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CHARACTERISTIC CURVATURES IN THE ALMOST HERMITIAN GEOMETRY
G. STANILOV

Using some proper biquadratic functions we determine the curvature tensor in the almost Hermi-
tian geometry. One of them — the so-called Kaehlerian defect, we generalize for higher dimensions
and give some usefull relations for Kaelerian defects of different orders.

It is well known that in the Riemannian geometry the curvature tensor R can be
determined by the sectional curvature of the manifold. This means the following : if
k(x, y)=R(x, y, x, y) then the value R(x, y, 2, 4) can be determined by the values
of the biquadratic function % [1). Of course this assertion is also true for the curva-
ture tensor in the almost Hermitian geometry. But it is not a proper result for this geo-
metry. Because of this our main purpose is to find curvatures which are proper quan-
tities for the almost Hermitian geometry and to expeess R by them.

Now we shall use essentially the paper [2] and also our papers [3] and [4].

1. Determination of the curvature tensor in the almost Hermitian geometry.
According to [2] the curvature tensor R in the almost Hermitian geometry can be
decomposed in four orthogonal components:

(1) R=R.+R:+R}+R},

where the components are geometrically determined. Then the determination of R is
equivalently with the determination of its components.

In (3] we have defined the notion mutual curvature of two arbitrary tangent
subspaces at a point of a Riemannian manifold and as a special case — curvature of
arbitrary tangent subspace. This give us a possibility to introduce the notion Kaehle-
rian defect Ap(E*) = Ap(x, y) of every 4-dimensional holomorphical tangent subspace &
spanned by the orthonormal quadruple x, y, Jx, Jy. By definition we have

Ap(EY)=Kp (E)—Kp+ (EY),

where
RYx, v, z, u)=R(x, y, Jz, Ju).
We have
(2) Aglx, ¥)=R(x, ¥, x, Y)+RUx, Jy, Jx, Jy)+R(x, Jy, X, Jy)

+R(Jx, y, Jx, ¥)—2R(x, ¥, Jx, IV)—2R(x, Jy, y, Jx).

Now we can define the biquadratic function Ap by (2) for arbitrary X, y. Then
for the component

R} =(pctpstre)(R)
we have
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Lemma 1. The equality
3) 16R! (x, ¥, x, y)=3Ag(x, ¥)

holds for arbitrary x, y.
We omit the long calculations. It follows

’ 3
(3) KRJ (xAy)=15 2= (% ¥)
1
for a plane a=x/\y spanned by an orthonormal pair x, y. In (3") KRJ (xA\y) is

1
the sectional curvature of a in respect to Rl If a is an antiholomorphical plane, i. e,

o | Ju=Jx/\Jy then Ag(x, y) is the Kaehlerian defect of Et=xA\yAJx\Jy.
In [4] we have considered also the difference of the mutual curvatures in respect
to R and R* of the planes u=x/\y and Ju=Jx/\Jy when o« is an antiholomorphical

plane:
(4) (K—K*p(x\y; JXNIy)=R(x. Jy, x, Jy) +RUx, y, Jx, y)—2R(x, Jy, ¥, Jx).

Now we define the biquadratic function (K—K*)p by (4) for arbitrary vectors x, y.
Then for the components R} =p-(R) we can prove the following

Lemma 2. The equality
(5) Ri(x, ¥, %, ¥)= 5 Bp(x, y)—— (K—K*e(x\y: Jx\Jy)

holds for arbitrary x, y.
We remark that for x, y — orthonormal pair

K, (x\)=Rf (x, 3. %, ¥)

In respect to tensor R* the sectional curvature Kpe can be defined by
(6) Kp (x\y)=R(x, y, Jx, Jy),

where x, v is an orthonormal pair. But we can consider R(x, y, Jx, Jy) also for ar-
bitrary vectors x, y.

