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A CLASS OF UNIMODAL DISTRIBUTIONS
T. ARTIKIS, D. JERWOOD, A. VOUDOURI

1. Introduction. A distribution functon F(x) is called unimodal at the point x=0
[the mode of the distribution function], in short: (0) unimodal, if F(x) is convex in
the interval (— <o, 0) and is concave in the interval (0, co). A function ¢(u) is the
characteristic function of a (0) unimodal distribution function Ax) if and only if

(1.1) o) = [ (y)dy. usR

where 9(u) is some characteristic function [1, Theorem 4.5. 1.].
Let F(x) be a distribution function with finite second moment and characteristic

function ¢(u), then

2 _ 9@ -9'(0)
(1.2) V()= =0

is also a characteristic function [1, Theorem 12. 2. 5]. From (1.1) and (1.2) it easily
follows that (1.2) is the characteristic function of a (0) unimodal distribution function.
Characteristic functions of the form (1.2) will be called members of class C.

This paper is devoted to the study of the class C. Certain relationships between
characteristic functions of (0) unimodal distributions and characteristic functions of
class C are established. Moreover, the paper investigates the limiting behavior of cer-

tain sequences of class C.
2. Results. First we establish certain relationships between characteristic func-

tions of (0) unimodal distributions and characteristic functions of class C.

Theorem 1. Let ¢(«) be the characteristic function of a (0)unimodal distri-
bution function F(x). Then there exists a characteristic function y(u) of a distribu-
tion function G(x) on [0, o) such that

oy (i [ o(y)ydy)

is a characteristic function of class C.
Proof. From (1.1) and theorem 12. 2. 8 of [1] it follows that

k() = exp {_Uf" Ufy ¥(x)dxdy}=exp{— {u o(y) ydy}

is the characteristic function of an infinitely divisible distribution function with finite
second moment. Let

v(u)=0f exp{—xof" o(y)ydy}dH(x)
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witn H(x) a distribution function on [0, o) having finite second moment, then ()
is the characteristic function of a distribution function with finite second moment.
Set y(u) for the characteristic function of the distribution function
G(x) = I ydH( y)/ l YAH ().

Since

’ -V’ 0 ) u
@1) YO =01 [ o(v)ydy),

VO (0)u h)

u

from (1.2) it follows that ¢(u)y (ié{ ¢ (y)ydy) is a characteristic function of class C.

Corollary 1. Let ¢(u) be the characteristic function of a distribution func-
tion F(x) on [0, «o) with finite second moment. Then

_o(u)— f o(y)—

e TR L yay)in

is the characteristic function of an (0) unimodal distribution function.

Proof. The function ¢’(x)/in is the characteristic function of the distribution
function F\(x)= [§ydF(y)/n, where p is the mean value of Fx). Letting 8(u)=¢'(x)/ip
in (1.1), we get that [@(u)—1]/ipz is the characteristic function of an (0) unimodal
distribution function. Substituting ¢(u) by [e(u)—1]/ipz and vy(u) by @'(u)/ip in (2.1),
we get that

w(u) ' o(u)—1
o'l f ny YY)
is the characteristic function of an (0) unimodal distribution function.

The limiting behavior of certain sequences of characteristic functions of class C
is investigated in the following theorems.

Theorem 2. Let o(u) be the characteristic function of an (0) unimodal distri-
bution function F(x). Then there exists a sequence {®,(u): n=1, 2,...} of charac-
teristic functions of class C such that lim,,.o0,u)=0(u), uecR.

Proof. The characteristic function ¢(z) can be written in the form (1.1). Set

q),,(u):exp{——:T ofu O[yS(x)dxdy}, n=12,...,

then from theorem 12. 2.8 of [1] it follows that ¢,(«) is the characteristic function
of an infinitely divisible distribution function with finite second moment. Hence

o, u)—@ (0 u u
@) o= 20 L s aylexp(— o [ [ 800 dxay)

is a sequence of characteristic functions of class C. From (2.2) it follows that

lim w,.(u)—— f Yy)dy=o(u), ueR.

Corollary 2. Let o(u) be the characteristic function of a distribution func-
tion having a convex density in the half lines x>0 and x<0. Then there exists
a sequence {o,(u): n=1,2,...} of characteristic functions of class C such that
1im e ©,(1) = (), UER.
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Proof. From theorem 1 of [2] it follows that the characteristic function @(x)
can be written in the form

(23) o) [ Buy) (1—y)dy,
where P(uz) is a characteristic function. Set

(2.4) Sw)=-2 [ By)ydy

in (2.2) of theorem 2. Then from (2.3) and (2.4) it follows that

limo(u)=u=" [ Yy)dy=2u"2 [ pluy)(1—y)dy=9o), uck.
n— 0 U]

The representation of every member of class C as the limit of a sequence of cha-
racteristic functions of class C is given in the following theorem.

Theorem 3. Let o(u) be a characteristic function of class C. Then there
exists a sequence {w, u): n=1, 2, ...} of characteristic functions of class C such that

limo, ()=o), uck.

n—oo

Proof. Consider the sequence of Poisson-type characteristic functions @,(u)
=exp{n '[o(u)—1]}, ¢(u) is the characteristic function of a distribution function with
finite second moment. Set

‘D,;(U)—‘P,;(O) __o'(w) exp{n [ow)—1]}—¢'(0)

2! = =
(2.5) ,(u) 0, (O ¢"0)u+ [0”(0)]u/n

Then {o,(u): n—=1,2,...} is a sequence of characteristic functions of class C
From (2.5) it follows that limm,,(u):—or%z%;—‘(ﬂzw(u). ueR.
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