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0. Introduction. In the classical type problem of the Riemann surfaces and of
the elements of the ideal boundary a role as important as that of the capacity functions
is played by the modulus functions. There are many similarities between these classes
of functions but also specific aspects which justify this study, whose aim is to extend
the results concerning the behaviour of the level lines of the capacity functions under
K — gc mappings (K-quasiconformal homeomorphisms) established in [4] to modulus
functions.

0.1. Definitions and notations. Let R be an open Riemann surface and
I its ideal boudary. Throughout the paper we denote by {II,}, n € N, a canonical
exhaustion of R, II, being a canonical regular region [1, p.26, p.80] and I, = 8II,
consisting of analytic Jordan curves positively oriented with respect to II,,. Points and
parameters on R will be denoted by the same letters.

Let 2z be a point in R and D a parameter disc containing z,. The capacity
function on I' with respect to 2o and D (8, p. 179], [9] is a function pr( , 20) = pr( , 20)
with the properties:

1) pr is harmonic in R\ zo,

2) pr(z, 20) = log|z — 2| + h(z,20), z € D,

where h( , z9) is a harmonic function in D with h(zg, 29) = 0, and

3) pr minimazes the integral

1 .
I(¢) = ;/rwdv: ..ll.“éo/r prdp

in the family of functions ¢ : R\ 2 — R, which satisfy 1) and 2), {II,} being an
exhaustion as above with zg € Ily.



114 Cabiria Andreian Cazacu, Victoria Stanciu

One knows that I(pr) := kr is the Robin constant and cr := e~*" the ca-
pacity of I' with respect to 2o and the parameter in D.

Let Ty be the boundary of a canonical regular region Il on R as above, in
particular an analytic Jordan curve, if IIp is a Jordan region. The modulus function
of T with respect to I'g [6], [7] is a function ur( ,To) = ur( ,To) : R\Ilp — R with
the properties:

1) ur is harmonic in R\ T and ur = 0 on Ty,

2) / *dur = 1, and

I
3) urominimizes the Dirichlet integral

D(¢) = / / |grad | *dzdy
R\TT;

in the family of functions ¢ : R\ Ilp = R with the properties 1) — 2). (Sometimes one

takes in 2) | *dur = 27, [9, p. 76]).
T
This minimum pr = pr(T,To) := D(ur) < oo is the modulus of R with

respect to I'p and I'. Together with kr, it is infinite or finite as R is parabolic or
hyperbolic.

The function ur is constructed as the limit of a sequence or a subsequence of
functions u, = ur,( ,Io) corresponding to II,, in an exhaustion {II,} as above. One
knows that these functions u, are characterized by the properties 1), 2) and 3’) u,, is
equal to a constant u, on I',. Here p, = Dn(u,) is the Dirichlet integral of u, on
I \ Mo, pin < ptnsr < pr and pr = limpco fin-

According to pr being finite or infinite then wr = wr( ,Ig) := ur/ur or zero
respectively is the harmonic measure of I' with respect to I'y. We denote by w,, =
Uy /pn the harmonic measure of I', with respect to I'p in II, \ .

There is an obvious connection between pr and ur. Remark that ¢, := {z €
R : pr(z,20) = 7} is always compact if 7 is sufficiently small. If one takes I'y = ¢, and
Ilo = {z € R: pr(z,20) < 7} for such a value 7, then

01) r(,Fo) = 5olor( ) =7l
However, starting conversely with an arbitrary Iy, the corresponding ur( ,To) is not
derived in this way from a capacity function pr( , z9) for which I'g would be a level line.
Indeed, let us consider R = {2 : |z| < 1}. Then pr(z, 20) = In |(2—20)(1-%520)/(1-Z52)|
for every zp € R, hence all the level lines of pr are circles, but we can construct up( ,Ty)
taking as I'p an arbitrary analytic Jordan curve.

0.2. Setting of the problem. In §§1 and 2 we shall study the distortion of
the level lines of the modulus functions and the harmonic measures respectively under
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K — gc mappings f : R — R’ between open Riemann surfaces R and R’ of class R,
for Ty = f(Io). Namely, in §1 we shall compare the images fL, of the level lines
Ly = {z € R : ur(2,To) = a} with the level lines L), = {2’ € R' : ur/(2/,Ig) = a'},
where IV denotes the ideal boundary of R’. In §2 a similar study will be dedicated to
the functions wr( ,To) and wr/( ,T'g), supposing R and hence R’ to be of hyperbolic
type. In each paragraph we consider first the action of a single K — gc mapping f by
fixing only Ty, and then, by fixing both I'y and T, the action of the family F of all
K — gc mapping f with f(To) = I'y under the hypothesis F # 0.

0.3. As in [4] compactness will play an important role.

First it reflects in the condition imposed to R and R’ to be of class R,. By
definition an open Riemann surface R belongs to this class R, if there exists a capacity
function on R with compact level lines. However this class may be characterized by the
compactness of the level lines of a modulus function ur( ,To) as proved in [3], where it
is also shown that the property is independent of the choice of 'y as well of the choice
of the logarithmic pole 2 in the definition based on the capacity function.

