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SOME STATISTICAL TESTS ASSOCIATED WITH THE CONCEPT OF
A-STOCHASTIC ORDERING OF TWO RANDOM VARIABLES

R. E. GOOT, S. T. RACHEV, A. YU. YAKOVLEV, N. O. KADYROVA, G. M. ZHARINOV

The present paper deals with various generalizations of some known partial ordering relations for
probability distributions. The usual inequalities are weakened by means of an additive term A. Some
tests for the hypothesis about these A-stochastic ordering relations are proposed. Furthermore, the problem
of estimating a lower confidence limit for the parameter A is considered. An example with survival data
illustrates the use of the proposed melhods.

1. Introduction. Various statistical tests for comparing the cumulative distribu-
tions in survival data analysis have been fomulated in the statistical literature by many
authors, e. g. [1, 3, 5, 9]. However they have paid less attention to the stochastic
ordering of random variables. A new notion of A-stochastic ordering of two random
variables has been introduced in [7] and it has proved to be of some use for the
survival analysis. In this paper some approaches to the statistical testing of A-stochastic
ordering relations are developed.

The random variable T, is said to be A-stochastically smaller than the variable T,

(R3]
written as 7, < T, if for a given A=0 and every f¢R!
A—st

(1.1 Fi(t)—A=Fyt),

where F, and F, are the distribution functions of 7, and T, respectively. For A=0
relation (1.1) coincides with the well-known definition (see [8])of the ordering relation
(1) 1
== for random variables. The effect of the above generalization of the relation =< for
the statistical inference can be illustrated by the following example.

Let {Fy } be a sequence of distribution functions of the random variables {X,}
and let {F, } be a similar sequence for the random variables {V,}. The uniform con-

vergence, i. e. convergence in the Kolmogorov metric p,
P(Fy Fy)=sup{|Fy(t)—Ft)|: t¢R1},

of Fx,(t) and Fy,(f), respectively, to Fy(£) and Fy(t), where Fy<F,, does not imply
that there exists n, such that FXnSFP’n is true for all » >n, However, in this case it

n
may be stated that ¥, < X, if A, is chosen as follows:

Anfsl

A,.‘—‘-P(Fxnp Fx)+p(FY”v FY)'

The present paper deals with statistical tests for hypotheses concerning that type
of relations between the random variables.

2. Statistical tests for A-stochastic ordering relations. Having in mind the
applications to survival data analysis we consider the nonnegative random variables
Ty, Ty and assume F,(0)=F,(0)=0. Further the same notations of ordering relations
as those in [8] will be used. In the context of the A-stochastic ordering concept two
problems can be examined:
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)
a) For some specified value A=A*=0 in the relation 7, < T, test the hypothesis
A—st
Hy: A=A* (that is for all ¢, Fj(f)—A*<F,(¢)) against the alternative H,: A>A*;
b) FEstimate the lower confidence limit Amn, for A=0 from the ordering relation

T, < T,

Consider problem (a).
Let A" and F® be the empirical distribution functions corresponding to F, and

Fy. Let us denote by n and & the sample sizes for the random variables 7 and 75,
respectively.
If the hypothesis under test holds true, then

F{(t)—FP(O) = A*+p(F{", F)+p(FP, F), t=0,

where p{F('), F) is the one-sample Kolmogorov — Smirnov statistic. Consequently,
for independent samples and any ¢ >0

PIEPO—FiN)=A"+ciz  sup  [GARGHc—h)),
<h<e
where G is the Kolmogorov distribution for a sample of size m. The constant ¢ is
fixed or may also be chosen to maximize the right-hand side.
)
The statistical test obtained for the hypothesis H,: T,A< , T, is determined under
—s
the significance level
2.1) asl— sup [G™A)GP(c—h))],
0<n<e

with the critical domain in the sample space
F{™(t)—FP(£) >A*+c, t=0.
It is not necessary to require sample independence, if instead of (2.1), bounds for the
joint distributions with fixed marginal distributions [2, 6] are used. Then we have
(2.2) a=1—max{ (Sup [G(R)+ G*¥(c—h)—1], O}.
<h<e

(L)
Similarly the ordering relation < and an appropriate test can be considered. In this
[3)
case we define A-stochastic ordering 73 < T, as follows:
A—st

u f e F(Hdt—A<u b}'e—nf Fi(tyat, u>0.

The test rule for the hypothesis H, will be of the form

n ) kD)
E e L3 A

sup{_l_ —
u>0 N ki

i

where T'l“. j=1,2, are the i-th order statistics obtained from j-th sample. The signi-
ficance level is also calculated from (2.1) or (2.2).

)
In a more general case A-stochastic ordering 7, < 7, may be introduced as
A--st

16 Cepanka, ku. 3—4
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Fig. 1. The product-limit estimates of survival functions for two groups
of oncological patients
follows
(2.3) f ot, u)Fy(t)dt — A< [ ot, w)Fy(t)dt.
0
The relation (2.3) is defined for all nonnegative functions ¢ providing the existence of
integrals on both sides of the inequality. In particular, if o(#, u)=0(t—u), where (-)

(8}
is the Dirac delta-function, we formally have the relation A<l ; O(t, u)=ue— corres-
-

(L
ponds to the relation < . For ¢(f, u)=©(u—t), where O(x)=0 for x<0 and O(x)=1
A—st

(3) (3)
for x=0, the relation < is wvalid (relation < is the A-stochastic analogue of
A—st A—st

@)
relation =, (see[8]). Also suppose that the functions o(f, u) satisfy the condition
0< f olt, u)dt =ou)< >, w0, o).

