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CURVATURE IDENTITIES FOR ALMOST CONTACT METRIC
MANIFOLDS OF HERMITIAN TYPE

MILEN J. HRISTOV

ABSTRACT. We introduce the class of almost contact metric manifolds of Hermitian
type as a subclass of the normal almost contact metric manifolds. Identities for
the Riemanian curvature tensor on such a class are established.

0. Introduction. The problem about the identities for the Riemanian curva-
ture tensor on Hermitian and almost Hermitian manifolds has been solved by A. Gray
[9] and F. Tricerry and L.Vanhecke [4]. The complete decomposition of the space of
tensors, having the same symmetries, as the Riemanian curvature tensor, into mutu-
ally orthogonal, U(n)-invariant and irreducible factors over an almost Hermitian real
vector space in [4] is given. The same problem, but for the Hermitian connection and
the corresponding Hermitian curvature tensor has been solved by Ganchev, Ivanov,
Michova [2]. In the case of almost contact metric manifolds the analogous problems
are not solved completely. Some identities for the Riemanian curvature tensor in the
case of quasi-Sasakian manifolds, are given in [5]. In [1] the problem for the existence
of Hermitian connection on an almost contact metric manifold is treated.

In the present paper we apply the scheme of [4], [9], using the method of local
complex coordinate systems, as in [2], on the naturally arising class of almost con-
tact metric manifolds of Hermitian type. On such a manifold, the identities for the
Riemanian curvature tensor are given.

1. Preliminaries. Let M be a 2n + 1-dimensional differentiable manifold with
almost contact metric structure (¢,£,7,9), where ¢ is a tensor field of type (1,1), £ is
a vector field, n is a 1-form, g is a definite metric tensor field , such that

¢’ =-id+n®¢E @€)=0, n(€)=1, g=gop+n®1.
On such a manifold arise the operators h = —?, v = n® £, such that

h(TyM) = Kernp, v(TpM)=Imn, and T,M = h(T,M)® v(T,M), p€ M.
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The contact distribution D, = Kerm,, p € M contains 2n-dimensional real vector
spaces with almost complex structure ¢, and hence D, carries an orthonormal ¢-
basis {ea;Peatacr, I = {1,...,n}. Let DS be the complexification of Dp. Then
the following decomposition DS = D}° @ Dy is valid, where the subspaces D}°(DJY)
of vectors of type (1,0)((0,1)) are spanned by the vectors Z, = ea — ipeq, a €1
(Zs = Zay @€ I={1,...,a}). Then DS has basis {Zs},¢sur and putting Z, = §,
we have that the vectors {Z4} 4eruruz, form a basis for the space TEM = DS & &,
where I, = {o = 3}. Unless otherwise stated, Greek small letters will be run through
the index-set I, Latin small — through 7 U I and Latin capital - through U T'U I,

The structure (p,&,7,9) is said to be normal if the tensor field N = [p, 9] +
2dn ® £ of type (1,2) vanishes identically, where [, ¢] is the Nijenhuis tensor field,
formed with ¢ : [, ¢)(2,¥)= =[pz, ov] - ¢loz,y] - ¢lz, 0¥l - ¥*[2, 9], z,y€T,M. In
that case D1°(DO!) form an involutive distribution [3]. The tensor field of type (0,3),
corresponding to N, will be denoted by the same letter:

N(z,y,z) = g[N(z,¥),2), z,¥,2 € T,M.

