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ON THE CHRISTOFFEL-DARBOUX FORMULA AND
ITS APPLICATIONS

R. K. RAINA

Simple operational techniques and summation manipulations are applied to the familiar Christoffel-
Darboux formula to obtain a new class of summation relations in order to unify and generalize the va-
rious results concerning the finite summations. The usefulness of our main result (2.1) given below is
shown by illustrating its applications, thus revealing the relevance to the well-known Srivastava's (1986)
recent resulls.

1. Preliminaries. Motivated by the usefulness of various properties of a well-known
triple-series analogue to Appell’s double hypergeometric function F, [9, p. 33, Eqn.(5)],
in particular the production of bremsstrahlung by the interaction of polarized electrons
with the Coulomb field of a nucleus [4] and by the calculation of radial matrix
elements of the radiative transitions between the states of a relativistic electron in a
Coulomb field [5], Srivastava [8] extended his earlier summation formula [6, p. 1088,
Eqn. [(1.5)), (See also [1]and [2]) to the generalized triple hypergeometric function
F®)|x, y, z). This function is defined by ([9, p. 69, Eqn. (39))):

(a): :(b); (8"); (): (0); ()3 ()3
1.1 F®[x y, z]=F® Xy 2
Gint . 3> 2] (e): :(@); (g); (g"): (h): (H); (A"); #
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where the function A (m, n, p) is mentioned in [9].
Let a polynomial system be defined by

(12) S,(x)= £ 8m, n)x", nz=0.
m=0

It is well known that if S (x) is an orthogonal system, then it will satisfy a
three-term recurrence relation (3, p. 271]:

(13) Sn ‘rl(x): (Anx+Bn)Sn(X)—CnSu—l(x)'

whree the coefficients A, B, and C, are easily determinable (see [3]). Further, (1.2)
and (1.3) yield the well-known Christoffel-Darboux formula

(1.4) E okt Sy(x)SKY)

(Aphp) ! o
- 7;‘_"_)’)—. [Sn'H(x)Sn(y)_S,,(x)Sn_rl(y)]’ Xy,

where
A,=dn+1, n+1)/8(n, n),

(15) :
- ha=(Sar §,)= [ wlx) SYa)dx,
SERDICA Bulgaricae mathematicae publicationes, Vol. 16, 1990, p. 75-78



76 R. K. Raina

with w(x) being a weight function which is non-negative over the interval la, b].
As usual, (a,) is used to abbreviate the array of p-parameters a,,..., a,(p=1),
and, (a),,=l"(a+nf/l‘ (a).

In this paper we aim at deriving a class of summation relations which are gene-
rated by the Christoffel-Darboux formula (1.4) via the application of simple operational
techniques and summation manipulations. Our main result (2.1) below provides the
unification of various summation formulae and their applications are briefly treated
depicting their relevance to some of the recent results due to Srivastava [8].

2. The main result. We shall prove the following summation relation:

3 4 (ap): (“P) .
6 . LTI
Mt a2 ) (): (B [m, 7, s] &(m, k)&(r, k)y,. x"y'z

(Aphy)—1 Rt gigiites (ap—1): (ap—1)
(x—y) 0 @D @—1) o g i eyl 2 T, 1ty L
T T =) (Bg—1) T

8(m, n+1)3(r, n)yxmy 2 — $ % 5 gl lile—) [m, r, s]8(m, n)&(r, n
. ks s s DITEED I (bq"“l)~(BQ_l) s 0 , y
m=0 r=0s=0

+ Dy x™y'2%),
where, for convenience,
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II (“/)m+,+s,ﬂl (ai)m+r

(@p): (ap) =
22) 0 [m, 7, 5] = @ :
(bq); (BO) ]% (b,"m+r+s H (Bf)n:+r
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provided that Re(a’)>1 (j___ 1, oo p)' Re(a])>1 (j=l, vy P), Re(bl)>l (j=l,...,9)

and Re(B))>1 (j=1,..., Q), x£y, |z| <p(p>0), {8(m, n)} and {}y,} are bounded
sequences, and A, and %, are given by (1.5).

