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ON SOME FORMS OF CLIQUISHNESS ON TOPOLOGICAL
SPACES
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ABSTRACT. The notion of cliquishness of maps with values in metric spaces has
been studied by many authors including in [3,30,15,21]. In [6,7] J.Ewert investigat-
ed cliquishness of maps with values in uniform spaces. In this paper we introduce
some forms of cliquishness of maps with values in topological spaces. We shall study
fundamental properties of such forms of cliquishness as a natural generalization of
weak forms of continuity on topological spaces.

1. Notation and preliminary results.

A subset A of a topological space (X, T) is said to be:

— semi-open [13], if A C Cl(Int(A));

— pre-open [18], if A C Int(CI(A));

- an a-set [23], if A C Int(Cl(Int(A)));

— pre-semi-open (1], if A C Cl(Int(CI(A))).

The collection of all subsets of a space (X,T) which are semi-open (resp.
pre-open, an a-sets, pre-semi-open) is denoted by SO(X,T) (respectively we have
PO(X,T), T*, PSO(X,T)). It was observed in [21] that 7% is a topology on X
and that T C T* c SO(X,T). Moreover T* = SO(X,T)n PO(X,T) [29].

The union of all semi-open (resp. pre-open, pre-semi-open) sets contained in A
is called the semi-interior [5] (resp. pre-interior, [19], pre-semi-interior [1]) of A and it
is denoted by sInt(A) (resp. pInt(A), psInt(A)), alnt(A) denotes the interior of A
in (X,T%).

Semi-closed (resp. pre-closed, pre-semi-closed) sets and semi-closure (resp. pre-
closure, pre-semi-closure) are defined in a manner analogous to the corresponding con-
cepts of closed sets and closure [5,19,1]. The semi-closure (resp. pre-closure, pre-semi-
closure) of a subset A of (X, T') is denoted by sCI(A) (resp. pCl(A), psCI(A)), aCl(A)
denotes the closure of A in (X, 7). In [1], sets having the property A C Cl(Int(CI(A)))
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are called semi-pre-open. The usage of the term “pre-semi-open” is motivated by the
fact that a subset A is pre-semi-open if and only if A C sInt(sCI(A)), whereas a subset
A satisfying A C pCl(pInt(A)), according to the term “semi-pre-open”, need not be
pre-semi-open.

In [1] is proved that

Lemma 1.1. If A is a subset of a space (X,T), then

(i) sInt(A) = ANCIl(Int(A)),
(i) pInt(A) = AnInt(CI(A)),
(#i1) alnt(A) = ANInt(Cl(Int(A))),
(iv) psInt(A) = ANCIl(Int(CIl(A))).

By f: X — Y we denote a map f of a topological space X into a topological
space Y.

A map f: X — Y is said to be semi-continuous [13] (resp. a-continuous [29],
pre-continuous [18], pre-semi-continuous) if for every open set V of Y, f~}(V) is a
semi-open set (resp. an a-set, a pre-open set, a pre-semi-open set) of X.

It is easy to see that a map f: X — Y is semi-continuous (resp. a-continuous,
pre-continuous, pre-semi-continuous) if and only if for each z € X and each open set V
containing f(X), there exists a semi-open (resp. an a-set, a pre-open, a pre-semi-open)
set A containing z such that f(A) C V i.e., f is semi-continuous (resp. a-continuous,
pre-continuous, pre-semi-continuous) at every point z € X.

By C(f) (resp. sC(f), aC(f), pC(f), psC(f)) we denote the set of all points
at which f is continuous (resp. semi-continuous , a-continuous , pre-continuous , pre-
semi-continuous ).

In [11] pre-continuous maps are called almost continuous .

A map f: X — Y is said to be quasi-continuous [12] at z € X if for each open
set V containing f(X) and each open set U containing X, there exists an open set G
of X such that V # G C U and f(G) C V. If f is quasi-continuous at every z € X,
then it is called quasi-continuous .

In [20] it is shown that a map is quasi-continuous if and only if it is semi-
continuous .

Definition 1.1. A map f: X — Y is said to be:

- basically cliquish (resp. basically pre-cliquish) at a point z of X if for any
open set W containing z there ezists a point z of X such that W N Int(f~Y(V)) # Vv
(resp. W N Int(CI(f~1(V))) # V) for any open set V containing f(z);

- basically s-cliquish (resp. basically pre-s-cliquish) at a point z of X if there
ezists a point z of X such that z € Cl(Int(f~'(V))) (resp. z € Cl(Int(CI(f~*(V)))))
for any open set V containing f(z);
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- basically a-cliquish (resp. basically pre-a-cliquish) at a point z of X if there
ezists a point z of X such that z € Int(Cl(Int(f~1(V)))) (respectively we have z €
Cl(Int(CI(f~(V))))) for any open set V containing f(z).

By BA(f) (resp. pBA(f), sBA(f), psBA(f), aBA(f), paBA(f)) we denote
the set of all points at which f is basically cliquish (resp. basically pre-cliquish, basically
s-cliquish, basically pre-s-cliquish, basically a-cliquish, basically pre a-cliquish).

A map f is called basically cliquish (resp. basically pre-cliquish, basically s-
cliquish, basically pre-s-cliquish, basically a-cliquish, basically pre-a-cliquish) if BA(f)
= X (resp. pBA(f) = X, sBA(f) = X, psBA(f) = X, aBA(f) = X, paBA(f) =
X).