Another compactness property concerns the considered family F of K — gc
mappings and is contained in the following.

Lemma (5] 1. Let R and R’ be Riemann surfaces which are not conformally
equivalent to C and C, M C R and let M' C R’ be two compact sets such that there
are K — qc mapping f : R — R’ with f(M) = M'. Then the family F of these mapping
is normal and closed.

2. The same results is valid for R = R' = C if M contains at least two points.

In 1.2 and 2.2 we shall take M = T'g and M’ =T,
§1. Level lines of the modulus functions

1.1. Suppose that R and R’ are two open Riemann surfaces of class R, such
that there are K — gc homeomorphisms f : R — R'. With the previous notations for
the ideal boundaries I' and IV, Iy and T, set IIj = f(Ilg) and I'y = f(T'o) and consider
the modulus functions ur( ,Tp) on R and up( ,I'g) on R'.

Denote by L, the level line L, = {z € R : ur(z,I'¢) = a} for every a € [0, ur),
Lo = T, by Il, the region I, = {z € R:0 < ur(z,Ig) < a}, by L,, = {2’ € R':
ur/(2',Ty) = a'} for every a’ € [0,ur+) and by I, = {2’ € R' : 0 < up(2',T}) < @'}.
Further set I1,,,4, = I, \TT;, and Laya; = {La : a € [ay,a3]} for ay < a3, a1,a3 € [0, pur)
and similarly II'_; 0l L'.; o for a) < @, a},a) € [0, ur).

One knows that the modulus of TM,, 4, which is by definition the modulus of I,,
with respect to L,, and L,, is equal to the modulus of the curve family separating L,,
from L,, on Il,,,, and also equal to the modulus of the extremal family L, ,,: Mod
L.,., =a3; —-a, [2].
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In order to study the image f L, of the level line L, of ur( ,T¢) by means of
the level lines of ur+( ,T() we introduce as in [4] the functions

ag(a, f) = min{ur:(',Tg) : 2’ € f La}

and
Ag(a, f) = max{ur/(2',Tg) : 2’ € f Lo}

Proposition 1.1. The functions ag(a, f) and Ag(a, f) are strictly increasing
with respect to a and satisfy the inequalities

(1.1) K™ 'ag(a, f) < a < K Ag(a, f).

Proof. Take a;,a; € [0,ur) with a; < a. Since L,, C int Il,,, it follows
that f L,, C int f I, C H;a(az,]). Hence in any point 2’ of f L,, the function
ur:(2',Ty) < Ap(az, f); in particular Ag(ay, f) < Ag(az, f)-

The inequalities (1.1) result as a special case from

Proposition 1.2. Let ay < ay as before. Then
(1.2) K~[ag(az, f) — Ag(ar, f)] € a2 — &y < K[Ag(az, f) — ag(as, f))-

Proof. i) By means of Grotzsch’s inequalities we can write K ~(az—a;) = K~}
Mod Lg,a, < Mod f La,a, < Modulus of the whole family of curves which separates
L:-S(ax.!) from LIA,’,(”,/) = Mod L’“(’)(“l!])"é(“?'l) = Ag(az, f) — ag(ay, f).

ii) Suppose that Aj(a1, f) < ag(az, f). Then ag(az, f) — Ag(a1, f) = Mod
LLS(% 1Ay a1.1) < Modulus of the whole family of curves separating f Lo, and f L,, <

K Modulus of the family separating L,, and L., = K Mod Lg,., = K(az — a;).
If Aj(ay, f) > ag(az, f) the left inequality in (1.2) is trivial.
Taking a; = 0 and a3 = a, (1.2) reduces to (1.1).

Corollary. If R and R’ are of hyperbolic type, then
(1.3) K~'[ur — Ag(a, f)] < pr — a < Klpr — ag(a, f)).

Proof. The inequalities (1.3) follow from (1.2) by taking a; = a and letting

a3 — pr.
Further for @ = 0, (1.3) implies the Grétzsch inequalities

(1.4) K™ 'ur < pr < Kpre.
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Remarks. Since f L, C n:-é.(a-l)Aa(a.!) a measure for its distortion with
respect to the level lines of ur/( , I'g) is given by Mod Ly (a,7) 45 (a,s) = Ao(a, f)—ag(a, f).

An interesting case of K — gc mapping in F is represented by mappings f with
f Ly=1L",, a" = d'(a,f). In this case (1.2) becomes

a’

(1.5) K~ '(a) — a}) < a3 — a; < K(a3 — @}), a1 < ay.

The equality in the right or the left side of (1.2) is realized exactly in this
case, when f satisfies the supplementary conditions: the dilatation quotient of f is the
constant K and the major axes of the characteristics ellipses of f are orthogonal or
tangent respectively to the level lines L, a.e. in R. We have then a; — a; = K(a} — a})
or K~1(a} — a}) = a3 — a;. Evidently, the equality in both sides corresponds only to
K=1.