Proof. Let us start with the formula (1.4). First we shall replace x by xt and y
by yt, next we shall multiply both sides by #*-1, then we shall take the Laplace trans-
form with respect to £, and make use of the Eulerian integral:

(2.3) ;f e~ t*-1dt =T (2), Re(2)>0.

If we repeat the same procedure where the multiplying factor now is -1, then
(1.4) will give
n k k
(2.4) L a7t T (M W), S, RYS(r, R)X"Y"
k=0 m=0 r=0
(Ah)7 A+l n " : .
el 2, Z, O DneAi— e, 8m, 14130, n)e"y

— 2T e Do kl— D, B(m, 1) (7, e+ 1)x™y],

m=0 r=0

provided that Re(A)>1, Re(p)>1, and x==y.
Further, we now replace in (2.4) x by x/t, y by y/t, multiply both sides by ¢~
take the inverse Laplace transform, and use the formula
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1 Y+ <00 - af 1
(2.5) OTY, wiim el t—2 dt =z’ y>0, Re(2)>0,
and again repeat this procedure, where the multiplication is carried out by the factor
t_“". If in the expression obtained we replace A by A+s, v by v+s and multiply both
sides by (1), v,2%/(v)’, thus summing from s=0 to s=co, then we have

n k k= ()) (1)
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25} kEU % m2=0 IEO :Eo Mt r 48Ot o geidlet Ao
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(}';ly"" I)(xhy) m=0 r=0 s=0 (v—l)m+r+: (c_l)m+r

&(m, n+1)-8(r, n)yx™yz*

= £ n;;l o0 (A'~l)m+r+:(u_l)ml

m=0 r=0 s=0 (V—])m+r+‘(6~—l)m+’

provided that Re(X)>1, Re(u)>1, Re(v)>1, Re(o)>1, and x==y.

Applying once again the Laplace and the inverse Laplace transform techniques
following (2.3) and (2.5) (see [9]), then from (2.6) by induction, we obtain (2.1) which-
completes the proof.

3. Applications. The usefulness of our assertion (2.1) can be illustrated by
discussing some of its applications which are of interest. To this end, we set

&(m, n)d(r, n+1)yx"y2%,

(—n),,
(1+a), m! "’

@1 &(m, n)= n=m=0, Re(a)>—1,

then (in terms of Laguerre polynomials) from (1.2), we have
2 |
(3.2) Six) - (":) L&),

and from (1.5) in view of [9, p. 74, Eqn. (19)], we have
2 A,=—1/(1+a+n),

-
;,nzr(1+a)("+“) .
n

Using the substitutions (3.1) and (3.3), and putting

(3.3)

jﬁl (nl)s
(3.4) o= cveig aabba 10T
I.I;Il (8/):

then (2.1) by virtue of definition (1.1) gives the three variable summation result:
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where x—y indicates the presence of another term which stems from the first by
interchanging x and y.

The formula (3.5) was proved by Srivastava [8, p. 315, Eqn. (2.1)] by appealing
to his earlier formula (7, p. 3, Eqn. (2.1)] which in turn originated from the result
[6, p. 1088, Eqn. (1.5)].

If next we set

(=n),(a+B+n+1),

(3.6) &(m, n) B | a ) g n>m=0, Re(a)>—1,
'" Re (B)>—1,
in (1.2), then in terms of Jacobi polynomials we have
-1
(37) S W B
and from (1.5), in view of [9, p. 71, Eqn. (1)] we have
- —(a+B+n+2) , (B+1) (n+1)
Sl A= —"p4Ty, (atBrarry, >
a+p+1
(3.9) poo 2T @tn+)T B+t 1)

" nl a4 P+ntl) (adPt2n+l)

Effecting the above substitutions and using (3.4), it is seen that formula (2.1)
yields another known result of Srivastava [8, p. 315, Eqn. (2.2). Several other
special cases of our result (2.1) can be deduced by giving series summations involving
different types of hypergeometric functions.
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