From definitions we immediately obtain the following

Diagramm 1.1.

basic. pre-a-cliquish basic. pre-s-cliquish basic. pre-cliquish

basic. a-cliquish basic. s-gliquis

basic. cliquish

pre-continuous

Ppre-semi-continuous

a-continuous semi-continuous

continuous

A map f of a topological space X into a uniform space Y with a uniformity
is said to be cliquish at a point z of X if for every open set W containing z and for
every V € U there exists an open non-empty set G C W such that f(z'), f(z")) € V
for any z’, z” € G [6,7). If a uniformity & is induced by a metric on Y, then the above
definition coincides with the well known definition of the cliquishness [3, 30, 9, 15, 21].

A map f: X — Y is said to be Ty-cliquish [27] (resp. feeble T;-cliquish [28])
at a point z of X if for every open cover A of Y and for every open set W containing
z exists an open non-empty set G C W such that f(G) C A for some A € A (resp. for
any points z’, z” € G there exists a set A € A such that f(z'), f(z") € A).

We have the following relations between these types of cliquishness:

T)-cliquish = feeble T'-cliquish = cliquish.

It is easy to see that any basically cliquish map is Tj-cliquish.

In [28] it is shown that feeble Tj-cliquish map need not be Tj-cliquish and,
cliquish map need not be feeble T}-cliquish.
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The following examples show that all the implications in Diagram 1.1 cannot
be reversed.

Example 1.1. A semi-continuous map need not be basically pre-a-cliquish.
Let X be the space of real numbers with the natural metric, and define f : X — X by
f(z) = n for z € [n,n + 1), where n is an integer.

The map f is clearly semi-continuous. We shall show that for every integer
z € X f is not basically pre-a-cliquish at z.

Let z be an integer. Then for every point z of X there exists an integer k
such that z € [k, k + 1). Clearly, f(z) = f(k) = kand V = (k- 1/2,k +1/2) is
an open set containing f(z) such that f~1(V) = [k,k + 1), CI(f~}(V)) = [k, k + 1]
and Int(CI(f~Y(V))) = (k,k + 1). Thus n ¢ Int(CI(f~*(V))) for any integer n and,
consequently z ¢ Int(CI(f~'(V))). This means that f is not basically pre-a-cliquish.

Example 1.2. A basically cliquish map need not be basically pre-s-cliquish.
Let X be the space of real numbers with the natural metric. Define f : X — X by

( 1 for z € [1,00)
n+1 for Ie[nl'ﬁ,,l‘;)
f(z) =« 0 for z=0
~(n+1)  for z€ (-1,-7]
| -1 for z € (—o0,-1], n=1,2,....

The map f is clearly basically cliquish. We shall demonstrate that f is not
basically pre-s-cliquish at z = 0.

Let z € X. Clearly, f(z) is an integer. At first let f(z) = 0. Then V = (-1,1)
is an open set containing f(2) such that z ¢ CI(Int(CI(f~*(V)))) since f~}(V) = {0}.
Secondly, if f(z) = k # 0, then V = (k— 1, k + 1) is an open set containing f(z) such
that Int(CI(f~*(V)))NU = V for some open set U containing z; namely U = (-, 1),
where 17 ¢ U. Thus, z ¢ Cl(Int(CI(f~*(V)))) and consequently f is not basically
pre-s-cliquish at z. >

Example 1.3. A pre-continuous map need not be basically cliquish. Let X
be the space of real numbers with the natural metric. The map f : X — X given by
f(z)=1for z € Q and f(z) = 0 for z ¢ Q, where Q is the set of rational numbers, is
clearly pre-continuous since the sets Q and X \ Q are pre-open. We see also that f is not
basically cliquish since there exist open sets V, V' such that VNV’ = v, f(X)cC VUV’
and for every open non-émpty set G we have f(G) ¢ V and f(G) ¢ V.

Example 1.4. A basically a-cliquish map need not be pre-semi-continuous .
Let X be the space of real numbers with natural metric. The map f : X — X given by
f(z) = 1for z = 1, and f(z) = 2 for z # 1, is not pre-semi continuous since we have
an open set V = (0,2) such that f~'(V) = {1} is not pre-semi-open set. However, f is
basically a—cliquish. Indeed, at each z # 1 the map f is continuous . If z = 1, then we
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have z # 1 such that for every open set V containing f(z), Int(Cl(Int(f~(V)))) = X.
So z € Int(Cl(Int(f~1(V)))).

A map f: X — Y is said to be barely continuous if for every non-empty closed
set B C X the restriction f/B has at least one point of the continuity [25].

Proposition 1.1. Any barely continuous map f : X — Y is basically cliquish.

Proof. Let z € X and let W be an open set containing z. By the barely
continuity of f there exists a point z € CI(W) of the continuity of the restriction
f/CI(W). Then for every open set V containing f(z) there exists an open set U
containing z such that f(UNCI(W)) C V. Theset G = UNW C W is open,
non-empty and f(G) C V, what implies the basically cliquishness of f at z.

In [7, Examples 1.3 and 1.4] it is shown that semi-continuity and barely con-
tinuity are independent properties. We shall show that barely continuity and the four
forms of cliquishness (basically s-cliquishness, basically pre-s-cliquishness; basically a-
cliquishness, basically pre-a-cliquishness) are independent properties.

Example 1.5 (see [7, Example 1.2]). A basically a-cliquish map need not
be barely continuous . Let us consider the set X = [0,00) with the topology T =
{V,X}U{(r,0) : r > 0} and let Y be the space of real numbers with the natural
metric. By Q we denote the set of rational numbers. The map f : X — Y given by
1 for z€(n-1,n]NQ
f(z) = ,‘IT for z€e(n-1,n]\Q, n=1,2,...
0 for z=0

is not barely continuous .
We see that for every open set V containing f(0) we have Int(Cl(Int(f~*(V)))) = X.
So f is basically a-cliquish.

