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SOME DOUBLE INTEGRALS AND FOURIER SERIES FOR FOX'S
H-FUNCTION OF TWO VARIABLES

S. D. BAJPAL A. Y. AL-HAWAJ

In this paper, we evaluate several double integrals and use them to find four Fourier series
expansions for Fox’s H-function of two variables.

1. Introduction. The subject of Fourier series for generalized hypergeometric
functions of two and more variables is given a considerable place in the literature on
special functions and two- or multi-dimensional boundary value problems.

The result presented in this paper are of quite general nature and their particular
cases are scattered throughout the literature. Here some earlier results of Bajpai [3]
are discussed only as particular cases.

During the past twenty years many mathematicians tried to present several
Fourier series expansions for the G- and H-functions of two and several variables
[8, 9, 14, 15, 16, 17, 19, 21, 22, 26, 29, 30, 31, 32]. The careful and serious study of
these papers reveals that almost all of these Fourier series are not proper Foutier
series for the G- or H-functions of two or several variables. They are presented in a
form only to appear as Fourier series of these functions and may be viewed as mani-
pulative forms of already known results on Meijer’s G-function and Fox’s H-function
[21, 22, 31]. In order to support our contention, we wish to make the following
comments on some well-known Fourier series for the generalized Fox’s H-functions of
two and more variables.

The Fourier series reproduced by Srivastava, Gupta and Goyal [31, pp. 168-169,
(9.1.17), (9.1.18)] for Fox’s H-function of two variables appear nothing but alternative
forms of the Fourier series due to Bajpai [31, p. 76, (5.5.13), (5.5.14)]. It is interesting
to note that the Fourier series [31, pp. 168-169, (9.1.17), (9.1.18)] involve only ome
variable ©, i. e. they are © Fourier series for Fox’s H-function of two variables H[¢
(sin ©)%, n(sin ©)*]. Therefore these results are special cases of our results concerning
the function H[p(sin ©)*, (sin ®)*| with two independent variables ®, ®. This explains
why the Fourier series [31, 168-169, (9.1.17), (9.1.18)] have been presented in terms
of single series, while we use presentation by means of double series. In general,only
Fourier series for a function of two variables should involve two variables and should
be 0;_n'ese]nted in terms of a double series, as given by Carslaw and Jaeger [7, pp.
180-183].

The Fourier series, given by Srivastava and Panda [32, pp. 179-180, (3.27)—(3.30)]
for Fox’s H-function of several variables are in a sense, manipulative forms of the
Fourier series due to Bajpai (3, pp. 705-706, (3.1), (32)]. Actually, the results of
Srivastava and Panda involve only one variable © and have been presented in terms
of single series. So, they concern some special cases only. In general, any Fourier
series for a function of several variables should involve several variables and should
be presented in terms of multiple series. Similarly, the Fourier series given by Gupta
[17, pp. 47-48] is not a Fourier series for Fox's /H-function of several variables, but
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it is a manipulative form of the Fourier series for Fox’s H-function due to Bajpai
(4, p. 33-34, (2.1)].

In an attempt to generalize Meijer’s G-function and the functions of two variables
[2), Agarwal [1] and Sharma [28] introduced Meijer’s G-function of two variables.
Since the H-function defined by Fox [12] is not a special case of the G-function of
two variables, therefore several mathematicians tried to extend Fox’s H-function to
two variables. The works of Pathak [25], Goyal [13], Munot and Kalla [24]
Varma [34] and Mittal and Gupta [23] are worth mentioning. The definitions of
the generalized Fox’s H-function of two variables given by the afore said authors are
the same.

The significance of the AH-function of two variables lies.in the fact that it includes,
as special cases, Fox’s H-function, products of two H-functions and most of the known
functions of one and two variables, e. g. Meijer’s G-function, MacRobert’s E-function,
the G-function of two variables, Kampé de Fériet’s function, Appell's functions F;, F,,
F, and F,, and their particular cases [10,.11,.21; 22;:31].

