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ABSTRACT. In this paper, we have evaluated an integral involving Bessel poly-
nomial, generalized hypergeometric series and Fox’s H-function, and employed it
to evaluate one double integral involving Bessel polynomials generalized hypergeo-
metric series and the H-function. We have further utilized the integral to establish
one Fourier-Bessel polynomial expansion and one double Fourier-Bessel polyno-
mial expansion for the products of generalized hypergeometric functions. We also
discuss some particular cases of our results and show how our results lead to gen-
eralization of many results, some of which are new and two were earlier given by
Mathai and Saxena [10].

1. Introduction. The subject of expansion formulae and Fourier series of
generalized hypergeometric functions occupies a prominent place in the literature of
special functions. Certain expansion formulae and Fourier series of generalized hyper-
geometric functions play an important role in the development of the theories of special
functions and boundary value problems. It is interesting to note that there is a wide
scope of applications of the theory of expansion theorems and Fourier series in the field
of boundary value problems and applied mathematics. For example, some results of
this paper can be used to obtain certain solutions of the classical problem known as
the "time-domain synthesis problem”, occurring in electrical network theory [5, pp.
139-140).

It is important to note [9, 11, 13] that so far there were only a few attempts to
establish single and multiple Fourier-Bessel polynomial expansions of the products of
generalized hypergeometric functions.

The Fox’s H-function is a generalization of Meijer’s G-function (3, pp. 206-222]
and therefore on specializing the parameters, the H-function may be reduced to al-
most all special functions appearing in pure and applied mathematics (10, pp.114-119)].
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Therefore the results obtained in this paper have a general character and hence they
include several interesting particular cases. A large number of results can be derived
for the Meijer’s G-function, MacRobert’s E-function, Hypergeometric functions, Bessel
functions, Legendre functions, Whittaker functions, orthogonal polynomials exponen-
tial functions, trigonometric functions and other related transcendental functions.

It is very important to note that operations such as differentiation and integra-
tion could be performed more easily on the H-function than on the original functions,
even though the two are equivalent. Thus the H-function facilitates the analysis by
permitting complicated expressions to be represented and handled in a simpler manner.

The H-function introduced by Fox [6, p. 408] is defined as follows:

uv [ _|(ap.ep) u, (a1,e1),-1(apiep)
(1.1) Hyg (2 l(c,:,/:)] = Hyy [z I(b:,l:)- .(b:-le:]

1
= — *d
7ri /LX(.s)z S,
where L is a suitable Barnes contour and
1 T(b; — £;8) IT;2, T(1 — aj + ¢;5)
1_u+l l-\(1 - b + fJ") HJ—V+1 r(aJ - CJ.S)

Asymptotic expansion and analytic continuation of the H-function had been given by
Braaksmma [2].

X(s) =

Some preliminary results.
The following formulae are used in the proofs further:
Bessel polynomial [10, p. 134]:

(12) Ya(zat)=). (_")'(a:!' L 1)'(—é)' = 2R [T
r=0
The integral
® - _ I@r(-o)r(2-a-o)
(1.3) /0 e 't Y, (1,a,t)dt = Fi—ot mI@—o—a=m)’

where Re o > 0.
To establish (1.3), use the series representation of Bessel polynomial (1.2), in-
terchange the order of integration and summation, evaluate inner-integral (3, p. 1,(1)],
(=1)T(o)
(1-0)

R [c—n,bﬂ] _ (e (c)b)n c#£0,—

put (o —r) = and apply Vandermonde’s theorem [9, p. 110, (4.1.2)):
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The integral

e A
1.4 / 2 Ve *Y(1,a,2) ,Fg |37 | dz
(14) | (1,0,2) g [3"]

_ i (ap)re'T(c + hr)I(1 — 0 — hr)[(2—a — o — hr)

= (BQ)rT(1 -0+ m—hr)I(2—-0—-a—-m=—hr)’

where ap denotes ay,...,ap; h is a positive integer; P < Q (or P = Q+1 and |¢| < 1);
no one of the (g is zero or negative integer and Re o > 0.