Example 1.6. A barely continuous map need not be basically pre-s-cliquish.
Let f be the map in Example 1.2. We shall show that f is barely continuous . Let

A = {(—%,—nil): "=1’2""}U{(n_-1+_i’ %) n=l,2,...}
U {(=00,-1), (1,00)}

If B is a closed non-empty set in X, then either BN|{JA#Vor BC X\{JA.

If BC X\|JA and B contains just one element, then the restriction f/B is
clearly continuous . On the contrary, if 2’ # z” for some z’,z"” € B, then there exists
2 € B such that the set {2} is open in the subspace B and, consequently, the map f/B
is continuous at z.




104 Marian Przemski

Now we assume that BN|J.A # V and let 2 € BN|J A. Without loss of generality
we can assume that z > 0. Then there exists a number n such that z € (1/n+1, 1/n).
Clearly, the set U N B is open in the subspace B and, for each z € U N B we have
f(z) = n+ 1. It follows that the restriction f/B is continuous at z. Thus, f is barely
continuous .

In [9,6] it is shown that a map f of a Baire space X into a metric space or
uniform space with a countable base is cliquish if and only if the set X \ C(f) is of the
first category.

It is easy to see that if the set C(f) is dense, then f is basically cliquish. Hence
we have the following

Proposition 1.2. Let X be a Baire space and let Y be a metric space or
uniform space with a countable base. The following statements are equivalent for a
map f: X =Y.

(1) the set X \ C(f) is of the first category,
(17)  f 1is basically cliquish,
(111) f 18Ty — — cliquish ,

(1v)  f is feeble Ty — cliquish,

(v) f is cliquish.

A topological space X is said to be a Baire space in the narrow sense, if every
closed subspace of X is a Baire space [8].

In (7] it is shown that a map f of a Baire space in the narrow sense X into
a uniform space with a countable base is barely continuous if and only if for every
non-empty closed set B C X the restriction f/B is cliquish. Therefore, by Proposition
1.1 and Proposition 1.2 we have the following

Proposition 1.3. Let X be a Baire space in the narrow sense and let'Y be
a uniform space with a countable base. The following statements are equivalent for a
map f: X - Y:

f 1is barely continuous ,
for every non-empty closed set B C X the map f/B is basically cliquish,

)
)
(111)  for every non-empty closed set B C X the map f/B is T)-cliquish,
) for every non-empty closed set B C X the map f/B is feeble T;-cliquish,
)

for every non-empty closed set B C X the map f/B is Ty -cliquish.
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2. Characterizations of forms of cliquishness and relationships among
them.
) Given families I/ and O of subsets of X, U refines O provided each member of
U is contained in some member of O (briefly U < O). )

For amap f: X — Y we denote f(U) = {f(U): U € U}.

Proposition 2.1. The following statements are equivalent for a map f : X —
Y.

(i) The map f is basically cliquish (resp. basically s-cliquish, basically a-
cliquish) at a point z € X. )
) (i)  For every open cover U of f(X) we have z € Cl(U{Int(f~X(U)): U e
U}) (resp. = € U{CI(Int(f~1(U))) : U € U}), z € U{Int(Cl(Int(f~*(V)))): U €

U}).

(iii)  For every open cover U of f(X) there ezists a collection O of open subset
of X such that f(O) < U and z € CI(|J{O : O € O}) (resp. z € U{CI(0): O € 0},
z € J{Int(CI(0): O € 0}).

Proof. (1) implies (ii). Assume that f is basically cliquish at z. Let U be an
open cover of f(X) and let W be an open set containing z. Then there exists a point
z € X such that W n Int(f~ 1(V)) # V for any open set V containing f(z). Clearly,
f(z) € U for some U € U. Thus W n{Int(f~}(U)): U € U} # V, what implies
z € CI(U{Int(f~2(U)): U € U}).

The implications for basically s-cliquish and basically a-cliquish we immediately
obtain from Definition 1.1.

To prove that (ii) implies (iii) it is sufficient to take O = {Int(f"(U)) :U e ﬁ}
where U/ is an open cover of f(X).

(iii) implies (i). Suppose that f is not basically cliquish at z. Then there e)usts
an open set W containing z such that for every z € X we have W N Int( f“(V))
for some open set V, containing f(z). Let us take U/ = {V. : z € X}. Clearly, U is an
open cover of f(X) such that

(1) z¢Cl(u{mi(s(v): ved}).

If O is a collection of open subsets of X such that f(0) < U/ and z € Cl(U{0:
0 € 0}), then O < {Int(f~*(U)): U € U} and consequently z € CI({U : U € U}).
This is a contradiction of (1).

Thus, f does not satisfy (iii) and the proof for basically cliquishness is complete.

The proof for basically s-cliquishness and for basically a-cliquishness is analo-
gous and is omitted.

From the above result we have the following

Corollary 2.1. The following statements are equivalent foramap f : X - Y.
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(i) The map f is basically cliquish (resp. basically s-cliquish, basically a-
cliquish).

(ii) For every open cover U of f(X) we have X = CI(U{Int(f~ YU)): Ue U})
(resp. X = U{CI(Int(f=}(V))): U € U}, X = U{Int(CI(Int(f-}(U)))): U € U}).

(1i1) For every open cover U of f(X) there ezists a collection O of open subsets
of X such that f(0) < U and X = CI(U{O : O € O}) (resp. X = U{CI(0O):
0}, X = J{Int(Ci(0)): O € 0}).

Proposition 2.2. The following statements are equivalent for a map f : X —
Y.

(i) The map f is basically pre-cliquish (resp. basically pre-s-cliquish, basically
pre-a-cliquish) at point z € X.