Let & : &(z,y) = g(z,9y), z,y € T,M, be the fundamental 2-form on M, V be the
Levi-Civita connection of the metric ¢ and F = —V@®. The properties formulated in
the following Lemma are well known [1],[6], [7]:

Lemma 1 . Let M?+1(,£,1,9) be an almost contact metric manifold. Then
for all z,y,2 € TyM the nezt equalities are true:

a) F(z,y,2) = 9((Vz9)y, 2] = —F(z,2,¥) = —F(z, ¢y, 92)+[nA(Vzn)op)(y, 2);

b) 3d¥(z,y,2) = —(22‘) F(z,y,2),(G - cyclic summation);

c) 3d®(€,y,2) = —F(£9,2) + (Vyn)ez — (Van)ey;

d) N(z,y,z) = —3d¥(pz,y,2) + 3d®(py,z,2) + 2F(z,u,9z) + 2[n ® (Vn -
2dn))(z,y,2)-

2. Almost contact metric manifolds of Hermitian type. Analogously to
the canonical complex structure on R?" = C" 8] we are going to consider the canonical

normal structure on R+
We consider R?**! as C" x R by the natural isomorphism

R+ -1 C" xR,
(z,y,t)=(z",..., 2" ¢, ...¢" 1) ¥— (3,1) = (a1, 22,...,2"1)
=(z' +iy',...,z" + iy, ).
Let (g, £,7) be the structure on R**! defined by

a i) (i)
¢=6ap(dz°®w—dy°®-o?), €=5t-’ ﬂ=dtv
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where (U; {z,y°,t}) is a local coordinate system, XU = SP‘“{%’ 3%’ %}, XU =

span{dz®,dy®,dt} and §,p is Kroneker’s symbol.
It is clear that this structure is an almost contact structure and it is an extension
of the canonical complex structure on R™™:

9

ay=’
nop=0, n€)=1, ¢?=-id+7®¢

We call this structure canonical normal structure on R¥"*1,

Proposition 1. Let (¢,£,n) and (@, £,7) be the canonical normal structures
on R?**! and R*™*! respectively and let f be a transformation, such that

d

P) 9 9
P(5.) = ¢(8_¢'—)= -t ¢(§)=¢(€)=0,

fiRWH R - (o1 TR LT T)

(z,y,t) — f(z,9,t) = (u®*(z,y,t),v%(z,9,1),49(z,9,1)), a€J = {1,...,m}.
Then:

a) £ corresponds to £ (and hence n to 7)) by f, i.e. fuf = € (r = 1(z,y,t)
nonvanishing function) iff u*, v® do not depend on t, i.e.

u® =u°(z,y), v® =”a(z’y) and q=9(z'y)t)9 %tq' #09 a€J;
b) the diagram
IR"""‘LIR""‘“

el le
R L, xRIm+

is commutative, i.e. f.o @ = @o f. iff ¢ depends only on t, i.e.

u® = u¥(z,y,t), v* =0v%(z,y,1), ¢=q(t) and

ou® _ 9v”
928 ~ 8yf
M Ou® Ov®
Ey_ﬁ=_'87a GGJ, ﬂel;

¢) the structure (,&,7) corresponds to (p,£,1) by f i.e.
f&= 76_ and foop=g@of.
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iff u* = u*(z,y), v* = v*(z,y), ¢ = q(t), ¢'(t) # 0 and the Caushy — Riemann
conditions (1) are valid. :
Proof. a) f.f — 7€ = 0 is equivalent to
(foge = TN ENO/OT) + (Jo i = 7 DN FNO/OT) + furgy ~ 73N =0,

. ou” __ Jv* __ 0q 9 _ .
ie. W(B/Oz" + W(a/aya + (E - r)a_ = 0, which proves a).

b) A
1) (foop—@0f)(32)=0
foop—@0fu=0 < [2) (fuocp—pof)(325)=0
3) (foop—@of)(&) =0 trivial.
1) implies

u®  Gv* aq 9
(8ﬁ+a[,)<a/a*)+<a,, EeO/OF) + 552 =0,

i.e.(1) are true and 8—8:5 = 0. Analogously 2) implies (1) and 8—8:; = 0 and hence (1) and
q = g(t) are valid.

c) The proof follows from a) and b). O

Let M*"+1(p £.) and M?™+(p, £, 7) be almost contact manifolds.

