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A COEFFICIENT INEQUALITY FOR A SUB-CLASS
OF CLOSE-TO-CONVEX FUNCTIONS

~ R. M. GOEL, BEANT SINGH MEHROK
Let U be the class of functions

w(z) = .E; o2k
regular in the unit disc E= {z: [z| <1} and satisfying the conditions |w(2)| < 1,
w(0) = 0.
Let S* denote the class of functions
= I bt
gR)=2z+ e 4

which are regular, univalent and starlike in E.
Let the class C(A, B) consists of regular functions

\

oo

fR)=z+ I a2t
k=2

such that
zf'(z) 14+ Az <
@) <1+E’ —1<B<A=<1, geS~
By definition of subordination, f¢C(A, B) if and only if
@) _ 1+ )
(1) oD = T+Be) weU.

The class C(A, B) was studied by the second author in [3].

It is obvious that C(1, —1) == C, the class of close-to-convex functions introduced
by W. Kaplan in [1].

Let C(B) denote the sub-class of C of regular functions f(z) which satisfy the
condition

| | <Bp> )
Note that C(p) C(l.-% -1, (B> '2 )-
C(a, —a) is the sub-class of C of regular functions Js) satistying
2 :/'(z) =17
\f(/—f(:l.’.l ‘ ca . -0<Caesls
| &(2) :
In this paper, we shall find the upper bounds of |ay — paj| for the class C(A, B),

Wwhere u is real. Results due to E. Keogh and E. Merkes [2] follow from our
theorem.

We shall need the following
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Lemma. If g¢S* then |bs— o ub3| <1+ (13 —=3u|—1) |baf

The result is sharp.
Proof. Since g¢S* therefore it follows that

2g(z) _ 1+w@ = 0

gz T T—w@)
Expanding and equating the coefficients of z and 22, we get
(2) by, = 2c,
and
(3 by = bycy + ¢y + b2/4.

From (2) and (3), we have
by — 5 Wb} = %(1—u)b2+ ca

(4 fba—”“l»lb2|<lfal+ 13"‘3P|“72 .
We also know (cf. [4]) that

bl

(5) el <1 —|et=1——

(4) and (5) together give
16— 3 po2| <1+ (13— 3n] — 1) |6sf2

The result is sharp for the function gu(z) defined by g,(2) = z/(1—2)%
Theorem. IffeC(A B), then

A— — 4B

6 L@+@—B)Q—B) —ull + 25 21% for n= 5" miy
and B<0 or p<< 3(.41'587 and B> 0;
1 1 (2—3u)(A — B) — 4B
(7) T(l + A—B)+_3'(2_3“)ll + (A — B)+4(I+B)] fO’ 3(A—- B+2
— 4B

(B<0 A+B<O) or 3(A_-B+2—)\"< 301 B’

(B<0 A+ B> 0)
—3u) (A — B)

(8) (l + A— B)+ 3 (2—3,’1)“ + 4(| B) — 3“(‘ -E')]'
— 4B
| i for stgy =n=3(B>0)
az — paj| =
9 R 1 2% ,4—(1+¢3)
) 5+ A=B) for g sus 35— r(B<0A>0

and A + B<0);

! l | (A= B)(3u -2
(1 +A=B)+ 5 Cn=+ 540 =g —awi-B) '

1 4
for 5 = h= 1{;1‘4 5| (A0, B<0);

Lo Wi+ 452 P — 53+ (A= BB, for b= 5535 70"
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The estimates (6), (7), (8), (9) and (10) are sharp.
Proof. Expanding (1) and equatmg the coefficients of 2? and 23, we have

(11) ay = & (b3 + (A— B)ey)
and

(12) as = —3— + (e 9—(0201 + ¢y — Bc).
(11) and (12) yield

as — pa3 = (b — - o) + A=E @ — 3, + Lo

A— B
A (e — (B + 3u

)
This implies
Py A-—-B)
| @y — 1a3| < by — - nb3| + L5 12— 3u] by [ 1]