(ii) For every open cover U of f(X) we have z € CI(J{Int(CI(f~1(U))): U E
7)) (resp. = € U{CIInt(CIF(V))) : U € U}, = € UUInt(CI(f1(V))) :

0}).

(i) For every open cover U of f(X) there ezists a collection A of pre-open
subsets of X such that f(A) <Uandz € Cl(U{Int(Cl(A)): A€ A}) (resp. z €
U{CI(Int(CI(A))): A€ A}), z € U{Int(CI(A)): A€ A}).

Proof that (i) implies (ii) is analogous to the proof of (i) implies (ii) of Propo-
sition 2.1.

Proof that (i) implies (iii). Let U/ be an open cover of f(X). Let us take
A= {f~Y(U)NnInt(CI(f~1(U))): U € U}. Clearly, f(A) < U and each member of A
is a pre-open subset since for every U € U, f~Y(U)NInt(CI(f~Y(U))) = pInt(f~1(U))
by Lemma 1.1.

It is easy to verify that Int(Cl(pInt(f~*(U)))) = Int(CI(f~*(U))). Thus we
have CI(J{Int(CI(A)): A€ A}) = CI(U{Int(CI(f~Y(U))): U e U}), .

(J{citnt(ci(a))): A€ A} = | J{Ci(Int(CI(f71(V)))): U € U}
and

U{Int(Cl(4)): A€ A} = U{Int(C:i( fYU)): Uel}

This means that (ii) implies (iii).

(iii) implies (i). Suppose that f is not basically pre-cliquish at z. Then
there exists an open set W containing z such that for every 2z € X we have W N
Int(CI(f~ 1(V;))) = V for some open set V, containing f(z). Thus we have an open
cover U/ of f(X), namely U = {V, : z € X}, such that

(2) z ¢ Cl(J{Int(CI(f71(V))): U € T}).
If A is a collection of pre-open subsets of X such that

f(A) < U and z € CI(| J{Int (CI(A)): A€ A}),
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then {Int(Cl(A)) : A € A} < {Int(CI(f~*(U))) : U € U} and consequently,
z € CI(U{Int(CI(f~2(U))): U € U}. This is a contradiction of (2) and thus, f does
not satisfy (iii). This completes the proof for basically pre-cliquishness.

The proof for basically pre-s-cliquishness and for basically pre-a-c;iquishness is
analogous.

Corollary 2.2. The following statements are equivalent foramap f : X - Y.

(i) The map f is basically pre-cliquish (resp. basically pre-s-cliquish, basically
pre-a-cliquish).

(ii) For every open cover U of f(X) we have X = CI(U{Int(CI(f~1(1))) :
U € U}) (resp. X = U{CI(Int(CI(f~1(V)))): U € U}, X = U{Int(CU(f~*(V))) :
UeU}).

(iii) For every open cover U of f(X) there ezists a collection A of pre-open
subsets of X such that f(ﬁ) < U and X = Cl(U{Int(Cli(A)) : A € /i}) (resp.
X = U{Cl(Int(CI(A))): A€ A}, X = U{Int(CI(A)): A€ A}).

A map f: X — Y is said to be Tj-continuous if for every open cover UofY
there exists an open cover O of X such that f(O) < U [10].

It is easy to prove that f is Tj-continuous if and only if it is T}-continuous
at each point z € X, i.e., for every open cover U of Y there exists an open set W
containing z and U € U such that f(W)C U.

We see also that f is Ty-continuous if and only if for every open cover U/ of Y
we have X = J{Int(f~2(U)): U € U}.

We say that a topological space X is a nearly T}-space if for every point z € X
and for every open set W containing z there exists an open cover U of X such that
St(z,U) C W [26], where S € (z, /) denotes the star of the point z with respect to U.

It follows from [26, Corollary 3.5] that any T)-continuous map into a nearly
T;-space is continuous . Thus we have

Proposition 2.3. A map f of a space X into a nearly T-space Y is
continuous at a point 2 € X if and only if for every open cover U of Y we have
z € U{Int(f~1(V)): UeU}.

Since any continuous map f : X — Y has the following property at each point
z € X: for every open cover U of f(X) we have z € J{Int(f~1(U)): U € U}; then
we have

Corollary 2.3. A map f of a space X into a nearly Ty-space Y 1is con-
tinuous at a point z € X if and only if for every open cover U of f(X) we have
z € J{Int(f~1(V)): UeU}.

Clearly, by arguments similar to those above we see that the following charac-
terization is easy to verify.

Proposition 2.4. A map f of a space X into a nearly Ty-space Y is a-
continuous (resp. semi-continuous , pre-continuous , pre-semi-continuous ) at a point
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z € X if and only if for every open cover U of f(X) we have z € J{alnt(f~1(U)) :
U €U} (resp. z € U{sInt(f(U)): U €U}, z € U{pInt(f~(V)): UeU}ze
UlpsInt(f-}(V)): U € U}.

Let P(X) be the power set of X and let D : P(X) — P(X) be an operator.
For U C P(X) we denote D(U) = {D(U): U € U}.

The following elementary result will be useful in the sequel.

Lemma 2.1. For each family U C P(X), the following hold:

(i) Int(U) = Int(alnt(U)) = Int(pInt(U)),

(i) Int(Cl(Int(U))) = Int(Cl(alnt(D))),

(iii) Cl(Int(7)) = Cl(alnt(T))),

(iv) Cl(uInt(U)) = Cl(Ualnt(U)) = Cl(UInt(CI(Int(T))))) =
cl(uci(Int(1))),

(v) Int(CI(T)) = Int(Cl(pInt(U))) = Int(Cl(Int(CU(D)))),

(vi) Cl(Int(CI(U))) = CI(pInt(U)),

(vii) ClUInt(CI(U))) = Cl(UpInt(T7)) = CIUCI(Int(CIT)))).