The integral (1.4) can easily be established by expressing the generalized hy-
pergeometric series as [3, p. 181, (1)] and interchanging the order of integration and
summation, which is justified due to the absolute convergence of the integral and sum-
mation involved in the process, and evaluating the integral with the help of (1.3).

The integral

8 /:o za—le—zym(l’a’I)PFQ [g:“"] uFy [Z::d-r"] dz

b

_ s~ (ap)re"(vU)d'T(o + hr + kt)[(1 — 0 — hr — kt)[(2 —a — 0 — hr — kt)
- Z (B)r™'(8v )et'T(1 — o+ m — hr — kt)[(2 — 0 —a — m — hr — kt)

r,t=0

where in addition to the conditions and notations of (1.2), k is a positive integer; U < V
(or U =V 41 and |d| < 1 ); no one of the éy is zero or a negative integer.

To derive (1.5), we use the series representation for ¢y Fy interchange the order
of integration and summation and evaluate the resulting integral with the help of (1.4).

Note 1. On applying the above procedure an integral analogous to (1.4) for
the procedure of n generalized hypergeometric series can be derived easily.

The orthogonality property of Bessel polynomials [1, p. 76, (2.1)]:

(1.6) / z7% Y, (1,a,2)Yn(1,a,z)dz
0

1-a=2n

0 if m # n.

r(2—a— .
{n.l‘ﬁnn |fm=n;

where Re a < 1—-m —n.
In what follows, A and u are positive numbers and for brevity:

(ap)rc” (1) = (vir).d*
(Bq)r! ! (S,)et!’

. h - d k
Fi(z)=pFg ;g’ “ ] i Fa(z)=uvFv [ Zg' ’ ] ;

°(1‘) =



Integrals involving Bessel polynomials 251
H(z)= H*' | z2* (ap, €5) ];
@ = [+ G
Hy(m,rt) =

(1=0—hr—kt,A),(ap,€p),(1 —0 +m— hr —kt,A),
(2—0—a—-m—hr—kt,A); ;
(1= —hr—kt,A\),(2—a— o0 —hr—kt,A),(bg, fg),

Hy(m,r,t) =
(1—0 —hr—kt,A),(2—0—a—m—hr—kt,A),(ap,€p) ]

u+2,v+1
cHy 3042 {z

(1 =0+ m—hr—kt,A);
(1 =0 —hr—kt,A),(bg, fo),(2— 0 —a—hr —kt,A)

Hi(m,r,t) =

+1,042
()™ Hp 35042 [2

geetr |, (1—0c+m—hr—kt,A),(2—0—a—m— hr—kt,A),(ap, €p)
p+2,9+1 (bgs fg),(2—0 —a— hr —kt JA)
Hy(zy) = H®Y |zz*y* (ap, €5)
4( y) P.9 [ y (bqqu)

Hs(my,ma, 7y, t1,7m2,12) =

(1 =0y — hry — kty, M), (1 — 02 — hry — kta, p),(ap, €p),

(1 =01+ my — hry — kt),A),(2— 01 — a—my — hry — kt;,A);
He vk | 2| (1= oy + ma — hry — kty,p), (2 = 02 = b= my — hry — ktg, p); | ;

(1—01—hrl—ktl,/\),(2—a—a,—hr1—ktl,A),

(1 — o2 — hry — kta, 1), (2 — b — 03 — hry — kty, u),(by, f3)

A= Za, Zb,,

=1
v P u q
B=Y ¢- Y e+y fi- > fi
1=1 J=v+1 1=1 J=u+l
Single Integral.
(i) Theorem.
oo
(2.1) / e Y, (1,a,z)Fy(z)Fy(z)H (z)dz
0

- f: ®(r)¥(t)Hy(m, 1),

r,t=0
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where A <0, B >0, |argz| < %Br, Re (o + Abj/f;) >0 (5 =1,...,u), together with
the conditions given in (1.4) and (1.5).
Proof. Toestablish (2.1), expressing the H-function in the integrand as Mellin-