1.2. We shall now fix Ty and I'j; and establish inequalities valid for the family
F defined in 0.2., i.e. the family of all K — g¢ homeomorphisms f : R — R’ with
f(To) = Ty or equivalently f(Ilg) = I, under the hypothesis 7 # @. To this purpose
we introduce for a € [0, ur).the functions

ag(a) = inf{ag(a, f), f € F}
and

Ag(a) = sup{Ag(a, f), f € F}.

Proposition 1.3.  There ezist mappings fo. and Fy, in F with ag(a) =
ag(a, fo,.) and Ay(a) = Ay(a, Foa).

Proof. Let {f,} be a sequence in F such that ag(a, f,) — ag(a). Since Lemma
in 0.3 implies that F is normal and closed, the sequence {f,} contains a subsequence,
denoted again by {f,}, which locally uniformly converges on R to a mapping fo. € F.
For every n we choose a point z, € L4 such that ur(fa(2s),I'g) = ag(a, fn). By passing
if necessary to a subsequence and renumbering, we may suppose that 2, — 2* € L,,
therefore f.(zn) — fo,a(z*). Hence ag(a) = Jim up(fa(2a), To) = ur(fo,a(z%),Tp) 2
ag(a, fo,.) and by definition ay(a) = ag(a, fo,.). The proof for Ay(a) is similar.

Proposition 1.3 shows that the functions ag(a) and Aj(a) are finite.

Proposition 1.4. The functions ag(a) and Ay(a) are strictly increasing and
satisfy the inequalities

(1.6) K ~[ag(az) — Ag(a1)] < a3 — a) < K[Aj(az) - ag(a)]
for ay < aj, a; and a; € [0, ur).

Proof. i) Aj(ay) = Ag(ar, Foe,) < Ag(az, Fo,e,) < Ag(az).
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ii) In order to obtain (1.6) it is sufficient to replace in (1.2) the functions ag(a;, f)
and Aj(aj, f) by ag(a;) and Ag(a;) respectively, j = 1,2.
From (1.6) one deduces immediately

K~'dj(a) < a < KAY(a)
(1.7) and

K~'{urs — Ag(a)] < pr — a < K[ur — ai(a)].

The compact Riemann surfaces can be studied also by means of modulus func-
tions. Let S and S’ be two such surfaces and choose besides Ilp C S and I C S’ the
points 2., € S\ T and 2., € 5"\ ﬁg. The family F will consists of all the K — gc
mappings f: S — S’ with f(Ilp) = 1§ and f(200) = 24

§2. Level lines of the harmonic measures. We shall now consider hy-
perbolic Riemann surfaces of class R, and reformulate the results for the harmonic
measure.

Since the harmonic measure

wr( ,To) = ur( ,To)/pr,

the level lines of wr coincide with the level lines of ur. If we denote by Iy = {z € R :
wr(z,To) = b} for b € [0,1), then I = L, for b= a/ur.

2.1. Suppose that f : R — R’ is a K — gc homeomorphism, choose Il in R and
take 11§ = f(Ilo), hence I'y = f(T'o). As in 1.1 define

(b, f) = min{wr(2',Tg) : 2’ € fly}

and
Bi(b, f) = max{wr«(2, Th) : 2 € fly}.

Then (b, f) = ay(prd, f)/pr and By(b, f) = Ay(prd, f)/pre. Thus the main inequal-
ities (1.2) become for by < by, by and b; € [0,1)

(2.1) K~[by(b3, f) = By(br, f)) < prppl (b2 = b1) < K([By(ba, f) = by(br, £)),
whence, taking into account that K=' < urur! < K,

K~2[bg(ba, £) = Bo(b, £)) < (ba = b1) < K?[By(ba, f) = bo(ba, f)).
Consequently, for b; = 0 and b3 = b one gets
(2:2) K~'by(b, f) < prup'b < K By(b, f)
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and for by = b, b, — 1
(2:3) K1 - BY(b, f)] < purupt (1 - b) < K[1 = by(b, f)).

The equality in (2.1) — (2.2) arises under the same conditions as in (1.2).

2.2. In the same manner as in 1.2, we can introduce the family F and the
functions

bo(a) = inf{by(b, f), f € F}

and
o(b) = sup{Bg(d, f), f € F}.

Again we have by(b) = ag(urd)/urs and Bj(b) = Ag(urbd)/prs, hence by Proposition 1.3
we get
bo(b) = bo(b, fo,ure) and Bo(b) = Bo(b, Fours)-

In a similar way Proposition 1.4 implies that the functions b;(b) and Bg(b) are strictly
increasing and satisfy the inequalities

(2.4) K™'[b(b2) — Bo(b1)] < prpur (b2 — b1) < K[Bo(ba) — by(b1)]

for by < ba, by and by € [0,1) as well as the inequalities

(2.5) K~'bp(b) < pruptb < KBo(b)
and
(2.6) K™'[1 = By(b)] < praur) (1 - b) < K[1 = bg(b, f)]

for b € [0,1).
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