The simple proof is omitted.

Proposition 2.5. For every map f of a space X into a nearly T)-space Y
there ezists a collections
- {0, : 8 € §} of families of open subsets of X,
{O’ : 8 € S} of families of a-sets of X,
{O” : 8 € 8} of families of semi-open subsets of X,
{A,: s € S} of families of regular-open subsets of X and
{A, : s € S} of families of regular-closed subsets of X, such that:

(i) C(f) = N{UO, : s € S} Cc aBA(f) = N{UInt(CI(D,)) : s € S} C
sBA(f)=N{UCI(O,): s€ S} C BA(f) = N{Cl(UO,): s€ S};

(i) C(f) = Q{UInt(O’ : s € 8} CaC(f) = N{UO, : s € S} C
aBA(f) = {UInt(Cl(O))): s € S} C sBA(f) = {UCUO;): s€ S} C BA(f) =
N{CIUO,): se S} ) . )

(iii) C(f) = NUInK(OY) : s € S} C sC(f) = UODL : s € S} C
sBA(f) = ({UCI(OY) : s € S} C BA(S) = {CUUOY) : s € 5);

(iv) aBA(f) = ({UA, : s € §} C sBA(f) = MN{UCI(A,) : s€ S} cC
BA() = ({CI(UA,): s €S} ,_

(v) aBA(f) = N{U(Int(Ay): s € S} C sBA(f) = N{UA,: s€ S}cC
BA(f) = N{ClU 4;) : s € S}.

Proof. The result follows immediately from Proposition 2.1, Corollary 2.3 and
from Proposition 2.4. It is sufficient to take:

- {0,: se S} = {{lnt(f"(U))' U e€U): Uisan open cover off(X)},
- {0,: seS})= {{alnt(f (U)): UeU}s U is an open coveroff(X)},
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{0": se 8} = {{sInt(f‘l(U)): UeU): U is an open cover of f(X)} s
- {A,:seS8)= {{Int(Cl(Int( F~XU)))): U € U} : U is an open cover of f(X)} ,

- {A,: seS}= {{Cl(Int(f'l(U))) : UeU}: U is an open cover off(X)} , by
Lemma 2.1. '

Proposition 2.6. For every map f of a space X into a nearly T)-space Y
there ezist the collections .

- {0, : s € S} of families of pre-open subsets of X,

- {A,: s € S} of families of regular-open subsets of X and

- {A.: se S} of families of regular-closed subsets of X such that:

(i) C(f) = {UInt(0,) : s € S} C pC(f) = N{UOs : s € S} C
paBA(f) = ({UInt(Cl(0,)) : s € S} C psBA(f) = N{UCI(O,) : s € §} C
pBA(f) = N{CI(UO,): s€ S} )

(i) paBA(f) = {UA, : s € S} C psBA(f) = N{UCI(A, : s€ S}C
pBA(f) = ({CIUA,) : se Sy, )

(ii) paBA(f) = ({UInt(A)): s € S} C psBA(f) =N{UA,: seS}cC
PBA(f) = N{CIUA)): s€ S},

Proof. By Proposition 2.2, Proposition 2.4 and Lemma 2.1 it is sufficient to
take:

- {0,: seS8}= {{pInt(f“(U)): UeU}: U is an open cover off(X)},

- {4, : s €8} = {{In(CUf(U))): U €U} : U is an open cover of )},
and
- {A:seS8)= {{Cl(lnt(Cl(f“(U)))) : U € U}: U is an open cover of f(X)}.

Corollary 2.4. For every map f of a space X into a nearly T)-space Y the
following hold:

(i) The sets BA(f) and pBA(f) are closed.

(i)  If at least one of the sets C(f), aC(f), sC(f), aBA(f), sBA(f) (re-
sp. pC(f), psC(f), paBA(f), psBA(f)) is dense, then f is basically cliquish (resp.
basically pre-cliquish).

Recall that a topological space (X,T) is said to be extremally disconnected if
for each open subset U C X, CI(U) is open.

We have, by Propositions 2.1, 2.2 and 2.4, the following

Proposition 2.7. If X is an extremally disconnected space and Y is a
nearly T)-space, then every semi-continuous (resp. pre-semi-continuous , basically s-
cliquish, basically pre-s-cliquish) map f : X — Y is a-continuous (resp. pre-continuous
, basically a-cliquish, basically pre-a-cliquish).

Proof. It is sufficient to see that extremally disconnectedness of X implies

Int(CI(Int(B))) = Ci(Int(B)), Int(CI(B)) = Ci(Int(CI(B)))
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for any B C X and, consequently, sInt(B) = alnt(B) and psInt(B) = pInt(B).

Proposition 2.8. If f: X — Y is a basically cliquish (resp. basically pre-
cliquish) map such that f(X) is compact, then f is basically s-cliquish (resp. basically
pre-s-cliquish).

Proof. Let f be a basically cliquish map such that f(X ) is compact and let
U be an open cover of f(X). Then there exists a finite subcover U’ C U of f(X) and,
by Corollary 2.1 we have X = CI(U{Int(f~(U)): U € U"}. Thus

X = | J{cuni(s~1(v))): Uel'}c (Jtciamt(s71(v))) : U € U}

Then by Corollary 2.1, f is basically s-cliquish.
The proof of the second part is similar to that of the first part.
Combining Propositions 2.7 and 2.8 we obtain the following

Corollary 2.5. If f is a basically cliquish (resp. basically pre-cliquish) map
of extremally disconnected space X such that f(X) is compact, then f is basically -
cliquish (resp. basically pre-a-cliquish).

