Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Serdica

Bulgariacae mathematicae
publicationes

Cepauka

beiirapcko MareMaTu4ecKo
CIIKCaHue

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic reprints.
Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to third party websites are prohibited.

For further information on
Serdica Bulgaricae Mathematicae Publicationes
and its new series Serdica Mathematical Journal
visit the website of the journal http://www.math.bas.bg/~serdica
or contact: Editorial Office
Serdica Mathematical Journal
Institute of Mathematics and Informatics
Bulgarian Academy of Sciences
Telephone: (+359-2)9792818, FAX:(+359-2)971-36-49
e-mail: serdica@math.bas.bg



ON EXTRINSIC SPHERES IN SASAKIAN MANIFOLDS
CZESLAW KONOPKA

1. Introduction. An m-dimensional submanifold, m=2, of a Riemannian manifold
is called an extrinsic sphere if it is umbilical and has nonzero parallel mean curvature
vector field [2]. Recently, extrinsic spheres in Sasakian manifolds were studied by
Yamaguchi, Nemoto and Kawabata [3]. The present paper also concerns pro-
perties of extrinsic spheres in such manifolds. More precisely, we show that an anti-
invariant extrinsic sphere of dimension -3 is of constant curvature if its curvature
tensor of the connection induced in the normal bundle satisfies the condition

Va '\/mRtb; —VmV nRrb; =0.

Moreover, we give some sufficient conditions for an extrinsic sphere to be homothetic
to a Sasakian manifold. Our theorems are strictly related to results of Yamaguchi,
Nemoto and Kawabata in [3] _

2. Preliminaries. Let M be an n-dimensional Sasakian manifold. Thus, M is a Rie-
mannian manifold with metric tensor G together with (1.1) — tensor field F and a
vector field v which satisfy (cf. [1]):

(2.1 FiFi=—8i+viv, vo'=1, Fiv'=0,
22) GuFiF =Gy,

(2.3) VaFi=—Gyv' + 84,

(2.3) V40j=Fy= —Fp)s

where 17 denotes the covariant differentiation with respect to G, v;=G,v" and
Fl/‘G/rf:
Let M(dim M=m, m<n) be asubmanifold of M. Denote by (x) and (#%) local

coordinates of M and M, respectively. The indices a, b, ¢, d, e, m, n run over the
range {l, 2,..., m} and the indices i, j, k& r, s over the range {l, 2,..., n}. Let

xi=x!(u”) be a parametric representation of M in M. Set Bl =odxi/ou. Let g be the
Riemannian metric induced on M of components g, G.BB;.

Next we take (n—m)-mutually orthogonal unit local vector fields N, normal to M
and denote their components by N/ The Greek indices run over the range {m+1,

m+2, ..., n}. Denote by g,, the components of the metric tensor induced on the nor-
mal bundle 7'M of M from the metric tensor G of M, that is, g, = G N, Iy, 5.
Let us express /B, and FN, as lincar combinations of B, and N, as follows

(2.5) FiB - fB.+ fIN!,
(2.6) FIN=fiB,+ [N},
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and let
(2.7) v =v"Bi+ 0N,
Then f* are components of an f-structure in the normal bundle 7M.

It can be easily noted that fu,=—fyu foa=—faa for=—fra where fo,=fig

fua=f£g¢ay fau:fzguy and fuy:f:';g*{a.
Using these equalities and taking into account (2.5)~(2.7) and (2.1) we find

(2.8) £ feor— 1S4 fra=—8ap+VaTs
(2.9) fofeatfrafi= Vel
(2.10) fLfsp—f2 foa=—gup+ VuTp,
(2.11) fea?” =faa?%

(2.12) f0u?® = — fra®",
(2.13) 0,0+ v.0%=1,

where v, =g,v° and v,=g.,v". The equality (2.13) is a consequence of vv'=1.

It FTM=T.!M for any x¢M (i e. f¢=0), then M is said to be an anti-in-
variant submanifold of M (cf. [5]).

Denoting by A¢, the components of the second fundamental tensor of the subma-
nifold M, we have the following equations of Gauss

(2.14) VBl =he,N:
and of Weingarten
(2.15) 7N, = —hiap.,

where ©/ denotes the Van der Waerden—Bortolotti covariant differentiation (see
e. g. K. Yano and S. Ishihara [4]) and h}o=h}, 8%8ur

The mean curvature vector field of the submanifold M has local components
h*=1/mg®h¢, and the function #, such that h?®= guh°h? is the mean curvature.

The submanifold M is said to be totally umbilical if A2 =g,/ and totally geo-
desic if 4¢,=0. If the mean curvature vector field of a totally umbilical submanifold
is nonzero and parallel (*/,4*=0), then M is called an extrinsic sphere in M (cf. [2])
The mean curvature 2 of an extrinsic sphere is a nonzero constant.

LLet M be an extrinsic sphere in M. Differentiating (2.5)~(2.7) covariantly along
the submanifold M we obtain, by virtue of (2.2)~4(2.7), (2.14) and (2.15),

(2.16) Ve fab=Va&be—Vs8ac T Halbe— Ws&acr
(2.17) 7 faa=—Vagap—Na far+ fral" &aps
(2.18) Vs for =foalty—foiha.