Barnes type integral (1.1) and interchanging the order of integrations, which is justified
due to the absolute convergence of the integrals involved in the process, we have

L X(s)z'/ 27t -1le=%y, (1,a,2)Fy(2)Fy(z)dzds.
271 L 0

Evaluating the inner-integral with the help of (1.5) we get

— 1
> ¥z [ XG0

rt=

(o + hr+kt+ As)I'(1 —0 — hr — kt — As)[(2 —a — 0 — hr — kt — As)z*ds
l—o+m-—hr—kt—As)I(2—0c—-a—-m—hr —kt - \s)
Now, using (1.1), the value of the integral (2.1) is obtained.
Note 2. An integral analogous to (2.1), involving the product of n generalized
series, Bessel polynomial and the H-function can be evaluated easily with the help of

the result mentioned in Note 1.
(ii) Particular Cases: By virtue of the following identities, apparent from
the definition of the H-function and [3, p. 3, (3) & (4)]:

(2.2) Hy(m,r,t) = Hy(m,r,t),

(2.3) Hy(m,r,t) = H3(m,r,t),

the integral (2.1) reduces to the following special forms:

(2.4) /oo 27 e *Yu(1,a,z)Fy(z) Fy(z)H (z)dz
0

= E &(r)¥(t)Hao(m,r,t),

r,t=0

(2.5) /w 277 'e"*Y,u(1,a,2) Fy(z) Fy(z)H (z)dz
0

00

= Z Q(r)*(t)”:}(m, r, ‘)v

rt=0
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valid under the conditions of (2.1).
In (2.1), (2.4) and (2.5), putting d = 0, we get the representations:

(2.6) / 2Ty, (1, )Ry (2)H (2)dz = 3 8(r)Hy(m, 7,0),
0 r=0

27) / T2 e Y (1,0,2) Ri(2) H(2)dz = 3 8(r)Ha(m,7,0),
0 r=0

(2.8) / T2 e Y (1,0,2) () H(2)dz = 3 #(r)Ha(m, ,0),
0 r=0

valid under the conditions of (2.1) with d = 0.

It is interesting to note that Singh and Varma [12] evaluated an integral in-
volving the product of an associated Legendre function, a generalized hypergeometric
series and the H-function [10, p. 40, (2.9.4)] on making use of finite difference operator
E [11, p. 33 with W = 1]. It is also interesting to note that Gupta and Olkha (8]
evaluated an integral involving the product of a generalized hypergeometric series and
the .H-function using an integral due to Goyal 7, p. 202].

Srivastava, Gupta and Goyal [13, pp. 61 - 63] presented some integrals based
on the technique of Gupta and Olkha.

In view of the above discussion and [9, 10, 13] it appears that our integrals are
more general and new in addition to the new and simple technique of evaluating such
integrals.

In (2.6), (2.7) and (2.8), putting ¢ = 0, we obtain

(2.9) / 2”7 ' *Y,.(1,e,z)H(z)dz = Hy(m,0,0),
0

(2.10) / 2°7 e *Y(1,a,2)H(z)dz = Hy(m,0,0),
0

(2.11) / 2°7'e Y (1,a,z)H(z)dz = H3(m,0,0),
0

valid under the conditions of (2.1) with ¢ =d = 0.
In (2.11), if we take A = 1, it reduces to a known result due to Mathai and
S;axena (10, p.80, (3.8)].
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3. Double Integral.

(i) Theorem.
oo foo
/ / za;—lyog—le-(z+y)
0 0

(3.1) XY, (1,8,2)Ymy (1,b,y) Fi(2) F2(z) Fi (y) Fa(y) Ha(zy)dzdy

E Z @(1"1)‘I’(l[)‘b(fg)‘l’(tg)ﬂs(ml, my, Ty, 1, T2, t2),

r1,t1=0r2,t2=0
where in addition to the conditions stated in (2.1) Re (o1 + Abj/f;) > 0, Re (02 +
wbi/fi)>0,7=1,...,u
Proof. To establish (3.1), evaluating z-integral with the help of (2.1) and
interchanging the order of integration and summation, we get

o0

S a(r)¥(t) / 1-1e=9Y,,. (1,02, 5) F2(y)

ry,t1=0

(1 =0y = hry — kt1,A),(ap, €p), (1 — 01 + my — hry — ki1, A),
(2—al—a—m,-—hr,—kt1,z\); dy
(1 =0y = hry — kt1,A),(2="a — 0y — hry — kty, A), (bg, fy),

Now applying (2.1) to evaluate the y-integral, the value of (3.1) is obtained.