Definition. The transformation f: M?"*1(p,£,7) — M?™+1(p £ 7) is said
to be strict contact holomorphic if f is strict contact, i.e. f.£ = £ (and hence f*#j = n)
[3]) and contact holomorphic, i.e. (@,€,1) corresponds to (¢,&,n) by f at once.

The set HT'3, ., of all strict contact holomorphic transformations in R?+! is a
pseudogroup and we consider (2n + 1)-dimensional manifold with differentiable struc-
ture, compatible with HT'3 ,,. Then M carries an almost contact structure (¢, £,7),
induced by the canonical normal structure on R***!. Such a structure (¢,£,1) we
shall call strict normal. If g is a metric, compatible with a strict normal’ structure
(¢,€,m),i.e. g=gow+n®n, then the structure (¢, &,7,g) (respectively the manifold
M(p,&,1m,9)) will be called almost contact metric of Hermitian type.

Theorem 1. Let M*™*1(p £ n,g) be an almost contact metric manifold of
Hermitian type. Then:

i)dn=0, [p,¢]=0,( ie. N=0, dn=0);

i) at every point p € M there ezists a local complez coordinate ayatcm (U,
{z',...,2"t}) such that z* = z 4 iy™ (z*,y* are real coordinates), Zo = £ = § =
8o, D"’U(D‘"U) is apanned by the vectors {Zo = 8/82° = da}aer ({25 = 8/07* =
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8s}ser)y DSU = span{Z, = Ba}oequr, and T U = span{Z4 = da}aervtur,y PEU-

Proof. i) Let (U;¥ = {z',...,2",¢",...,9",t}) be a local real coordinate
system, compatible with HT%, ,,. Then n = ¢*(dt), i.e. dt = (¢¥~1)*n. On the other
hand dn is (¢~!)*-invariant [3): d((¥~")*n) = (¥~')*dn = 0, i.e. dn = 0. Further, for
the Nijenhuis tensor [, ¢], we have

Ye[P, @] = [Vup, Yup] = [6ap(dz” ® 5?{5 -d’® a%);

d a
A — — — -
bru(dz” ® By dy* ® 35)1=0,
and hence [p,¢] = 0.
ii) We recall the following

Proposition [3]. Leti : M — M*™*(p,£,n,9) be an immersed r-
dimensional submanifold. Then M is an integral submanifold of the contact distri-
bution D iff n and dn), restricted to M" vanish.

Now, using i) we assert that D is an involutive distribution and let M  be
the maximal integral submanifold of D. Since [p,¢] = 0, from Newlander-Nirenberg’s
theorem it follows that M2"(y, g) is a Hermitian manifold and thus ii) is proved. O

3. Curvature identities for almost contact metric manifolds of Her-
mitian type. We refer to some well known algebraic facts. Let V(e,€,n,9) be a
2n + 1-dimensional almost contact metric real vector space. We resume the decompo-
sition of the space of Riemannian curvature-like tensors on V:

R(V) = {R€ ®'V": R(z,y,2,u) = —R(y,2,2z,u) = —R(z,y,u,2),
g
R(z,y,z,u)=0
(zgz) B H¥) =0}

in the following

Lemma 2 . The decomposition R(V) = hR(V)®vR(V)®wR(V) is orthogonal
with respect to the induced from g inner product in ®*V* and invariant under the
action of the standard representation of the Lie-group U(n) x 1 in ®4V*. The defining
conditions for the factors are:

AR(V)={REeR(V): R(z,y,z,u) = hR(z,y,z,u) = R(hz,hy,hz, hu),z,y,z,u € V},

vR(V)={R € R(V) : R(z,y,2,u) = vR(z,y,2,u)

=['7 A R(fv ‘vz’")](zv y) + ['7 A R(C,*, z, v)](l,“)sz, ¥,2%,u€ V}v
wR(V)={R € R(V): R(z,y,2,u) = wR(z,y,2, u)

={nA [ﬂ(’)R(f’ v, %6 - n(y)R(§, z, ‘ve)]}(zv")vzv v,z,u€ V}
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The partial decomposition of the space AR(V') coincides with that of an almost
Hermitian real vector space [4],[9]:

Lemma 3. AR(V) = hRy(V) & hR#(V) & hRE(V) & hRE(V), where
WRii (V)=hRi(V) @ ARE(V), i=1,2,3 (hRy(V)= hR(V)),
WRE(V)={R € hRia(V): R = (I - H))R),
WRA(V)={R € hRip(V) : R = 3(I + H)R),

I is the identity on @*V* and H; are involutive isometries on hR;y1(V), i=1,2,3,
defined by

1
(Hxﬁ)(z,y,z,u)=§[3(¢z,w, z,u) + R(y, pz,9z,u) + R(pz,z,py,u)),

1

+R(¢I, v, 2, W)])
(H3R)(z,y,z,u)=R(pz,0y,92,0u), z,y,2z,u € hV.

We give the partial decompositions of vR(V) and wR(V'), which are easy to
check, in the following Lemmas.

Lemma 4. vR(V) = vRy(V) @ vR{(V) & vRF(V), where
vRi41(V)=vR{(V) ® vRE(V), i=1,2 (vR3(V) = vR(V)),
VRE(V)={R € vRina(V): R = 3(I - V)R),

VRi(V)={R € vRups (V) : R = 5(I + V)R),
and V; are involutive isometries in vR41(V), defined by
(ViR)(€,2,9,2) = 3[R(6,2, 03, 02) + R(E,07,92,9) + R(E, 09, 2,07)),

(VQR)(Evzvyvz) = R(E,W, v, ¥z), z,¥,z€hAV.

Lemma 5. wR(V) = wR,(V)® wRi(V), where

wRE(V) = {R€ wR(V): R = %(1 —W)R),
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wRy(V) = {R € wR(V): R = %(1 +W)R)
and W is the involutive isometry , defined by

(WR)(f,l,lhf) = R(f)vz’W’f)’ zZ,y€ hV.

Corollary. On an almost contact metric real vector space V(p,€,n,9) the
following partial decomposition of the space R(V') into mutual orthogonal and U(n) x 1
invariant factors is valid:

R(V) = hRy(V) & hR{ (V) ® hR3 (V) @ hR3 (V) @ vR.(V)®
vRE(V) & vR3 (V) @ wRy(V) ® wRi (V).

We shall apply these algebraic conclusions to the space of almost contact metric
manifolds of Hermitian type.

Definition. An almost contact metric manifold M?"*+!(p,£,1,g) is said to
be in the class hR;, AR}, vR;, vR}, wR,;, wR{ iff R, is in the subspace
hRi(TyM), hRE(T,M), vRi(T,M), vR}T,M), wRy(T,M), wR{(T,M) for any
p € M, respectively, where R is the Riemannian curvature tensor of type (0,4) on M.

In terms of local complex coordinates the unique determined C-linear exten-
tions of the tensors on an almost contact mertic manifold of Hermitian type one can
characterize by their essential (i.e. which may not be zero) components. Using Lemma
1, we have the following essential components:

9:903 = 98a = 9(Za, 23), 900 =1;

®:9,5=-%3, = —ig,5 F:Fapy Fapo
d® : ®55,, ®ap, and also their conjugated ones. Let (g4%) = (g,,)7"

Lemma 6. Let M(p,£,1,9) be an almost contact metric manifold of Hermi-
tian type. Then:

i) the contraction-components ®{g = ®45pgPC satisfy
0) ’;5.¢CD = ’%D.OABv
b) (Pae A ®spe)ss = —(’g. A ®sad)si = (’$~ A ®55.)as;
ii) the essential components of d® and V® = —F satisfy
a) 55, = —§Fapy = —§(889ay — r9a8),
b) ®oss = — 3§ Fapo = $Fsao = §0gas;
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iii) the essential Kristofel’s symbols of V — I'Sg satisfy T’ gB . I‘g 4 and are
a) T = —3i®5 + 97 agpa,
b)To;=~3i®; se€lulul,
¢) T%y = —3i®%, - consequence from b);
iv) the partial derivatives of the essential ® 4pc are
a) 0a®p.5 = (Vad®)p5+ Fi[8%. A 8,5.]5y — [0agse A 5.)5, — 319759550,
b) 0:®5.5 = (Vad®)s.5 — 3i[®3, A 3.y,
c) Bo®s.5 = (Vod®)s,5 — 3i[®3. A 8,5.]5y — 3183540,
d) 3a®p50 = (Vad®)ss0 + 82902982 — 31935830 — Fi[®%. A Bose)0,
e) Bo®ps0 = (Vod®)s50 + 3i93,®450.

Proof. (i) The condition a) follows directly. b) is a simple verification, using
a). For instance we shall show the first equality:

(’fo A ’Sﬂt)q‘ = (’Zﬁ’aﬂs + Qgﬁ’oﬁi + ’:ﬁ’oﬂl - (‘7 — 3) =
= (8558005 + 538005 + 8538 0a5) — (7 —— 8) = — (27, A Bsas)ss;
ii) The equalities follow from Lemma 1b),c),d) and the definition of d®;
iii) Applying ii) to the well known expression
1
s = §ysc(0Ayac +089ca — cgaB),

we get a), b). To prove c) one can see that Lemma la) implies
3. X
Fago = i3 = —iThgep and hence T, = ~I%39°% = —5i8%o, using b);

iv) It follows from the well known expression
(VAd®)pcp = 0a®cp — Mp®scp — Mc®8sp — T 0®BCS

and i), ii), iii).
As a consequence of Lemma 6 iii) we formulate

Lemma 7. Let M(p,£,1,9) be an almost contact metric manifold of Hermi-
tian type. Then Vi vanishes on D'° x D'° and on § x D'°.

Let R = [V,V]-V[ , | be the Riemannian curvature tensor of type (1,3) on an

almost contact metric manifold of Hermitian type M(¢,£,7,9). Denoting by the same
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letter the corresponding curvature tensor of type (0.4): R(z,y,z,u) = g[R(z,y)z,u],
z,9,2,u € S(,f, and using Lemma 7, it is clear, that the next properties are true:

i) R(z,y,2,u) = —R(y,z,2,u) = —R(z,y,u4,2) = R(%, 9,3, %),

i) (:2‘) R(z,y,2,u) =0,

iii) R(z,y)o ¢ = ¢o R(z,y) on DO(D?) if z,y € D'%(D"),

(2) iv) R(€,z)o ¢ = po R(€,z) on DO(D™), if z € D'O(DY),
and as a consequense

v) R(z,y,2,u) = R(z,u,2,y),

vi) R(z,9,2,§) =0, z,y,z€ DO(D).

Next we shall formulate the basic results of this paper.

Theorem 2. The space R of the Riemannian curvature tensors on almost
contact metric manifolds of Hermitian type, in terms of local complez coordinates, has
the structure, given in the table:

classes |essential |characterization conditions
components

hR3 |Rapys Rspys = —%i(Vde)&,g + %Qzﬂfm
hR [hR{ |Rapss Ropyt = —30(Vad®)pes — (Vpd®) 3] + [Pae A Bspelss |
< R,35=-R, 5(= %RO‘YB‘)

hR, Rahl Rahl = Rahﬁ( = Ram = 0)

vRi | Roasy Roagy = 33(Vod®)apy + 1955825y <= Roapy = —Ropas
vR [vR; |Roaps Roapy = Ropasi( <= Roapy = 0)

wR|wR: | Roago Rosgo = 31(Vod®)apo + 3935Pap0

Proof. In terms of local complex coordinates the Lemmas 2,3,4,5 imply the
following equalities in sense of isomorphism:
Lemma 2: '

