1. First we shall introduce L, norms.

The metric n (see the last section) determines a Hodge operator *, and Euclidean
metric determines Hodge operator = By |.| we will denote the norm (of a matrix
with p-forms as elements) which corresponds to =, and by |.|, —the norm correspon-

ding to #, Let o -w, .. ., dx" A --- Adx'» be a p-form and n be the real dimension
of considered manifold. Then (see [2]):

x0=(1/p)e" "t jup wz....ipdx/' A ... Ndx'*? (0=p=n)
-n(os(\/l]/l)’ ) nlnl'l $on l]iﬂ/”(ﬂl.-.-ipel.- ) '/p/l’+| ,,_/"dxj”‘*"/\ .. /\d%n'

where n=det(n,) and € is the fully antisymmetrical tensor.
If Fis a matrix with elements p-forms o/, then | Fly=(1/p! ) n"/i. .. nlnjpu)’,.___,p

X Wy, in particular |F|=(1/p! )‘0/11...-1‘,‘”11-.-~l,,v and
IFl=Crs{ [ Fl*nd"x}'e.

If n=4, p=2, then 0<¢,, ,=.5.
Recall that Fve is the curvature of the connection vy,.
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Lemma 1. There are two constants k, and ke independent of N, such that
| FY¥eln < ky | F™|
and
| PyFVe|q < ko | F¥e|

in the ball Bs.

Proof. See (8.20), p. 162 and (8.21), p. 163 in [9].

The following lemma will be proved in Section 4.

Lemma 2. There exists a constant C,>0 independent of A\, such that in the
ball By the estimate

(7 | Rl = Co

holds for all i, j, k, 1=1,2, 3, 4. Rj, are the components of the Riemannian tensor

corresponding to h (or y,).

Now we are ready for the

Proof of the Proposition 1. Outside the ball By : =g, and therefore vy,
is flat: Fve==0. Thus, it is suificient to prove the assertion in Ba.

| FYe| = R}klR{kl/B
(summation in all indices).

From Lemma 2 we get that | Fve| < |R§,.,|.| Riw|/8 < 32C3.
Then Lemma 1 gives |F¥V|, <k, 32 C} < k?, |P,F% |, = ky 32 C} < k% Therefore

Fvll, <5 Foe|P? qatx)e < 5k dvive
| F¥ e, {mfml n% max} {min }

~ 2 ~ ~ ~
=5k of pidp}'” { | { l dw)\P<5k.2-2 . 297 wlle AP =5k(4w,) P\ <5k . 4w, . A4,

The last inequality holds because p=1 and 4w‘=4I I ldwgl. Set C,=20kw,. Then
w |=

|| Fve IILFQC,X‘/P.
The proof of the estimate (2) (see Introduction) is similar.
4. Main technical lemma. We are going to prove Lemma 2 in the previous
section,
It is well-known that
. dh 32 0% h
Riw =112 h* | o;to??" dxlow " xion oxkolis ]

) oh oh oh oh,;j oh oh
+( )RR (G + o — ot ) (it ot o)

—( _9£II_+ _oﬁ"___o"ls_ ) ( Ohyj Ohpp _ Ohy; )
oxs ox! daxt oxk ax/ ox? ke

Then it is sufficient to obtain upper estimates on the quantities

ohy; 0hy;
i/ g —_
|47, | dxk | and | dxkox! |

Everywhere below we assume that | x [?=x]+x3+x3+xI<40<1(x€By).
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1. First we shall estimate |A”/|. We have

(i) | D <2|a|(1+x24x2) (xgxs+x.X,) N1+ 4f <4

(i) | Cl=C=2a (1 +x}+x3) (X1 X3+ Xgx )N+ 4 < 4

(iii) | B|=B=a(l +x2+ 2 N1+4f + B<5

(iv) [A|=A=a(1+4(x3+x2) (1 +x2+x2)/(T+ (1 + X2+ x2)) + B <34.

Further AB—C?— D?=02+ B+ aB [ {1 +44(1 +x24+x2)? + (4xi+x3) (x5 + x2) + (l+x'f
+x))// 1 +4t] = 0+ B2 =202+ 1=1/4.
The last inequality holds since the discriminant of the equation 202—20+3/4=0 is
negative.

From (6), 1.(i), (ii), (iii), (iv) and from the fact that AB—C?—D? = 1/4 it fol-
lows that

(8) |k | < C,

for some constant C;>0.
2. We shall obtain estimates on the first derivatives of the metric A.

. oD da
(l) ' _d;k_=2 —ox—k— (l +X?+x3) (X,X:;—X‘X])/Jl + 4t

+ 20 [uy 1+ 4f + 201 +x2+x2) (0,3, —x23)0/ 1+ 42)/(1 + 4¢),
where u=(0/0x*) [(1 +x}+ x3) (x9x3 —x.x)] and v =(9/0x*) [(1 + x2+ x2)? (x2+ x2)]. Then
|90 | <160 |25 | 420( | u|(1+80)+4| o))
It is easy to verify that |#|=3 and |7|=16. Hence
12D | <1600 22| +138.
In order to estimate the first and second derivatives of @ we need the following

lemma :
Lemma. ([5]). The C= function a can be chosen such that there exists inde-

pendent of A positive constant C for which the estimates

©) |5gr | = €A

0%a ~
(10) ‘ Toxkoxl [ =4C?
hold.

Using this lemma we get | gff | <8C?+ 138,

(il) Similarly we get that | 3o | <8G9+ 138,
(iii) Differentiating B we obtain
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0B
dxk

=20 (42242 — T+ a2 T +a[(0/0x%) (1 + 2+ x2 . T+ 4
—20(1 +x2+ x2)2/\ 1+ 4¢)/(1 + 4¢).
5o | = 3k |- | (18 + 8P — T+ 32| +150.

But (1+x2+x22— T+ 4 =(x2+ x22+2(x? + x3)— :Z;l ( lf) 4%t* and therefore

ppesa—— po 1/2 l
|1+ + xR — (T3 = 161+ 8+ 3 (% ) 1444 < 1623483

+ 3 <243+ T 4K(16AI)

k=1 k=1

since £<<16A% We want that 64A2<1/2, i. e. A<<1/(8y2). Then the series Zi.;(64 A%
is convergent and

S (6Myi< T (1/2p1=2.
k=1 k=1
0B | _ da
Thus | 5o | = (24M2+6402.2) | | + 150 and from (9) we obtain

| 28 | <7607 + 150.
(iv) On the analogy of (iii) we prove that
| —g%-l = const.

From 2.(i), (i), (iii) and (iv) we obtain

(11) || < Cy

for some C,'>0 which is independent of A.
3. After twice differentiating and applying Hormander’s lemma (see (9), (10)) we
conclude that there exists a constant C;"">0 which is independent of A such that

¥y

(12) | 5z | = Co -

The proof of this fact is lengthy but there are no new points in it and we omit it
From (8), (11), (12) and from the formula in the beginning of the proof we ob-
tain the desired estimate on the components of the Riemannian tensor.
This completes the proof of the Proposition 1.
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