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A COMPLETE SET OF UNIMODAL DISTRIBUTIONS

A. VOUDOURI

ABSTRACT. The limiting behavior of scale mixtures of renewal distributions is
investigated. It is shown that every member of the class J of these mixtures and
every (0) unimodal distribution can be obtained as the limit of a sequence contained
inJ.

1. Introduction. A distribution function F(z) is called unimodal at the point
z = 0 - in short : (0) unimodal - if F(z) is convex in the interval (—o00,0) and concave
in the interval (0,00) [11].

Let F(z) be a distribution function in (0,00) with finite mean y and charac-
teristic function ¢(u). The distribution function having probability density function
defined by

1-F(z)
n
and characteristic function defined by

p(u) -1
pu
is (0) unimodal and it is called the renewal distribution function corresponding to the
distribution function F(z). The renewal distribution has many interesting applications

in stochastic processes (8], [10] and in transformations of characteristic functions [3).
A distribution function G(z) with characteristic function v(u) given by

7(x) = / i 202) = 1 (a),

1puz

where H(z) is a distribution function, is called a scale mixture of the renewal distribu-
tion function or a member of class J [2], [5]. Distribution functlons of class J are (0)
unimodal [cf. Medgyessy (7], Theorem 13].
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The paper is devoted to the study of the limiting behavior of certain sequences
of class J.

2. The Results. It may be noted that the results given in this section take for
granted that the reader is aware of the details concerning the "Dominated Convergence
Theorem” [cf. Ash [4], Theorem 1.6.9]. We also need the following lemma [cf. Lukacs
(6], Lemma 5.5.3].

Lemma 1. Let ¥(u) be an infinitely divisible characteristic function. Then

Jim n{[p(u)]/" 1} = log ¥(u), u € R.

We illustrate that J is complete, by showing that every member of J is an
accumulation point, that it can be obtained as the limit of a sequence of characteristic
functions contained in J.

Theorem 1. Let y(u) be a eharacteristic function of class J. Then there
ezists a sequence {yn(u) : n = 1,2,...} of characteristic functions of class J with
n(u) # 7(u), 1 such that

"h_.ngo a(u) = 7(u), u € R.

Proof. Consider the sequence of Poisson-type, infinitely divisible characteristic
functions

ea() = exp [Hotw - 1] m =12,

where ¢(u) is the characteristic function of a distribution function F (z) in (0, 00) with

finite mean u. Let
{exp [%(go(uz) - l)] - l}

ipuz/n

,n=12...

Yn(u) =
the renewal characteristic function which corresponds to ¢n(u) and set

1 ouz) - 1) -
(2.1) 7..(-)=/_: = [n(:(;z)/n l)] :

where H(z) is a distribution function. Then {7a(u) : n = 1,2,...} is a sequence of
characteristic functions of class J. Letting

¥(u) = exp{(¢(u) - 1)}

dH(z),
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in Lemma 1 we get

22) . {exp{%(sp(u)— 1)] - 1} i ‘P('.‘) _1

n—oo ipuz/n iy

which is the renewal characteristic function corresponding to (u). From (2.2) and the
"Dominated Convergence Theorem” it follows that

Jlim 2a(0) = [~ LR (@) = 5(w), we R

—oo  IHUZ

Corollary 1. Let 3(u) be the characteristic function of a distribution function
B(z) having a convez density b(z) in the half lines z > 0 and z < 0. Then there
erists a sequence {yn(u) : n = 1,2,...} of characteristic functions of class J with
Tn(u) # B(u),1 such that

Jim yn(u) = B(u), u€R.

Proof. Consider the characteristic function
e — 1
(2:3) o(u) =

tu
of the uniform distribution in (0,1). Substituting from (2.3) into (2.1) we get the

sequence | e
mws= [~ e (52 ) | l}d_H(z).

—oo iuz/2n
of characteristic functions of class J. From (2.2) with ¢(u) defined by (2.3) and the
"Dominated Convergence Theorem” it follows that

® 2(1 + iuz — ')
. wiz?

nango Tn(u) = dH(z).

The last formula agrees with Sakovic integral representation for characteristic functions

of distribution functions having convex densities in the half lines z > 0 and z < 0 [9).

Corollary 2. Let y(u) be a characteristic function of class J. Then there
ezists a sequence {ya(u) : n = 1,2,...} of characteristic functions of class J with
Tn(u) # ¥(u), 1 such that

1
lim 7a(0) = [ 7(w)dy, we R
Nn—+00 0
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Proof. Let ¢(u) be the characteristic function of a distribution function in
(0,00) with finite mean . Then

enw=exp {2 [T 1 - Flapas

z

1 -
=exp{l/ M—ldy}, n=12...
0 y

n

is the characteristic function of an infinitely divisible distribution function in (0, 00) [cf.
Lukacs (6], Theorem 11.2.2]. Let

foo (3 225=00) -}
tpu/n

the renewal characteristic function which corresponds to ¢n(u) and set

al(8) = / ) {exp (% /° «’(“V:) i 1.,,,) - l}dﬂ(z),

tpuz/n

Yn(u) =

-00

where H(z) is a distribution function. Then {ya(u) : n = 1,2,...} is a sequence of
characteristic functions of class J. From (2.2) with ¢(u) defined by

$(u) = exp [/01 =ty

and the "Dominated Convergence Theorem” it follows that

tim va) = [ ([ By ana)

—oo puyz

.:/0l (/co 2(u—wi)-—ldli'(:r:))dy:/01‘7(uy)dy, u € R.

oo tHUYT
Theorem 2 extends this investigation of convergent sequences in J by showing that
every unimodal distribution can be obtained as the limit of a sequence of distributions
contained in J. Theorem 2 is an extension of Theorem 1 of [1] since the renewal

distribution is (0) unimodal.

Theorem 2. Let 3(u) be the characteristic function of a (0) unimodal distribu-
tion function B(z). Then there ezists a sequence {7a(u) : n = 1,2,...} of characteristic
functions of class J with y,(u) # B(u),1 such that

Jlim Ya(u/np) = B(u), u€ R,
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where p i8 a positive constant.

Proof. The (0) unimodality of the distribution function B(z) and the integral
representation for characteristic functions of (0) unimodal distribution functions [cf.
Lukacs [6], Theorem 4.5.1] imply that

1
B(u) = /0 n(uy)dy,

where n(u) is the characteristic function of a distribution function H (z). Let p(u) be
the characteristic function of a distribution function F(z) in (0,00) with finite mean
p. Then

Prw) -1 _
(2.4) | ;b,.(u)T;u—, n=12,...

is the renewal characteristic function which corresponds to the characteristic function
@™ (u). Set

oo n
- ph(uz) -1 -
Ta(u) = /; o dH(z), n=1,2,...

Then {ya(u): n = 1,2,...} is a sequence of characteristic functions of class J. From
Lukacs [6], Theorem 2.3.3 it follows that
(2.5) e(u) =1+ ipu+o(u), asu— 0.
Let u be fixed but arbitrary real number (u # 0), then from (2.4) and (2.5) it
follows that
e -1

1u

(2:6) nan:o Yn(u/np) = , WER.

From (2.6) and the "Dominated Convergence Theorem” it follows that

. © Giur _ | 1
tim vau/m) = [ SR @) = [ otwndy=p(s), we R
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