3u(A - B
A= | ey 2],

(A—-B)
3

+ [N—|a

Using the lemma, we get

(13) jay —pat| = 51+ A—B) + (13— 3] — Dy + L2572

|2 —3p]xy

A— By 4B 4
+(—12) (13 + =gy | — a=mgl | > Where x=|alsl, y=[b|=2

We consider the following cases:
Case [. p= 2/3.
In this case
(13)  |ay—pal = (1 + A—B)+ 5 (2—3uy* +

(A— By
12

Z=D @—3xy

4B 4
+ [|3H+T_—§’—m]x’.

f n< 3(A B) then we have
(A— B)

ay — pa3| = +(1 +A—B)+ 52— 30+ —"5—(2—3u)x
— A5 3u(A — B) + 41 + B)lx* = H(x), say,

Tx‘;—;% < 2 according as (A+B) =0

J 2 — 3u)
Hyx) = A=) 3,4 — B) +40 + Bl { ey pai 75 —

and
Hy(x) = — A2 [3u(A — B) + 4(1 + B)}

2(2 -3
H{(x) vanishes when x = A~ L 'B) +‘2| T8 = *o say,



330 R. M. Goel, B. S. Mehrok

— 4B

which gives the maximum value of Hy(x) provided x, < 1, that is, when p > 3(—AT+2)
. . . =41+ B — 1 + B) < — 1B

and F(x) <0 which holds for p> NA=B But —5(;1 B) 3'(2_53 B

Thus x = x, gives the maximum value of FHy(x) provided p > 37(:2:_—‘4?5)- For

— 4B .
n< AA-B+d) Xo>1 and Hi(x)> 0.

Hy(x) is monotonically increasing function of x and hence max Hy(x)= /1, (1)

—-48 .  —4B
32+A—B) > 3A-B)

according as B30,

Thus we see that

op - 1 ) A—B — 4B
ag —paz| = 3+ (A-B)2—-B)—ul + ~5=) for B<O and “<—3W+'7)
or for B> 0 and p < ?;'(;%BB_)'

We have seen above that x = x, gives the maximum value of Hy(x) provided
— 4B
> 3eva-8 . .
—4 =1
But for B > 0, 30+ A—B) ~ NA-B) i
Since we are interested in finding the maximum value of FHy(x), when p < A= B

and so this case has to be excluded. For B<0, A+ B>0, x = x, gives the ma-
ximum value of Hy(x) for

— 4B . —4B
32+4-8) “*=3a-8
For B<0, A+ B <0, x = x, gives max Hx) for
— 48 2
32+A=B P33
Thus
. 1, 2 — 3u)(A — B)
ay —paj| = 5 (1 + A=B)+ 52 —=3W [l + .'iu((A-—~l;)+~l(l+B)]
1B 2 % >
fOl’ :3(';—;_/'—3) < M - 3 (B\O.A'{‘-B‘\O)
or
4B
for 30 4 B <K< ,(A B) (B<0, A+ B 0.)-
In the case Tzl—BBE <P < :';. (A+ B _-0) (13") reduces to
B
|ay; — pai| < —_.ll (1+A—-B)+ ..l, (2 —3p) + (A ) (2 3u)x
—(A=BP (H1-B) _ 3u) 0= Hy(x) say.