For sake of brevity in what follows, (a, «,) stands for the set of parameters
(@, ay), ———, (@, @) y

Fox’s H-function of two variables is defined and represented as follows:

HO. ny; My, Ryy; My, n; ¢ (apl; upl' Apl);(cp2' Vp2); (ep3' E’3)
=1 b, 41 22 a5 220 95 n|(bq1’ Bql, Bql); (d,,z, 8,,2), (f.,s, F"s)

®

(1.1) H

n

1
= Gyt Lf Lf W(s, 1)O(s)D(¢)e°n‘dsdt,

where L, and L, are suitable contours of Barnes type and
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function defined by (1.1), is an analytic function of ¢ and n if
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According to the set of conditions given by Buschman [6, (5.8)], the integral (1.1)
defining the AH-function of two variables, is convergent under the following condi-
tions:

n P 4 m. q: ny P2
A N P Lot p X LR TN y it 3!
o R SR Al B a5 B TR Ny e N
b S Lt L Tl B i E T R S e o B E/—i=n.+l E/>0,

|arg(p|<—-;—W17r and |argq|<_12_u’/2m

For details, see [22, 31].

Fox’s H-function of two variables has further been generalized to Fox’s H-func-
tion of several variables by Saxena [27] and Srivastava and Panda [33], as a
generalization of Meijer’s G-function of several variables, studied by Khadia and
Goyal [18]. .

The following basic formula is required for the proofs given below,

3
NIT) I‘(~2——p) T (p+n)
T(p)[(2—p+n)

\

(1.9) 6fsm(2n+1)9(sine>)l—2vd<s>= Re(3—2p) >0, n=0, 1, 2,...;
which follows from [20, p. 80].
2. Some additionai integrals. Here we evaluate some additional integrals of the

H-function of two variables, used further on so as to obtain some Fourier series for
these functions.

> s " P (P(Siﬂ O)” —— 140, A ma+1, 1,
@1) [ sin@m+1) O(sin €)'~ H{ X dO=\(R)H e ot o
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n
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(a’l;.a’f A’x);
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(dq'. 50,)3 (o+n, n) (fv'v Fca) (o—n—1, p)
Re (3—20)+2p ‘21}2 [Re f;/Fj)>0;

(2.3) f sin (2m+ 1) © (sin ©)'—% H{ : (sin©@)-2 ] s
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=V H, i s [ ® (@5 oy 4y)3
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3
(7 —p A ) (dg,» ) (1—p, r); (qu‘ Fq) }
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JZ_) Pu @i Pas G2 Pst2y s +2 n (bq,; Bq‘- B'll);
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and where A>0, p>0, W;>0, W,>0, |argo| <% Wyn, |argn| <—;- W,n.

Sketch of the proof. Toestablish (2.1), express the H-function in the integrand
as (1.1), change the order of the ©-integral and (s, t)-integral, evaluate the inner-in-
tegral with the help of (1.9) and use (1.1), so as to obtain the value of the integral
(2.1).
The integrals (2.2), (2.3) and (2.4) can be evaluated by the same procedure.

The integrals (2.1)—(2.4) may be considered as analogues of the integral 3, p. 703,
2.1)).

3. Some double integrals involving the F-function of two variables. The
following integrals have been evaluated:

¥ e : L i a2 gy @(sin ©)*
3.1 J ([ sin (2m + 1)@ sin (22 + 1 )O(sin ®)'~2(sin ®)'—2 H[ AP }demp
ne; g s myt 1, ny (p(a,;a , A );
g et M
(p—-52) o Yo Bu Wi (0= W) (e Bp): (0 W)
% ”' P. v ¢ ! 2" ' 3v ” » ) 1
(p+m. )‘)' (dfi' 80’)' (p—-m—l. A), (°+’l, }1). (/q.. Fq‘)o (0—’!'—], ")

Re(3—2p)+2. min [Red;/8;] >0, Re(3—20)+2p min [Refj/Fj]>0;
15/5m 15 /am

(32) f f sin (2m+1)0 sin (27 + 1)®(sin ©)'~2(sin B~ :((:;: g_)’:u ] dedo
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(@ @, 4,5
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and where A>0, p>0, W,>0, W,>0, |arg¢p|<% W,yr, |atgn|<—;—W,x.