For the first component R,=(p,+py+psXR) by a long but not difficult calcula-
tion we can prove the following

Lemma 3. The equality

() Rix %0 %0 )= Ap (6 ) HR( v, Ix, Jy) =~ (K—K*)a(x \yi Jx\Jy)

holds for arbitrary vectors.
If x, y is an orthonormal pair of vectors then

Kp, (x \Y)=Ri\(x, y, x, y)
is the sectional curvature of x/\y in respect to R,.
The component R/ =(pyt+potPio)(R) is equal to R—LyR and can be determined
by the biquadratic function
Ri (x vy %, ) =K1 (XA ).

3

Now we can formulate the main result.
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Theorem 1. The curvature tensor R in the almost Hermitian geometry can
be determined by the following biquadratic functions :

a) Ap(x, ¥);

b) (K—K*e(x\y: Jx\Jy);

¢) R(x, v, Jx, Jv);

d) Ry (x, ¥, x, ¥).
More precisely :

L Ap(x, ¥) R(x, ¥, Jx, Jy), (K—K*)g(x \y; Jx \Jy) determine the components R, .

2. Ap(x, y) determines the component R} ;

3. Ap(x, V), (K—K*g(xA\y; Jx/\Jv) determine the component R; ;

4. R)-(x,y, x, y) determines the component R;".

From the theorem we can conclude the following

Corollary. The curvature tensor R in the almost Hermitian geometry can be
determined by the following curvatures:

I. Ag(x, ¥) (now x \y is an antiholomphic section);

I (K—K*)p(xA\y; Jx \Jy) (now x\y is also an antiholomorphic section);

. R(x, vy, Jx, Jy) (now x, y is an orthonormal pair of vector);

IV. R}l (x, ¥, x, ¥) (now x, y is also an orthonormal pair);

The functions 1 -1V we call characteristic functions of the curvature tensor R.

2. The Kaehlerian defect of higher dimensions. The equality (3) give us a

very important information. Namely the Kaehlerian defect Ag(x, y) is proportional to
the antiholomorphic sectional curvature R} (x, y, x, y). This give us possibility to
translate all ideas and results from our paper [3] related with sectional curvatures to
the Kaehlerian defects.

We shall do only something. First we define Kaehlerian defect for holomorphical
tangent subspace of dimension 2k>4.

Let ¢,...,1, JI,...,Jl, is an orthonormal base of the tangent space at a point
of an arbitrary almost Hermitian manifold and let £ be a fixed number among the
numbers 2, 3,...n. The curvature Ky,..., of the holomorphical tangent subspace

spanned by the vectors ..., Iy, Jly ..., I, is given by [3]
Kyg. . k= T RU, UL, )+ T RJL, Jy JI, Tl
1

1si<jsk SISk

+ z R(li' -,I/' [", .,l/).
k

Pl oo, kg j=1, ...,
The curvature in respect to thenson R* of the same subspace is

Kip.w= T Rl Jp JU)+ X RUL Tl b l)

1si<ja Si<Usk

+ s Ry 11, JL, —1y).
]

fmal, oo R Sl L.,
Their difference

(8) sz...a=K|s.~~b‘_K;:...n

we call Kaehlerian defect (in respect to R) of the subspace spanned by the vectors
byoooyly Jy ... J1,. Using the fact that

9) A=Ay 1)
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and the expressions for K),..., and K}, , from (8) we get
(10) A12...k= z A,‘/.

According to this we can write
(11) Aii,y...i = p> A iy

l=ij =i lig=n

The method for solving this system in respect to Kaehlerian defects (of order 2) is
given in our paper [3]. Because of this we have the following

Theorem 2. Let 2<k<n—2. From (11) follows

k—1

R
(12) ( 9 )Am23\;\”3:";’”-2[3.2.”',;._.";”_k+2 + ( 2 )AM. k42

k—2
L0 Ap - + T As, o )
2 3=g<hi2 12...q9... k42 I<qoh+2 12...9...k+2

that is the Kaehlerian defect of order 2 can be expressed by the Kaehlerian defects
of order k (the sign — denotes that the corresponding index must be omitted).
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