12 (A~ B)

(A - B) 2(2 - 3n) x|

H(x) = (41 = B)=3A = B)| [y gy —awA = B) ~
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and
vr A— B- 41 - B 2
Hi = - B0 =D —30.<0 for n< 5
, - 2(2 — 3p)
H|(x) vanishes at X= g T—B) —3wA=B) — v say.
x = x, gives max H(x) provided x, <1 which holds for pu > TL%@—_B)T'
— 4B — 4B
Also 3A—B) < 32 —(A=B)] for B> 0.
Hence
) 1 1 (A— B)(2 — 3u)
las—naj| = (1 +A-B)+ 5 (2-3W[ + =B —sA-5!
— 4B 2
for (1 B)] <p=-5 and B> 0.
Case IL -:.';—:_ p< 1.
We have seen above that % 3 ‘g)‘ for B<0, A+ B<0. So we consider

2 — 4B
the case - <p < HA—B) (13) takes the form

A—B
(14) ay—nall =+ (1 +A—B)— 1 @n—2y + “ZB @u— 2y
A— B
_{ mB)' [Bp + ‘:(; t B; | x? = Hy(x, y), say.
It is easy to see that in this case

0°H, 02H,
@ <0 . =0

and

0H, | 02H,

0°H, (A B)’ 41 + B)
( ox? ) ( oy_ ) ( oxay )’ - (3u 2) [2 E (A—B) l>0'

Thus H,(x.y) has a maximum at x =y =0 and from (14) we get
lay—pall < 5 (1+A—B). B<0 A+B<O

It is easy to see that :: < &%fjp’g) <1 for B<0, A+ B<0 and 34+ B> 0.

Now we consider the case '3(“#7) < p<l. (13) can be written as
A-B
lay - ua~'\_-3(|+A B)—»2(¥p—2)y’+(3u gy S - ) xy
(A B)' A1 - B) g
(15) ; [ A- (A - B) S“Ix H(x.y)

An easy computation will show that x =y =0 gives maxH(x,y) and from (15)
we get
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lay—nai|= 5+ (1+A—B), B<0, A+B<0, 34+B>0

Case llI. 1 =p<<4/3.
We first consider the case 1 << p < ‘3’(:1 4_53) which holds for

B<0, A>0 and 3A+ B<O.
From (13), we have
ay— pal] S S (1 + A= B)— 15 (4= 3wy + 452-3n — Dy

4(1 + B)

A— By
@B [3u + ”(,1__737]«\7’ = Hyx, y), say.

12
It is easy to see that in this case 9;%‘— < 0, g;%’- < 0 and F(p) = (—gr,i“)(o;—;’—)
— (P 9[9A — Byu? + 6(1— (24— 3B)n — 2(4 — (A — 5B)}-

dxdy
If the roots p, and p, of F(n) =0 are imaginary, then F(p)> 0 and the conditions
for max Hy(x, y) are not satisfied. If p,, p, are real, then we are interested in the case,

when p, and p, lie in (1, 3»(;—18—) )- But a simple calculation will show that these condi-

tions are not satisfied.
Hence /14(x, y) has no maxima for | =p< 75(;—1—@3—)' Let us take the case 1 < 3(;—1‘38_)

<p= % which holds for B <0, A>0, 34 + B<0. (13) reduces to

" 1 A-B
|a,—ua5:$7(l+A—B)—- 1'2(4—3p)y’+ ( 3 ) (3u — 2)xy

A- By , 41-B
(16) - (—*'1'2—)— _(,l_:—B))— — 3u] x? = A(x, ), say.

The extreme points of F,(x,y) are given by x =y =0. An easy computation
shows that H,(x, y) has a maximum at x =y = 0 provided

A— ot —
4 (4~3p)|H—3p1_‘;‘.ﬁ_BZ(3p—2)>o

or when
4(A + 3B)

B< A -B) Ko, Say.
It is easy to verify that T;}% < P < ; (A >0, B <0). From (16), we obtain
1 — 48 4
|ag — pad| = 3 (1 + A — B) where 1 < A= By < W <-3—

which holds for A >0, B <0 and 3A + B <0.
4
Case IV. p = 3

Consider the case ~;- Sr< 3—(%-‘—1’5) (B <0, A<0). From (13), we get

|ay— pa3| = (1 + A= B) + 5 Gu—) + L5 (B —Dx
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= M g GG e = Hl sy T

%ur=“;3’mww—m—BMA48r+«t+mbl
and i

[3u(A — B) + 4(1+B)]<0.