In [14] it is shown that if Y is a second countable infinite Hausdorff space, then
X is a Baire space if and only if for every map f: X — Y the set pC(f) is dense.

Therefore, by Corollary 2.4 we have the following

Corollary 2.6. IfY is a second countable infinite Hausdorff space and X 1s
a Baire space, then every map f: X — Y is basically pre-cliquish.

3. Restrictions.

The restrictions of maps of several types has been investigated by many au-
thors including Long and McGehee [17], Baker [2], Long and Herrington [16], Noiri
[24]. In this section we investigate the behavior of the six forms of cliquishness: ba-
sically cliquishness, basically pre-cliquishness, basically s-cliquishness, basically pre-s-
cliquishness, basically a-cliquishness and basically pre-a-cliquishness under the restric-
tion.

We will denote the closure and the interior of a subset K of a subspace Z C X
by Z - CI(K) and Z — Int(K) respectively.

Proposition 3.1. Foramap f: X — Y and a subspace Z C X such that
f(Z) is closed, the following hold:

(i) If pInt(Z) C BA(f), then psint(Z) C BA(f/Z).

(ii) If alnt(Z) C pBA(f), then sInt(Z) C pBA(f/Z).

(iii) If pInt(Z) C sBA(f), then pInt(Z) C sBA(f/Z).

(iv) If alnt(Z) C psBA(f), then alnt(Z) C psBA(f/Z).

(v) If Z is pre-semi-open and Z C aBA(f), then Z = aBA(f/Z).

(vi) If Z is semi-open and Z C paBA(f), then Z = paBA(f/Z).
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Proof. (i). Assume that pInt(Z) C BA(f). Let z € psInt(Z) and let U be
an open cover of f(Z). It suffices to show, by Proposition 2.1 that z € Z — CI(|{Z -
Int((f/Z)~Y(U) : U € U}). Let W be an open set containing z. Then, by Lemma
1.1 (iv) we have z € W N Z N Cl(Int(Cl(Z))), what implies W N Z N Int(CI(Z)) # V.
Take a point z' € W N Z N Int(CI(Z)). Obviously z’ € pInt(Z) by Lemma 1.1 (ii), so
z' € BA(f), and thus, by Proposition 2.1 we have

2’ € Cl(| J{Int(f71(4)): A€ A}),

where A = U U{Y \ f(Z)}. Then there exists A € A such that the set G = W n
Int(Cl(Z)) N Int(f~(A)) is non-empty, GNZ #V, GNZCWNZand GNZC
f~1(A)N Z. This implies that GN Z C Z — Int((f/Z)~*(A) and, consequently,

wWnzn|J{zZ-Int((f/2)"(V): UeU} # v
since A € U by the fact GN Z # V. Therefore
2€Z-Cl(\Jz - Int((f/2)7(V)): U € U})

and the proof of (i) is complete.

(ii). Let aInt(Z) C pBA(f), z € sInt(Z) and let U be an open cover of f(Z).
If W is an open set containing z, then z € WNZNCI(Int(Z)) by Lemma 1.1 (i), what
implies W N Z N Int(Cl(Int(Z))) # V. Take a point ' € W N Z N Int(Cl(Int(Z2))).
Thus, 2’ € aInt(Z) by Lemma 1.1 (iii) and z’ € pBA(f) by the assumption. It follows
from Proposition 2.2 that

' € Cl(| J{Int(CI(f71(A))): A€ A)}),

where A = U U{Y \ f(Z)}. Then there exists A € A such that W n Int(Z) N
Int(CI(f~'(A))) # V. Clearly, A € U since G C Z, where G = W n Int(Z) N
Int(CI(f~'(A))). We see also that GNZ C W N Z and, for each 2 € GN Z and
every open set V containing z we have VN Z N f~1(A) # V since VNG C VN Z and
VNnGnf'(A)#V. SoGNZC Z-In(Z - CI((f/Z)"'(A))) and, consequently,
¢ € Z-ClU{Z-Int(Z-CI((f/Z)"2(U))): U € U}). Therefore, z € pBA(f/Z) by
Proposition 2.2.

(iii). Assume that pInt(Z) C sBA(f). Let z € pInt(Z) and let U be an open
cover of f(Z). Take A = U U{Y \ f(Z)}. Then, by Lemma 1.1 (i) and Proposition
2.1, there exists A € A such that

z € ZN Int(Cl(Z)) N Cl(Int(f~1(A))).

Consequently, for every open set W containing z the set
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G = W Int(CI(Z)) N Int(f1(A))

is non-empty, GNZ #V, GNZCWnNZadGNZcC f~(A)NZ.SoWNZNZ-
Int((f/Z)"'(A)) # V. Clearly, A € U. Therefore

z €| J{Z - Cl(z - Int((f/2)"}(V))): U €U}

and, by Proposition 2.1 we have z € sBA(f/Z).

(iv). Assume that alnt(Z) C psBA(f). Let z € aInt(Z) and let U be an open
cover of f(Z). Take A =UuU{Y\ f(z)}. By Lemma 1.1 (iii) and Proposition 2.2, there
exists A € A such that z € Z N Int(Cl(Int(Z))) N Cl(Int(CI(f~1)))). Thus for every
open set W containing z the set G = W n Int(Z) N Int(CI(f~'(A))) is non-empty,
GNZ#V,GNZC WnNZ and, for each z € GN Z and every open set V containing
z we have VN Z N f~1(A) # V. It implies

z€Z-CIlZ-Int(Z-CIl((f]Z)"1(A))))
and, consequently,
z €| J{z - cu(z-1Int(Z - CU(f/2)7'(V))): U €T}

since A € U7. Therefore z € psBA(f/Z) by Proposition 2.2.