hR={R € R(T,CM), P € M : Rapys, Rapvsy Ropyss Ropss  — essential components},
vR={R € R(T,CM), p € M : Roapy, Roagy, Roapsy essential components},
wR={R € R(T°M), p€ M : Roapyo, R,nj, essential components}.
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Lemma 3:
hR3={R € hR : Rss,s — essential components}, hR3 = {R € hR : Rsp,s = 0},
hR3={R € hR3 : Ragys — essential components}, hR; = {R € hR3: Ropys = 0},
hR{={R € hRy: R 4.5 — essential components <= R.3.6 = —R.5,5},
hR1={R € hR3: R,455 =0 <= R,3,5 = R,3,3}-
Lemma 4:
vR3={R € vR : Roap, essential components}, vR; = {R € vR: Roug, = 0},
vRi={R € vRa : Roapy = Roysa <= Roapy = —Ropas},
UR|={R € vR,y: Rogp-, =0 < Rogp., = Roﬁaﬂ}
Lemma 5:
wR = {R € wWR : Roapo — essential components},

wRy = {R € wR : Ry, 5, — essential components}.
Further (2) imply Ragys = Roagy = Roapo = 0 and so the structure of R is
obtained. The characterization conditions we get from the well known formula

Rasep = gps(0aT3¢ — 88T5¢c — M3cTEp + TBeTip — CEaTe),

by using Lemma 6 iii), iv).

Further by [+ «— ¢*] we shall denote the expression, obtained from that in the
previous brackets [,], replacing every argument * by o+ and conversely, and by <, >-the
scalar product in TyM, p € M, induced by the metric g.

Theorem 3. Let M(p,£,n,9) be an almost contact metric manifold of Her-
mitian type. Then the following curvature identities are valid:

(3) [mz,y,l, “) - R(W,ﬂ,l,%) - R(W,sz’“) - R(W—‘,%vz: u)] + [‘ « ¢‘] = 0;

(4) R(§,y,2z,u) — R(E, oy, 2, pu) = R(E, 0y, pz,u) + R(§, ¥, 92, pu);

(5) R({s:vyvf) = R({vw’er)v z,y,%,u € D"

Proof. As was noted above R,p.,5 = Ropys = Roapo = 0. Linearizing every of
these equalities, replacing a, 3,7,68 by z — ipz, y — i@y, z — 19z, u — ipu, respectively
and taking the real parts, we get (3), (4), (5).
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Remark. Restricting the identity (3) to the contact distribution (D, ), we
obtain the well known identity for a Hermitian manifold - [4], [9].

Exactly in the same way, taking the real and imaginary parts of the vanishing
components 9,5, and ®,5, (Lemma 6 ii)), we state

Lemma 8. Let M(p,£,7,9) be an almost contact metric manifold of Hermi-
tian type. Then for all z,y,z € D,
i) the following identities are equivalent:
a) d¥(z,y, z) — d®(pz, py, 2) = d¥(pz,y, pz) + d¥(z, py, p2),
b) d®(¢z,y,2) + dB(z, gy, z) = dB(¢z, ¢y, z) - d8(z, v, p2);
i1) the following identities are equivalent:
a) d¥®(z,y,§) — d®(pz,¢y,£) = 0,
b) d®(¢z,v,£) + d®(z, py,£) = 0.

Theorem 4. Let M(,€,1,9) be an almost contact metric manifold of
Hermitian type in class hRy. Then the following curvature identity is valid for all
z,y,2,u € Dy:

(6) [R(z,y,2,u) + R(¢z,y,2,0u) + R(pz,0y,2,u) + R(p2,y,02,u)] - [+ — ¢]
(T3 d9)(p2, 2, ) = (V,d®)(2,02,u) ~ (Vyd®)(z, 2, o0) = (Vo d®)(z, 7, )}

3 . z— gz
_5{. — px} = (d®(z,y,*) + d®(pz, 0y, *), d®(z,u,*)— d®(pz,pu,+)) + (z . ¢z)

+<d¢(¢za v, ') - d’(zv ¥y, ‘)v JQ(W, u, ‘) + d.(z’ pu, ‘))