The only extreme point of FHy(x) is x = (A 2('3;1_:3 B T *» W Now x, <1
provided p < —5[—244(2—"'—!315— (A< 0, B<O).
But for A<0, B<O, 55 i gy <5

and hence we reject the value x = x,
Now we take the case p > T;—%

#i (A <0, B<O0). (13) reduces to

\%ﬂ%K o+ B Ep-

(1+A B) + 5 (3n—

2)x
G —‘ZB)* [ (“Af ‘_—Bl)’) — 3u] x® = Hy(x), say
Hyx) = A5 2 401 — B) — 3u(A ~ Bl 2(31321 =B, 3,
Ho) = —A=B 1 — B~ (A — BI <0 for 1< 3T
H)(x) = 0 gives x= Tﬂ*—zg—g_‘:s% B) = %» Say.
X35 1 according as B 3‘21(:(7})—3)]
Also
gy < =g (A<0 B<0) and g yams < wam 5 A <0 B<O.
Shmte for % < nk 1225{— B) i Hg(x) has a maximum at x = X3 and hence
|ag — pa§| s —-(l +A4-8)+ %(3“ -4+ % l((l(A—_ B)—(‘z;l(;i)'ﬁl_‘
TlmsFor T 3|2+ AB)B| .

x = x3> 1 and Hy(x)> 0 and hence max Hy(x) = Hy(1)

A-B 1
lay—nailsull + L3P -5 B+A-B Q- B}
42— B) A1 — B)
0+A-B <P <HA-B’

For p = ;((;":;- we at once get

gy — pa3| = (1 + A58 p— B+ (A—-B)Q2-B).



334 R. M. Goel, B. S. Mohrok

This completes the proof of the theorem. The bounds (6) and (7) coincide at
= —4B/3(A — B + 2). The bounds (7), (8) and (9) coincide at p = 2/3. The results
(6) and (10) are sharp for the function f(z) defined by

’ 1+ Az
f@)= z)' 1+8:°

The results (7), (8) and (9) are sharp for the function f(z) defined, respectively, by

C1+Z
1+ Al pres ’] . 22 — 3)
’ 1—

f(2) = Q1 _15.?

Y T WA-B 4+ B’
|+BZ(I+C|Z)
G+ 2
1+ Az (L0
_ 1 L+az _A2=dw
f(z)_(l~zﬁ[l+8,(cn+f)l' where ¢\ = =By —3uA-8)
and
f(2) = 1 1442

T=20 1+ Bz
Corollary 1. If feC=C(1, — 1), then

3—4p, p<s1/3,
41 ‘
3T FSHS
Ia3_ua;is 92 B
1, "3— ll;l
1,

which are the results due to E. Keogh and E. Merkes [2]
Corollary 2. If f¢Cla, —a), 0 <a< 1, then

4p — 3, [T

v

: - 2a
'3“[3+2u(2+u)]——p(l+a)’, MS iger
y — Juja 2a B 2
\a uaﬁ‘ - ‘_(l ’+' )(l)+ Y (2 3”)[1 + 3uﬂ+2(‘ - u)l 3(1’-{’-‘0)} p = '3— ’
t I o! =
Lo+, 2sus 2E
2
u(l + a)? — , [3 + 2a(2 + @), n> ‘g((l I:))

Corollary 3. If f¢C() = C(1, ;v—l). then
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%[3+(2—%)(3—%)l—u(2~2%)’. ué_;(‘fs;_’,))andﬂx;
1e- S+ re-mmi+ S tor
3‘:(4%_‘}‘:_)5“ < % and B> 1,

lag — pa3| = 1%(3—%) +2 (2—(435)3(..1)“”)’ 3:2(2:3 S“i%

and 3 <P <1;

I

@ — g)for 3 =p=landp>1;

1 1 1 3p — 1
W2 — P =SB+ @— )G gl for w> JEE=]
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