(2.19) V% = P8as+ foar

(2.20) Ve =fra—Tpha,

where u,=fah* and P v.h® = v,N' h* = vh'.
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We remark also that from (2.20) it follows that

(2.21) v.,P=u,—h*v,,
and from (2.17) it follows that
(222) Vg = _thab—Pgab'

3. Properties of extrinsic spheres. In this section we assume that M is an extrin-

sic sphere in a Sasakian manifold M.
Lemma 3.1. For M we have

(3.1) VT cpae =0,

(32) feaT?+fRebar =0,

(3.3) FA7 T mRetva = m T aRetra )= [V 27 mRevze — ' m T aRecsae)
=(V+2*N fur T coam—fmrTcoant 1 T cone8am=S2T comeBank

where

(3.4) T 4cva=Racsa— (1 +1*N&aaBbc— 8acbalr Taco= Tacoe8™

Rucva and Reva=R?, 8w are covariant components of the curvature tensor of M and
the connection in the normal bundle of M, respectively.

Proof. Differentiating (2.19) covariantly and applying the Ricci identity, (2.16),
(2.21) and (3.4), we find (3.1). Differentiating now (2.17) covariantly and applying
(2.16), (2.18), (2.20) and the Ricci identity, we obtain

f"‘R:'ba + f“YRZbu = (l + h’)(gab fm — &ac fb“)

This, by making use of (3.4) can be written in the form (3.2).
To prove (3.3) we transvect the Ricci identity

anv'meb‘tu —Vm ;"nRthm - *'Relmx Rt —Rceyu R;,,,b—Rcbzu R:,,,Y—Rdnx R:,,,u

nmce

with f* and use (3.2), (3.4) and the known identity
Vn \V'decba sl -"mVancba - _RchR:,.a'—RdceaR;mb—RdebaR:m‘-—‘RerbaR;md'

This completes the proof.

In Theorem 3.4 we consider anti-invariant extrinsic spheres. The following
proposition gives a characterisation of the anti-invariance:

Proposition 3.2. An extrinsic sphere M in a Sasakian manifold is anti-inva-
riant if and only if the tensor field of components f,, is parallel on M.

Proof. The necessary condition is obvious. Suppose now that 7.f,,=0. Then,
in virtue of (2.16), we obtain u,—= —v,. The last equation, by covariant differentiation
an making use of (2.19) and (2.22) leads to f,,=0, which completes the proof.

Contrary to the above we have:

Proposition 3.3. Let M be an extrinsic sphere in a Sasakian manifold. There
are no open subset of M on which </ ,faa=0.

Proof. Suppose that U is an open subset of M on which 7, fsu=0. Then, from
this and (2.17) it follows that f, =0 and f,uh"=wv. From (2.16) and (2.12) we get
u,~—uv, and u,v°—v,0* respectively. Consequently, we have v, +v,0*=0 on U.
This contradicts the equality (2.13). The proof is complete.

Theorem 3.4. Let M be an anti-invariant extrinsic sphere in a Sasakian ma-
nifold and dimM 3. If the curvature tensor in the normal bundle of M satisfies
the condition
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(35) VnanbeW— vmVanb’YG:O'

then M is of constant curvature.

Proof. Suppose that (3.5) is satisfied. Then, permuting (3.3) cyclically with respect
to indices (a, b, c), adding the resulting equations and using the relation 7,0+ 7pac.
+ Tope="0 and the first Bianchi identity, we find

f:( Ttbuegam— come8an + Tbanegtm - Tbamegcn + Tangbm - Tacmegbn) =0.

Hence, by transvection with f¢g®™ and making use of (2.8), (3.1) and our assumption
(fap=0), we have

(36) (’n_a)Trbud: Tdbgm— Tdcgbm

where T, =7 ;5.8

Next, transvecting (3.6) with, g, we get 7,=0 (since m=3). If m>3, then the
relation 7, =0 used in (3.6) yields 7,,.,=0. Asit is well known, if m=3, then 7, =0
always implies 7, ,=0. Thus, M is a space of constant curvature. Our Theorem is
thus proved.

Corollary 3.5. Let M be a complete, connected, simply connected, anti-inva-
riant extrinsic sphere in a Sasakian manifold and dim M=3. If the curvature ten-
sor in the normal bundle of M satisfies (3.5), them M is isometric to an ordinary
sphere.

Theorem 3.6. If the projection of the wvector field v on M has nonzero con-
stant length (i. e., v,v° =const-=0), then M is homothetic to a Sasakian manifold.

Proof. Differentiating the relation v,v°=const=0 covariantly and taking into
consideration (2.19), we obtain f,,v°=Pv,. Hence we see that P=0. It has been prov-
ed ([3], see the proof of Theorem) that if P=0and v,7°=const=-0, then M is homo-
thetic to a Sasakian manifold. This completes the proof.

If .fr=0, then the f-structure in the normal bundle TM of M is said to be
parallel.

Theorem 3.7. If the f-structure is parallel in the normal bundle and P=v.h*=0
on M, then M is homothetic to a Sasakian manifold.

Proof. Suppose that 7. f!=0 holds. Then, from (2.18) it follows that fauiy=fayh,.
Hence, by covariant differentiation and using of (2.17), we find

(3.7) Vahty— haly = Rafpch — faxh™hy.

Transvecting now (3.7) with ©* and considering (2.12), we have Pv.—hqv,0"
= —hatt,U°— Pfo,h*. 1f P=0, then u,=h%v, and the above equality can be rewritten in
the form A%v,v°—v,v*=0. Therefore, (2.13) gives (1+A?)v,v°=1, which together with
Theorem 3.6 completes the proof.
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