Proof. The left hand side of (6) is the real part of the linearizing as above ex-
pression Rggys+3i(V3d®)as in Theorem 2 as above. We shall prove that Re{$[®55%5.s]}
is the right hand side of (6). Putting @, 3,7, as in Theorem 3 and Z) = e)—iype), 27 =
€o + ipe,, where ey = 8/8z*, €* = dz*, we have

Rc{gl‘:p.hsl} = %Re{y”ﬂap,\’m]}

- -:-a*’{[ao(z, ve2) + d®(pz, 0y, €2)][dB(2, u,¢5) — d®(pz, pu, €0)
+d®(pz,u,pe,) + d®(z, pu, pe,))
+[d®(z,y, pes) + d¥(pz, py, pe,)|[d®(2, u, e, ) — dB(pz, pu, pe,)

9 -
—-d®(pz,u,6,) — d.('vWJa)]}Eg“{: '3 ::}’
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and applying Lemma 8, we get the result above.
By the same way, by using Theorem 2, (3), (6), one can prove

Theorem 5. Let M(yp,£,n,9) be an almost contact metric manifold of Her-
mitian type in class hR3 = hR, ® hR{. Then the following curvature identity is valid
for all z,y,z,u € Dy:

(7) R(z,y,z,u) = R(zyy)‘Pza ‘P“) + R(39Ws Z,W) + R(zy W,?Z,“)-

Theorem 2, Lemma 8 i) and (7) imply

Theorem 6. Let M(p,£,n,9) be an almost contact metric manifold of
Hermitian type in class hRi{. Then the following curvature identity is valid for all
z,y,2,u € Dy:

(8) 2[R(z,y,2,u) — R(pz,¢y,2,u) + R(pz, 0y, pz,0u) — R(z,y, 9z, pu)]

{[(V,dﬁ)(j,z, W) + (V,dQ)(y, ¥z, “) - (Vde)(W""’ “) - (ded’)(y, Z, u)]

N w

[z — g} - g{. s s} + {(dB(z, 2, +) + dB(z, 2, +); dB(y, u, +) + dB(py, Py, +))
}.

T — gz

—3[d’(zv£v*) A d’(yva‘)](z’u)} - {y — oy

Theorem 2, and (8) imply

Theorem 7. Let M(p,£,m,9) be an almost contact metric manifold of
Hermitian type in class hR,. Then the following curvature identity is valid for all
z,y,2,u € Dy:

R(z,y,z,u) + R(pz,py,¢2,0u) = R(z,y,902,pu) + R(¢z, ¢y, z,u).

Theorem 2, Lemma 8 ii) and (4) imply

Theorem 8. Let M(p,£,1,9) be an almost contact metric manifold of Hermi-
tian type in class vR{. Then the following curvature identity is valid for allz,y,z € D,:

(9) 2[R(£,2, v, l) - R(fazv Wa¢z)]

[(Ved®)(z, 0y, 2) + (Ved®)(2,y, 92) — (Ved®)(pz,y,2) + (Ved®)(pz, 9y, p2))

).

W

z— gz

—(d®(z,, %), d(y,2,%) - d®(py,02,0)) = (|
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Theorem 2, and (9) imply

Theorem 9. Let M(p,&,1n,g) be an almost contact metric manifold of Hermi-
tian type in class vRy. Then the following curvature identity is valid for all z,y,z € D,:

R(Ev z,Y, Z) = R(evzv ¥y, vz)'

Finally, Theorem 2, (5) and Lemma 8ii) imply

Theorem 10. Let M(p,€&,n,9) be an almost contact metric manifold of
Hermitian type in class wR,. Then the following curvature identity is valid for all
z,y € Dp:

2R(E,2,3,6) = 3[(Ved®)(E, ¢2,9) + (Ved®) (&, 2, 09)]-

—(dO(I, Ev ')’ do(y»{v ‘)) - (d@(‘,oz,{, ‘)vd’(‘Pyvfa ‘))
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