(v). Assume that Z is pre-semi-open and Z C aBA(f). Let z € Z and U be an
open cover of f(Z). Take A = UU{Y \ f(Z)}. Then, by Proposition 2.1, there exists
A € A such that z € Z N Int(Cl(Int(f~1(A)))). The set Z N Int(Cl(Int(f~1(A)))) is
open in the subspace Z and, for each z € Z N Int(Cl(Int(f~'(A)))) and for every open
set V containing z the set G = VN Int(CI(Z))NInt(f~1(A)) is non-empty, GNZ # V,
GNZcVNnZandGNZcC f~Y(A)N Z. It implies

Z N Int(Cl(Int(f~Y(A)))) C Z - CI(Z - Int((f/Z)"}(A))),

80
zelJ {z ~ Int(Z - C(Z - Int((f/2)7(V)))): U € U}

since A € /. Thus, by Proposition 2.1, z € aBA(f/Z).

(vi). Assume that Z is semi-open and Z C paBA(f). Let z € Z and let U/
be an open cover of f(Z). Take A = U U {Y \ f(Z)}. Then, by Proposition 2.2,
there exists A € A such that z € Z N Int(CI(f~1(A))). It is easy to see that the set
ZNInt(CI(f~1(A))) is open in the subspace Z and, for each z € Z N Int(CI(f~1(A)))
and every open set V containing z we have V N Int(Z) N Int(CI(f~1(A))) # V, so
VNZnf~1(A)# V. It implies

ZN Int(CI(f~\(A))) C Z - Int(Z - CI((f/2)"}(A)))
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and, consequently,
ze|J{z - miz-cus/z)w)): ve v}

since A € U. Thus, by Proposition 2.2, z € paBA(f/Z). The proof of Proposition 3.1
is complete.

Corollary 3.1. For amap f: X — Y and a subspace Z C X such that f(Z)
is closed, the following hold: _

(i) If Z is pre-semi-open and f is basically cliquish (resp. basically a-
cliquish), then the restriction f/Z is basically cliquish (resp. basically a-cliquish).

(i1) If Z is pre-open and f is basically s-cliquish, then the restriction f/Z is
basically s-cliquish.

(iis) If Z is semi-open and f is basically pre-cliquish (resp. basically pre-
a-cliquish), then the restriction f/Z is basically pre-cliquish (resp. basically pre-a-
cliquish).

(iv) If Z is an a-set and f is basically pre-s-cliquish, then the restriction
f/Z is basically pre-s-cliquish.

Proposition 3.2.  For the map f : X — Y and a subspace Z C X, the
following hold:

(i) If the restriction f/Z is basically a-cliquish (resp. basically s-cliquish),
then alnt(Z) C aBA(f)) (resp. alnt(Z) C sBA(f)).

(ii) If the restriction f/Z is basically pre-a-cliquish (resp. basically pre-s-
cliquish), then pInt(Z) C paBA(f) (resp. pInt(Z) C psBA(f)).

(i1i) If the restriction f/Z is basically cliquish, then sInt(Z) C BA(f).

(iv) If the restriction f/Z is basically pre-cliquish, then psInt(Z) C pBA(f).

Proof. (i). Assume that f/Z is basically a-cliquish. Let z € alnt(Z) and
let U/ be an open cover of f(X). Then, by Lemma 1.1 (iii) and Proposition 2.1, there
exists U € U such that z € Int(Cl(Int(Z)))N Z — Int(Z — CI(Z — Int(f~1(U) N Z))).
Hence there exists an open set V' such that

z € VNZC Int(Cl(Int(Z)))N Z — CIZ - Int(f~(U) N Z)).

It is easy to see that for each z € V N Int(Cl(Int(Z))) and for every open set W
containing z we have VN Int(Z)NW C Z — Cl(Z — Int(f~Y(U) N Z)), so there
exists an open non-empty set G such that GNZ #V,GNZ C VNInt(Z)NW and
GNZc f~/YU)N Z. Thus, the set G’ = GNV N Int(Z)N W is open, non-empty,
G' C W and G’ C f~Y(U). Therefore, z € |J{Int(CI(Int(f~2(U)))): U € U} and, by
Proposition 2.1, z € aBA(f).

8. Cepamka, ku.1-2
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Now we assume that f/Z is basically s-cliquish. Let z € aInt(Z) and let"l? be
an open cover of f(X). By Lemma 1.1 (iii) and Proposition 2.1, there exists U € Usuch
that

z € Int(Cl(Int(Z)))N Z - CI(Z - Int(f~(U) N Z))

and, for every open set V' containing z we have
VN Int(Cl(Int(Z)))NZ - Int(f(U)NZ)# V,

what is equivalent to the existence of open non-empty set G such that GNZ # v,
and GNZ C f7Y(U)N Z. Thus, the set G’ = GNV N Int(Z) is open, non-empty
G' Cc Vand G’ C f~Y(U). so z € J{CI(Int(f~}(U)): U € U} and, by Proposition
2.1, z € sBA(f).

(ii). Assume that f/Z is basically pre-a-cliquish. Let z € pInt(Z) and let U
be an open cover of f(X). Then, by Lemma 1.1 (ii) and Proposition 2.2, there exists
U € U such that z € Int(Cl(Z))NZ—Int(Z-Cl(f~Y(U)N Z)) and consequently, there
exists an open set V such that z € VNZ C Int(CI(Z))NZ-CI(f~(U)NZ). Let us put
V' = VNnInt(Cl(Z)). Clearly, V' is open, z € V' and, for each z € V' and every open set
W containing z we have WN f~1(7/) # V. Indeed, because z € WNV NInt(CIl(Z)), the
set K = WNV NZ is open in the subspace Z, non-empty and K C Z-CI(f~}(U)Nn 2),
what implies W N f~1(U) # V. So z € U{Int(CI(f~*(U))) : U € U} and, by
Proposition 2.2, z € pa BA(f).

