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A FORMULA FOR THE A-th COVARIANT DERIVATIVE

KOSTADIN TRENCEVSKI

The aim of the present paper is to give a formula for the k-th covariant derivative of tensor field
along a given curve. In order to do that, first the symbols P;.{” and Q'![."' which depend on the Christof-

fel symbols are introduced. Some proparties of them are also given. The miin result is given by (3.1)
and further it is generalized for 2 ¢ R.

1. Introduction of the symbols P and Q. Let x(s) be a given curve in a
differentiable manifold M, which is endowed with affine connection I'. The k-th cova-

riant derivative vf along the curve x(s) will be denoted by /% We shall deal fur-

ther in a local coordinate system.
The next three equalities P%=8], p!l =I", (dx'/ds),

(1.1) piks =P Ii ds + PIRPI, - (kE{0, 1, 2, }),

determine  all  symbols  p¥ (G, jle{l,..., n}, uniquely. Analogously, we
introduce the symbols QI by the next three equalities QI =38;, Q'l=—T} (dx'/ds),

(1.2) Q«lek = dQilkds + Q;[kIQ}nL

2. Some properties for the symbols P/* and Q"
(i) The transformation law for the components P;J*l from one coordinate system
to another is given by the following formula

! .
(2.1) Pl L Pir(dx’|ox’) (0x7/0x")\=CE,

p=0
where (I—p) denotes (I—p)-th derivative by s.

Proof. We will prove (2.1) by induction of the index /. It is satisfied for /=0.
Assume that (2.1) holds for {, then by differentiating of (2.1) we obtain

! . . o _ —
P11 P pl ,,z:o (Plr+t—palel PANYdx/ 0xiXdx?/ox") ' —"Ch
FoY Pir) ’,’S(dxf,o.’w))(o_\-"r,vx')“wcy + % Pilrl (0x//0xi)0x?/0x") 117 C?,
p=0 ¢ p=0 g

41 . ! . -
PAC = X PUR0x/ 0 Y04/ 0XTY P Cr X palsl Pitigx o) (0x7/0x" (=P CY
p=1 p=0

!

i .
+ I el (-(0x//0x1)) (0x9/0x")P) Cht X Pie) (0x/jdxt) (0x9/0x") +1-P) Cr
S p=0

p=(
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[ — - - — — —
+| ZO P71 0x*[0x€) (0x7/0x")=P)CY] [(9x7/0x7) ( gs—(dx‘l‘ 0xk))+ P (x7/0x7)(0x ?[0x*)).
- /
We notice that
- d A -, - - _
o e (0x710x7)) (0x7/0x") =P CF + PelP(0x*/0x€) (0x7[0x") ~PICP(0x'/0x7) (7;1; (0x"/dx”))
= PelP(0x7(0x")=P) Cp 0x*(0x°) [0x/0x*) ( %‘; (0x//0x%)) + (dxf/a}éi)(%(o}f/ax*))j =0.
Further we obtain
[+1] g i) (O x :
P = ,,2; ‘P",fl’l(dx/,dx')(dx”/dx’)“’-"*l’)Cf"‘
4 _ T, e r ! +! : i i .
+ pEO PP 0x7/0x") (0x7/0x")H+1=P) C — pEO P;IPl(dxi/dx')(dx"/dx’)“'“—‘” Ch.

) (i) Analogously as the previous proof, one can prove the following transformat-
ion formula for the symbols Q;{k)

(2.2) QU= pz=0 Qair (9xb/0x") (0x/[0x")—#) C,
(iii) The k-th derivative of P!D can be expressed in the following form
e = 3 preiguic

Proof. We will prove (2.3) by induction of k. (2.3) is satisfied for £=0. If it
holds for the numbers {I,..., &}, then by differentiation of (2.3) we obtain

k
1) (k+1 ; i o
(p/,l l)( +1) = .20 [p.’zu+|+k_,) P}[H—k 'lp;.z[”]Qfx[‘]C;

k
+ f{—'o Pali+k=il [QAi+1]— Q/IQAM] C.
Using that Pglll=—Q2[Y, we obtain

i=0

L k41 k41
J1))k+1) = all+k+1-1] ) O I} 1—i i) Ci—1 — L+ (R+1)—i) O/l i
(P/1) i2=20 P4 QMICi + 151 Palitr1=0 QNN Cimt= T PAHG+I-IQIACE

(iv) Analogously to the previous proof, one can vrove the following formula

(2.4) (QAmyw - [2:” ngu_q P;z[i]c;'.
(v) The following formula
e o 8 it k=0
(2.5) z P{‘“’"' ur)Cr )t
reb R P

holds.

Proof. We will prove (2.5) by induction of the index k. It is trivially satisfied
for k=0 and k=1. Assume that (2.5) holds for the number & -1.Then by differentiat-
jon of (2.5) we obtain
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k ) ) A
E, (PIrs—Pik-A PIQIIC] + E | PIFIHQIHI= Qi Q) =0

If we put r—1 instead of ~ in the sum T* P/I*—IQi"*!l and use that PM=—QmM
we obtain that (2.5) holds for £+1 too.
3. Formula for the k-th covariant derivative.