Sketch of the proof. To establish (3.1), evaluate the ®-integral of (3.1) with
the help of (2.2) and then evaluate the resulting ©-integral with the help of (2.1).
Thus, the value of (3.1) is obtained.

By using the same procedure as above, the integrals (3.2), (3.3) and (3.4) can be
found with the help of (2.1) and (2.4), (2.2) and (2.3), and (2.4) respectively.

4. The Fourler serles., The Fourier series to be established are

in ©)'~% (sin ®)'~2H ¢ (sin ©)*
(4.1) (sin ) (sin [ A (sm 0)2"
(a'l' ap‘v A'l);

(b'l H Bq‘o Bc‘);

4 O Mt ma Lk, a1 [ ¢
gt
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-.E-o Pu i Prt2 @3+ 2 ot D, a2 n
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(P——5+ M (Sppe Vo (02 )i (6= W) (65 En). (0 1) ]
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¢(sin ©@)—%
i 1-2p (i 1—20
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¢ (sin ©)—2* ]
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valid under the conditions of (3.4).
Proof. To establish (4.1), let
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¢ (sin @)% }

(4.5) f(©, ®)=(sin ©)'=% (sin ®)'-% H{ n (sin @)

— T Cuosin(2u+1)0 sin(20+1)0.
u, v=0

Equation (4.5) is valid, since f(®, ®) is continuous and of bounded variation in
the open interval (0, n). '

Multiplying both sides of (4.5) by sin(2z+1)® and integrating with respect to
® from O to =, then using (2.2) and the orthogonality property of the sine functions,
we get
(4.6) 2sin @®)' 2 0, n; ma, ng; a1, g+ [ (p(s,m @)2).(1 (a"l; al’l’ A,,l);

Jm P G Po G2 Pat 2, @t 2 n (bql : Bql’ Bql) :

(o Vo )i O W) (65 By, (00 1) ]
(dqz» 842)§ (o+n, n) (qu' an)- (6—n—1, p)

= E Cy, nSin (2u+1)0©.
u=0

Multiplying both sides of (4.6) by sin (2m+1)® and integrating with
respect to © from O to n, and using (2.1) and the orthogonality property of the sine
functions, we obtain

@, 5 o, A,l);
(bqlv Bq{ Bql);

4 0, ny; mat1, ng+1; my+1, ng+1 (]
(4’7) C’"-’l e 7 lev qu; p2+2, G2+ 2; pa+2, ¢s+2 n

(=g M (G Vo) (fi Wi (=5 W) &gy Ep) (51 1) :
(p+m, X), (g, 85 (p—m—1, 1); (o+m W), (fo Fa). (6—n—~1, 1)

From (4.5) and (4.7), the Fourier series (4.1) is obtained.

On applying the same procedure, the Fourier series (4.2), (4.3) and (4.4) are
established with the help of integrals (2.1) and (2.4), (22) and (2.3), and (2.4) res-
pectively.

The Fourier series (4.1), (4.2), (4.3) and (4.4) can also be obtained with the help
of the double integrals (3.1), (3.2), (3.3) and (3.4) respectively on the lines of Carslaw
and Jaeger [7, pp. 180-183]. .

5. Particular cases. On specializing the parameters of Fox’s H-function of two
variables in (3.4) and (4.4) and simplifying, we obtain two known results earlier given
by Bajpai [3,pp. 703-705, (2.1) and (3.1)).

We wish to express our sincere thanks to the reviewer and the Editor for their
useful suggestions for the revision of the paper.
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