W)

Let the hypothesis /,: Ty < , T, hold true; i. e. (2.3) is valid. Then the following
A—s

inequality holds:

[ ot O FO-F" (O)dt = A+ow)[p(F", Fy) + p (F, Fy)).
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Hence let us put V= sup o(x). Finally we obtain a statistical test for /. The null
u=0
hypothesis will be accepted if under given sample observations we have

(3
’

. 1 X
(T, &) —— I TP, )= A +;

_"_'Ma

1
n i

otherwise it should be rejected.
Next the significance level is given by

as1—max( sup [G () + GH(FH—1], 0}

3. A test based on a preordering relation between the distribution functions.
Let us consider another statistical test which seems to be more natural for comparing
the survival functions of two independent populations. We use (2.3) again, setting
9(t, u)dt =dFy(t), A=0. Then we have

(3.1) f Fy(t)dF, ()<1/2.

It is evident that (3.1) defines only the preordering relation with respect to the distri-
butions F, and F,, because the antisymmetry condition is not fulfilled here.
The A-stohastic version of (3.1) takes the form

(3.2) [ F(t)dF(t)<1/2+A,
0

(G)
and if inequalitly (3.2) holds, then 74 A< T,
—st

If 7, and T, are independent random variables, then (3.2) may be rewritten in
the following form

P{Ty>T}—2A<P{T,>T,},

(@)
which explicitly explains the reason why the relation < is useful in survival data

A—st
analysis.
It is easy to show that

oo

[ Fm O0dF@O=p(F, F)—p(F, F) + [ FiOdFs(e).

Assume that the hypothesis under test (inequality (3.2)) holds. Then we have

oo

[P OAFD O 112+ 84D, F)+p(F{P, F)

(@)
Hence the test rule for the hypothesis H,: T, A< T, will be of the form

f Fi (O)dF(E)< 12+ A+c.

Thus the significance level is calculated by analogy with (2.1) or (2.2).
4. Lower confidence limit for the parameter A. The solution of Problem (b) for
the above-mentioned A-stochastic ordering relations may be obtained as follows. Let
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A(n, k)=min{A=0: FP (H)—FP (t)<A}

Then we have

(4.1) Fi(t)—Fy()=An, k)+p(F{", F\)+p(Fy", Fy),
Hence, for any ¢ >0 :
(4.2) PA=A(n, k)+c}= sup PP, F)<h p(FP,F)<c—h}

=max{ sup [G(h)+G"(c—h)—1], O}.
0<ha<le

Thus Amin=A(7, k)+c is an estimate of the minimal A-value for which the ordering
relation “<) is attained with probability greater than the value on the right side of
(4.2). Notxce that c—c(n k, ).

If the relation < holds, let

A—st

A(n, B)=min{A=0: u f Fir(t)e—* dt—u of’ F{o (£) e~ dt = A},
Then it is easy to show that

w [ et Ftydt —u | e Fyt)dt=A(n, k)+p(F®, F)+p(FPp, Fy).
0 V)

)
Consequently, Auiw=A(n, k)+c for the relation < by analogy with (4.2) gives the
A—st

respective probability.
(G)

Consider the preordering relation < .Let
A—st

A(n, B)=min{A=0: [ Fi»(£)dF@(E)—1/2<A}.
0
It can be shown that

[ FUOAF(O)—1125A0n, B)-+p(F, F)+p(F, F).

Then, by analogy with (4.2), Amin=A(n, )+ c is the lower confidence limit of the
(@
parameter A for the relation <.

Using the results by Hall and Wellner [4] it is possible to obtain some modi-
fications of the above tests for censored (within scheme of right-hand independent
censorship) observations in large sample studies. In that case one might replace the
usual empirical distributions by the product-limit estimators for the survival functions
and Kolmogorov distribution — by the asymptotic sample distribution tabulated in [4].

5. Numerical example. The patterns of the empirical counterparts F"(¢), F{® (£)

of the survival functions Fy=1—F, and F,=1—F, respectively, are shown in Fig. 1.
The functions F{® and F{® have been computed by using real survival data due to

observing oncological patients after radiation therapy. Two groups of patients with carci-
noma of uterine cervix have been observed: these groups differed from each other as
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regards to the disease stage. The first group comprises n=146 patients (stage 2) and
the second one — k=056 patients (stage 3). Both samples are subject to random
right censoring.

The following estimates of A, i. e. problem (b), have been obtained for
PA> A} =0.95:

©
1) for the ordering relation 7Ty < 7,:
A—st

Amin=0.672 for type (1): (A(n, £)=0.331)
Amin=0.552 for type (L); (A(n, k)=0.181)
Anin=0.666 for type (G); (A(n, k)=0.325)

©
2) for the ordering relation T, < T,:
A

Amin=0.341 for type (1); (A(n, k)=0)
Amin=0.341 for type (L); (A(n, £)=0)
Anin=0.341 for type (G); (A(n, £)=0).
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