Theorem 1. The kth covariant derivative of a tensor field A¢C* of type
(p, q) can be expressed in the following form

k

(3.1) AN e = X 3 pAlml L plAm)
iy a—0 myt o my ..+1q:a “y “p
My Myl 1,640,1,2...}
D L 2
x Qi . QU R k!
/ il . ‘.q dsk—a ) (k PIY N A ;
—a)y!m . omplth ooy

Remark. We concert to write £, iustead of m,+ ... +m, and X/ instead of
L+ ...+l 1f we use that (—0)!="T for L¢{1, 2,...} then (3.1) can be written in
the form

. kAN 'j['_ jl[ml] /p[mp] '{ﬂl[ll) v (1]
(3.2) 7*AY =P, .. P Q, Q00
1 q 1 14 1 q
dk-—Im—-El A“‘ cee iy
N ﬁ:;l...:rq k!
. dsk—Em—Xl (k—Em—Xl)!m!. . .mpli!.. 1,

where it is understood that the symbols of summation over the indices m,,..., m,
ly..., I, in the set {0, 1, 2,...} are omitted and the symbols of summation over the
indices u,, ... U4, Ty, ..., Ug in the set {l,..., n} are also omitted.

Proof. One can easily verify that /¢ is the identity operator and /' is the
well-known covariant differentiation along the curve x(s). In order to prove the theorem 1
it is sufficient to prove that

(3.3) T(TVEA)= TRHA

Using (1.1), (1.2) and the definition of =7, we obtain
( '*A{‘ ...'..;i'p)z{Pl,l-‘(mlHl ce P:plm,,] lelull o Q:,"“"]

1 q 1 P 1 q
vl VAL v, +1) v [l

lmy) i im +1] ~v,ll) “allg) /'p[mp]
o P ...P:: P L QI P P, Q7

i :

[m,) iolm,] v (0] v [ +1)
+,..+P/‘ 1 p"‘; PQllll _._Qi:v }

"l

A—Em—Xl 44y Hp
d "‘v o k!

X IS S D .4 S LN Jplmy) vl vl
ds*Im- Il |k—zm—£l)!ml!...m,!lll...lq!+p{4l ---P,,: "Q, ---Q,:"
dkH—imd.IA"l"'“I'
) S R k! R
dsh+l—2m"!31 (k=EZm—Xl)'m .. om0
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If we put m, instead of m,+1 in the first summand, m, instead of m,+1 in the second
summand and so on, after summing up we obtain (3.3).

4. Fractional covariant derivatives. Analogously to the formula (3.1) now we
can introduce an operator 7¢ for u¢ R by the following formula

(4.1) oAl = T : P
L U] a=\ m+ ... +m +114,-...1q=.1 1 P
my..om, lpeeens 14( 0, 1,2 }
o a Nl ll/,
1 q dsu"“ ml!...m,,!ll! ...ldl

If -0 in (4.1), then we define a(a—1)...(u—a+1)=1. If the Christoifel symbols
are identically cqually equal to zero, then
leA/:l o 'f/’ - d“A/:l'“?’/dS"
ool fyeoody

and so (4.1) is a generalization of the ordinary fractional derivative [3]. In [1] it is
given another formula for fractional covariant derivatives.

We notice that the right side of (4.1) is a series. If that series diverges then we
should apply a corresponding method for summing up of divergent series.

It is obvious that "¢ coincides with the a-th covariant derivative if «¢{0,1,2...}.
In order to prove some other propertics for the operator "¢ we shall use the follow-
ing two properties for the ordinary fractional derivatives

d d? daet p

4.9 — ’
(4.2) 15 dsh ™ gD
4¢ oo oo oo ll| ‘lk_l
(‘3) "(}(fl"'fk): b3 s L. s ‘ '/l'.‘l IfAA
ds L= 1,=0 =0 ds't ds k-1
a—=ly— =l
PR/ aa—1).. (a—h—b— ... =l +1)
P R [
ds k—1 Lree s th=1

and we shall assume everywhere that the ordinary fractional derivatives are defined.
We shall also assume in the next proofs that the corresponding series are convergent,
and we concert to omit the symbols of summation.

(i) /' maps the tensors of type (p, q) into tensors of the same type.

Proof. We should prove the transformation formula

A / / a a
(1.4) aght Ip ot adr g™ ox’a aqn
. 4 ll . l“ = ’ , i e r : y, I
dx ! ax' P ot ax'e 1 "
Using the formulas (2.1), (2.2) and (4.3), we obtain
f j b (k¢
(4 r)) vuAll cedy l)al(tl| ax/t  oxt 1 1)(:,.l
" dyoood by N
1 q ()t"‘ " (“l '
/ Lo K . d v, (L, n) 1 vl —n)
,)u,:lf/']d,r 7 ox ” ) »p) C;p (\)’:'.lmlti,}‘_i dx ! ) 1M (,n\ (‘)m‘,luq,ar d(dr ¢ \ " (‘"u
b , , ‘ ‘
P ox'r ax"r R T T N L oty g™ "
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ot M axe Up gt (B ox’e o

x DTG R
ox ! ox ? ax ! dx 9

) e (VuAZkﬁ—Zl:Zt —_Zﬁwv-k_l)i

pED NS X s, (u”—z,’i_,z! -
- Bl wy . w,!