Note 3. A multiple-integral analogous to (3.1) can be established easily on
applying the above technique (n — 1) times.

Note 4. Double integrals analogous to (2.5) and (2.6) can also be derived on
applying the above procedure.

(ii) Particular Cases:

Putting d = 0 in (3.1), we get

u+2,v+1
XHp 3042 [zy

o0 o0
(3.2) /o/;x"’“y""'e'(“"’)yml(l,a,z)Ym,(l,b,y)F‘(z)Fg(z)H4(zy)dxdy

Z ¢(T])°(TQ)H5(?’T11, ma, T, Oy T2, 0)1

1,72 =0

valid under the conditions of (3.1) with d = 0.
Putting ¢ = 0 in (3.2), we obtain

03 [ [ Y (e Yo (16, ) He)dzdy

= Hs(m, yma, 090, 0' 0)»
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valid under the conditions of (3.2) with ¢ = 0.

Note 5. The integrals of this section can be useful for establishing dou-
ble and multiple Fourier-Bessel polynomial expansions for the products of generalized
hypergeometric series and the H-function.

4. Fourier-Bessel Polynomial Expansion.

(i) Theorem.

(4.1) 24"V Fy(2) Fy(2) H ()

- Z n'r(2 = 2n)).y (1,a,2) Y &(r)¥(t)Hi(n,r,1)

r,t=0
valid under the conditions of (2.1) and Re a <1 - 2n.
Proof. To prove (4.1), let

(4.2) f(z) = 27t Ry(2)Fy(2)H(z) = ) CuYa(l,a,2).

n=0

Equation (4.2) is valid, since f(z) is continuous and of bounded variation in the open
interval (0, 00).

Multiplying both sides of (4.2) by z=%¢~*Y,,.(1,a,z) and integrating with re-
spect to z from 0 to oo, we have

/°° 2" e Y, (1, a,2) Fy(2) Fy(z) H (z)dz
0

g 0o
= ch/ 7% *Y;n(1,a,2)Ys(1,a,z)dz.
n=0 0
Now using (2.1) and (1.6) we obtain

(1-a-2

) [ <]
(4.3) Cn = miTG—2 _’"m)! rgod»(r)\v(t)ﬂ](m.r,t)-

From (4.2) and (4.3) the Fourier-Bessel polynomial expansion (4.1) is obtained.

(ii) Particular Cases.

By virtue of the identities (2.2) and (2.3), the Fourier-Bessel polynomial expan-
sion (4.1) is reduced to the following special forms:

(4.4) 2+ F(z) Fa(z)H(z)
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Z n'r(2 ‘ a2n))y (1,a,z) Z &(r)¥(t)Hy(n,r,t),

n=0 rt=0
4.5) 27271 Fy (2) Fa(z) H ()

Z lr(2 _ a2n))y (1 a,z) Z ¢(T)\I’(t)H3(n r,t),

r,t=0

valid under the conditions of (4.1).
In (4.1), (4.2) and (4.5), putting ¢ = d = 0, we have

(4.6) 27+ H(z) = ZTFQ—&‘%Y (1,a,z)H(n,0,0),
(4.7) 2tV H(z) = 2 m—ﬁ)—)y (1,a,z)Ho(n,0,0),
(4.8) 27V H(z) = Z 'm_a?")) Ya(1,a,2)Hs(n,0,0),

n=0

valid under the conditions of (4.1) with ¢ =d = 0.
In (4.8), setting 0 + a — 1 = w and A = 1, it reduces to a known result due to
Mathai and Saxena [10, p. 81].