We assume that f/Z is basically pre-s-cliquish. Let z € pInt(Z) and let U be
an open cover of f(X). By Lemma 1.1 (ii) and Proposition 2.2, there exists U € U
such that z € Int(CI(Z))N Z — CUZ - Int(Z — CI(f~Y(U) n Z))). This implies
that for every open set V containing z there exists an open non-empty set G such
that GNZ #Vv, GNZ Cc VNnInt(Cl(Z))and GNZ C Z - CI(f~Y(U)Nn 2).
Observe that the set G’ = G NV N Int(CIl(Z)) is open, non-empty, G' C V and,
for each 2 € G’ and for every open set W containing z we have W N f~1(U) # V.
Indeed, it holds WNG'NZ C W, WNG'NZ#Vand WNG'NZn f~Y(U)#V
since WNG'NZCGNZCZ-CIf (U)NZ). SoWn f~Y(U) # V. Therefore,
z € [J{CI(Int(CI(f~*(U)))): U € U}, what implies, by Proposition 2.2, z € psBA(f).

(iii). Assume that f/Z is basically cliquishe Let z € sInt(Z) and let U/ be an
open cover of f(X). If V is an open set containing z, then z € V N Cl(Int(Z)) and
V#VNIn(Z)C Z-CIUUJ{Z - Int((f/Z)""(U)): U € U}) by Lemma 1.1 (i) and
Proposition 2.2. Then there exists U € U such that VNInt(Z)NZ - Int(f~(U)NZ) #
V, what implies the existence of an open non-empty set G such that GNZ # v, GNZ C
VNInt(Z)and GNZ C f~'(U)N Z. Observe that the set G' = GNV N Int(Z) is
open, non-empty G’ C f~}(U) and G’ C V. Thus z € CI(U{Int(f~*(U)): U € U})
and, by Proposition 2.1, z € BA(f).

(iv). Assume that f/Z is basically pre-cliquish. Let z € psInt(Z) and let U/ be
an open cover of f(X). If V is an open set containing z, then z € V N Cl(Int(CI(Z)))



On Some Forms of Cliquishness 115

and V # VN Int(Cl(Z))NZ C Z - CI(U{Z - Int(Z - CI((f/2)"(U))): UE€ U})
by Lemma 1.1 (iv) and Proposition 2.2. Then there exists U € U such that v #
VNInt(Cl(Z))NZNZ —Int(Z-CI(f~1(U)N Z)). Consequently, there exists an open
non-empty set G such that GNZ # vV and GNZ C VNInt(CI(Z))NZ-CI(f~(U)NZ).
Observe that the set G’ = G NV N Int(CI(Z)) is open, non-empty, G’ C V and, for
each z € G’ and for every open set W containing z we have W N f—1(U) # V. Indeed,
wehave G'NWNZ #V, G'NWNZCW,GNWNZCGNZCZ-CI(f~'(U)nZ)
and G' N W N Z is open in the subspace Z, so G'NWNZn f(U) # V. Thus
W N f~Y(U) # V. From it follows z € CI(U{Int(CI(f~}(U))): U € U}) and, by
Proposition 2.2, z € pBA(f). This completes the proof of proposition 3.2.

Corollary 3.2. Foramap f: X — Y the following hold:

(i) If the restriction f/D is basically pre-cliquish (resp. basically pre-s-cliquish,
basically pre-a-cliquish) for some dense subset D C X, then f is basically pre-cliquish
(resp. the set psBA(f) is dense, the set paBA(f) is dense).

(ii) If the restriction f/ B is basically cliquish (resp. basically s-cliquish, basically
a-cliquish) for some semi-open dense subset B C X, then f is basically cliquish (resp.
the set sBA(f) is semi-open and dense, the set aBA(f) is semi-open and dense).

Proof. It follows from the Corollary 2.4, from the above result and from the
fact that for every dence subset D C X (resp. semi-open dense subset B C X) we have
pInt(D) = psInt(D) = D (resp. alnt(B) = sInt(B) = B).

Let f : X — Y be a map. A subset D C X is called a Blumberg set [4] (resp.
quasi Blumberg set [22]) of f if D is dense and the restriction f/D is continuous (resp.
semi-continuous).

It follows from Corollary 3.2 that

Corollary 3.3. If f: X — Y possesses a Blumberg set (resp. a quasi
Blumberg set), then the set paBA(f) (resp. psBA(f)) is dense.

From Proposition 3.2 we also have the following

Corollary 3.4. For the map f: X =Y the following hold:

(i) If there exists a cover A of X by a-sets such that for every A € A, the
restriction f/A is basically a-qliquish (resp. basically s-cliquish), then f is basically
a-gliquish (resp. basically s-qliquish).

(11) If there ezists a cover A of X by pre-open sets such that for every A € A,
the restriction f/A is basically pre-a-cliquish (resp. basically pre-s-cliquish), then f is
basically pre-a-cliquish (resp. bastcally pre-s-qliquish).

(i11) If there ezists a cover A of X by semi-open sets such that for every A € A,
the restriction f/A is basically chquwh then f is basically cliquish.

(iv) If there exists a cover A of X by pre-semi-open sets such that for every
A € A, the restriction f/A is basically pre-cliquish, then f is basically pre-cliquish.
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