— Yk
d“ Ik B

st
aa—1)...(a—Zk—XI+1)

X g c R UV

We notice that for a fixed value of the index c,, the last term can be written in the

following form

b (k

v < axr 1T axt (0 M)
T L b gy
a=0 k—c +f =a 5" (ki=c)! Y50 4!

uch that for fixed value of k,+¢ =a+c, the term M(a) do not depend on k, and
;. So that term is equal to

Y bl (a) 1 b

L OS50 gy M) =35 M(0).

ox
a=0 gyt
So in the right side of the equation (4.5) we should substitute ky=c, and ¢, =0
substitute there ky=c, £,=0,..., k,=c, t,=0, [,=n,,

Analogously, we should
l;=ng w,=0. Then (4.4) can easily be obtained.

w,=0,...,
(ii) ¢ commutes with the contraction.
Proof. Let us put j,=i,=¢ in (4.1). Using the property (2.3) for /=0, we obtain
p— g g property (
) oo oo pos (a)
¥ 5 1(m,,) :'qllq] ,J, L: s b ’l’",,l CHUS! Wli _L= T _l_ v =8%.
m,=0 I -0 p”,, Q mr’! lq! a=0 '"p“Hq"“ P"p Qr ¢ mp! lq‘. a—=0 a‘.(s,,p) u,

Substituting that in the right side of (4.1), we obtain the proof of this property.
(iii)

(4.6) B A L caspgt
e v iy dg
formulas (4.2), (4.3), (2.3) and

Proof. Using the definition (4.1) twice and the

(2.4), one obtains
s Al ey phithl /plkp) ATl 7llgl phlatan phln=al ~4
i _“A,l“_l)—P e P Q’\ “.Qld P"l le C'l

lll ll,'

q
d l",, “A,,I ",,l',," ) p !.l”‘*"ﬂ "'ll-‘,"",l "y Iql bu*"ql "'q“q nq] ,nu
P Q, c’Q, P, Cl...Q) P, C,
P r 4 1 1 1 q q
d(a—Xa—=1b)+(B—Ek—Lb)—Er—Ls w, . ..w, B‘_B__'l_)"' (B—Xk-—Sl—Xr—Ys+1)

A RN

T gsotP—Ta—To—Th- L—Ir—Ts Tty ..ty
% a(a—1)...(@—Ea—Xb+1) 1
al...ap! bl byt oo ss,!

Similarly as in the proof of (i) we assume that ¢, is fixed. The last term can be sepa-
rated into sums for which k,+r,—c, =a(=const) where a changes from 0 to infinity.

From (2.5) we obtain
v/ s
I)/l|kl|Qu||rl ) | _ l l\d: if r,- ¢ and k,—_—O-
“ “ k=) 0 otherwise
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Using that fact in the above equality, we should substitute there 7 =¢, and &, =0.
Analogously we should substitute there' r,=c, ky=0,..., r,=c,, k,=0, s,=n,,
[,=0,..., s;=n, l;=0. After these substitutions it is easy to see that if we prove the
following formula

(4.7) T ... ) b e - X
AR a,te, =k, btn =l byn,~l,
< BB-1)...(B—Xc—Zn+1) ala—-1)... (a—2a—2b+1) (a+PBla+B—-1)... (a+B—Zk—XI+1)
aleaeptmtoong! T P T 2 Y B 5 I N DU A ’

where @y, ..., @y Coyeeny Cp by by nyy ooy ng€{0, 1, 2,0 }, then the proof of
(46) will be finished. The formula (4.7) can be regarded as equality between two
polynomials of « and p. So it is sufficient to prove (47) if « and B are natural
numbers. Suppose that fi, ..., f,, &..... g heCe*? are arbitrary functions of £
The coefficients in front of

from the left and the right side of the equality

(fi-foly-- 8R)VIP=(fr.. Sl g )t

should be equal, and as a consequence we obtain (4.7).

5. Applications. The formula (3.1) gives a simple method of calculation of the
k-th covariant derivative along a given curve x(s). Further, the formula (4.1) for
a=—1 gives a solution of covariant tensor integral. Our solution reduces to calculate
all of the symbols Pi* and Q¥ (i, je{l.... n}, k€{0, 1,..,}) and to calculate the
successive integrals of the field A, which is easier than to solve a system of differen-
tial equations [1].

If we consider the following system of linear difierential equations

(5.1) dYijds+ S fiyi=g, i=1.....n
Jj=1

where f/, ¢ are functions of s, then putting le”-——fﬁ, we obtain the following tensor
equation 7'Y'=g’ and its solution is Yi=/"1g" ,
Similarly, if we consider the following system of linear differential equations

(52) @Y(ds'+2 T fidVids + T [dfids+ £ fif1Y =g\ i=l....m
j=1 r=l1 1=1

where f/, g" are functions of s, then putting P/!'=fj, we obtain the following tensorial
equation "/?Y7=g" and its solution is Y=<y 2g'.
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