5. Double Fourier-Bessel polynomial expansion.

(i) Theorem.

(5.1) 21491y 72 b1 By (2) Fy(2) Fy (y) Fa(y) Ha(2y)
RS (1—a-2n)(1=b-ny)
= 2 aF@=a-mmT@ by m(hesWullby)

ny ny=0

x 33 @(r)¥(t)(ra)¥(ta) Hs(ma, nay ity 72, 1),

ry,t1 =0 ra,t2=0
valid under the conditions of (3.1) and Re a < 1—2n,, Re b<1-2n;.
P roof. To establish (5.1), let

(5.2) f(z,y) = 2oy -V By (2) Fy(z) Fi(y) Fa(v) Ha(zy)
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e )
ST AnimYai(1,8,2)Ya,(1,6,9).
ny ,n2=0
Equation (5.2) is valid, since f(z,y) is continuous and of bounded variation in the open
interval (0, c0).
The series (5.2) is an example of what is called a double Fourier-Bessel polyno-
mial expansion. Instead of discussing the theory, we show a method to find formally
oo

Apn, n, from (5.2). For fixed z, we note that E Ap, n,Yn, (1,a,z) depends only on na,
n; =0
furthermore, it must be the coefficient of Fotirier-Bessel polynomial expansion in y of
f(z,y) over 0 < y < oo.
Multiplying both sides of (5.2) by y~®e~¥Y,,,(1,b,y), integrating with respect
to y from 0 to oo and using (2.1) and (1.6), we get

(5.3) ¥ R () Fy(z) D B(ra)¥(t2)

r2,t2=0

(1 =02 — hry — kty, p),(ap, €p), (1 — 02 + mg — hry — kta, u)
(2—02 —b—mg — hry — kta, p) -
(1 — 02 — th - kt?v”’)v(‘z -b- g2 — hrﬁ - kt?v“)o(bq’ fq)

(2 m
E Any mamal{ ( b_2m’))yn,(1,a,z).

u+2,v+1 A
XHp 13042 [”

n; =0
Multiplying both sides of (5.3) by z7%e~*Y,,,(1,a,z), integrating with respect
to z from 0 to oo, and using (2.1) and (1.6), we okttaiu
(1—a—-2m;)(1->5-2m,)
m!T'(2 — a — my;)my!T(2 — b — my)

(5.4) Amymy =

X 3D @(r)¥(t)®(r2)¥(ia) Hs(m1, ma, 11, 1, 72, t2).

r1,t1=0712,t2=0

From (5.2) and (5.4), the double Fourier-Bessel polynomial expansion (1.5) is
obtained.

(ii) Particular Cases.

In (5.1), putting ¢ = d = 0, we get

(5.5) g7 +e1y?2b"1 Hy(zy)

S (1 -a—2ny)(1=b—2ny)
- Z m!'T(2 —a—ny)np!T(2 - b — ny)

ny ny=0

9 Cepamnka 3-4
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x”S(nl,nQ, Ovoao’o)yﬂl(lia’I)Yﬂi(l’b’ y)’

valid under the conditions of (5.1) with ¢ =d = 0.

Note 6. A double Fourier-Bessel polynomial expansions analogous to (4.4)
and (4.5) can be derived with the help of (2.4) and (2.5) respectively.

Note 7. Multiple Fourier-Bessel polynomial expansion analogous to (5.1) can
be established on applying the above technique repeatedly.

Note 8. The Fourier-Bessel polynomial expansion and the double Fourier-
Bessel polynomial expansion given in section 4 and 5 may further be generalized by
using Laplace transform technique given by Wimp and Luke [14].

Note 9. Results analogous to our main results (2.1), (3.1), (4.1) and (5.1)
involving the H-function of several complex variables [13, pp. 251-254] can be derived
on following the techniques given in this paper.

I wish to express my sincere thanks to Professor C. M. Joshi, Professor and
Head of the Department of Mathematics, M. L. Sukhadia University, Udaipur for his
kind guidance during the preparation of this paper.
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