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BOUNDEDNESS AND RANGE OF H–TRANSFORMATION ON

CERTAIN WEIGHTED Lp SPACES

J. J. BETANCOR, C. JEREZ DIAZ

Abstract. In this paper we study the behaviour of an integral transformation
containing in its kernel a Fox H–function on certain weighted Lp spaces denoted
by Lγ,r. Boundedness, representation and range of H–transformation on Lγ,r are
analyzed.

1. Introduction. In a series of papers P.G. Rooney ([13],[14],[15],[16]) and
P.G. Rooney and P. Heywood ([5],[6]) have investigated a lot of integral transformations
on certain weighted Lp spaces. The above authors employed a procedure in which the
multipliers for the Mellin integral transformation play an important role. Also A.C.
McBride and W.J. Spratt ([8],[9],[10]) have studied Mellin multiplier transforms on
Fréchet spaces with seminorms of Lp type.

In [16] P.G. Rooney studied those integral transformations τ that formally have
the form:

(τf)(x) =

∫ ∞

0
Gm,n

p,q

(

xt

∣

∣

∣

∣

a1,...,ap

b1,...,bq

)

f(t)dt,(1)

where Gm,n
p,q

(

z

∣

∣

∣

∣

a1,...,ap

b1,...,bq

)

denotes the Meijer function [4] on the spaces Lγ,r introduced by

him [15] and constituted, for every γ ∈ R and 1≤r < ∞, by those Lebesgue–measurable
complex–valued functions f defined on (0,∞) such that

‖f‖γ,r =

{∫ ∞

0
|xγf(x)|r dx

x

}
1
r

< ∞.

He obtained results on the boundedness, representation and range for the transforma-
tion under consideration. Moreover, some cases in which (1) has an inverse in the same
formal form were analyzed.

In this paper we analyze integral transformations formally given by
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(Tf )(x ) =

∫ ∞

0

Hm,n
p,q

(

xt

∣

∣

∣

∣

(a1 ,α1 ),...,(ap ,αp)

(b1 ,β1 ),...,(bq ,βq)

)

f (t)dt(2)

on the spaces Lγ,r. Here Hm,n
p,q

(

z

∣

∣

∣

∣

(a1,α1),...,(ap,αp)

(b1,β1),...,(bq,βq)

)

represents the Fox function [4]. So,

for the sake of simplicity we will denote this function by H(z). The method used to
study transformations (2) is analogous to that employed by P.G. Rooney in [16] but
our results can be seen as an extension of the one obtained in [16] because the Fox
function reduces to the Meijer function when all the α’s and the β’s are equal to 1.
Transformations (2) are the so called H– transformations. We say that an integral
transformation T is formally defined by (2) when

(MTf)(s) = Hm,n
p,q

(

(a1,α1),...,(ap,αp)
(b1,β1),...,(bq,βq)

∣

∣

∣

∣

s

)

(Mf)(1 − s)

for some s ∈ C and f being in a certain Lγ,r. Here M denotes as usual the Mellin
transformation ([16], § 2) and

Hm,n
p,q

(

(a1,α1),...,(ap,αp)
(b1,β1),...,(bq ,βq)

∣

∣

∣

∣

∣

s

)

=

m
∏

j=1

Γ(bj + βjs)
n
∏

j=1

Γ(1 − aj − αjs)

q
∏

j=m+1

Γ(1 − bj − βjs)
p
∏

j=n+1

Γ(aj + αjs)

where 0≤m≤q, 0≤n≤p, αj > 0 and aj∈R j = 1, . . . , p and βj > 0 and bj∈R j = 1, . . . , q.

Here empty products are unity by convention, we abbreviate Hm,n
p,q

(

(a1,α1),...,(ap,αp)
(b1,β1),...,(bq ,βq)

∣

∣

∣

∣

∣

s

)

to H(s) when there is no possibility of confusion.

Our work is organized as follows. In Section 2 we present some properties of
functions H and H. Transformations (2) in Lγ,2 are investigated in Section 3. Sec-
tions 4 and 5 are dedicated to the study of the boundedness and the range of the
H–transformations on Lγ,r with 1 < r < ∞. Finally in Section 6 we present some
interesting special cases for the developed theory.

Throughout this paper we will denote by r′ as usual the conjugate to r, that
is r′ = r

r−1 , when 1 < r < ∞. C0 will represent the set constituted by all those
continuous functions φ on (0,∞) having compact support. We will denote by A the
class of multipliers introduced by P.G. Rooney [14]. We will say that m∈A if there are
extended real numbers α(m) and β(m), with α(m) < β(m), such that:

(a) m(s) is holomorphic in the strip α(m) < ℜ(s) < β(m);

(b) in every closed substrip σ1≤ℜ(s)≤σ2 , where α(m) < σ1≤σ2 < β(m), m(s)
is bounded; and
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(c) for α(m) < σ < β(m)
∣

∣

∣

d
dt

m(σ + it)
∣

∣

∣ = 0
(

|t|−1
)

as |t| → ∞.

2. Some properties of function H and H. In this section we establish some
properties for functions H and H that will be very useful in the sequel.

Let m,n, p, q ∈ N , being 0≤m≤q, 0≤n≤p, and p + q ≥ 1; and let αj > 0,
aj ∈ R, (j = 1, . . . , p) and βj > 0, bj ∈ R, (j = 1, . . . , q). We define the function

H(s) = Hm,n
p,q

(

(a1,α1),...,(ap,αp)
(b1,β1),...,(bq,βq)

∣

∣

∣

∣

∣

s

)

=

m
∏

j=1

Γ(bj + βjs)
n
∏

j=1

Γ(1 − aj − αjs)

q
∏

j=m+1

Γ(1 − bj − βjs)
p
∏

j=n+1

Γ(aj + αjs)

.(3)

Here empty products, if any, must be understood as 1.

Some real parameters must be introduced to analyze the main properties of
H-function. Next such parameters are given

α =







max
{

− bj

βj
, j = 1, . . . ,m

}

, for m > 0

−∞, for m = 0 ,

β =







min
{

1−aj

αj
, j = 1, . . . , n

}

, for n > 0

+∞, for n = 0 ,

δ = m + n − 1

2
(p + q),

µ =
q
∑

j=1

βj −
p
∑

j=1

αj ,

µ1 =
q
∑

j=m+1

βj −
n
∑

j=1

αj ,

µ2 =
m
∑

j=1

βj −
p
∑

j=n+1

αj,

ν =
q
∑

j=1

bj −
p
∑

j=1

aj,

ξ =
n
∑

j=1

αj −
p
∑

j=n+1

αj +
m
∑

j=1

βj −
q
∑

j=m+1

βj ,
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η =
p
∏

j=1

αj
αj

q
∏

j=1

βj
−βj .

Note that Hm,n
p,q (s) is holomorphic in the strip α < ℜ(s) < β.

In the following proposition boundedness properties for H are proved.

Proposition 1. As |t| → ∞

|H(σ + it)| ∼ (2π)δη−σ
p
∏

j=1

α
−aj+ 1

2
j

q
∏

j=1

β
bj−

1
2

j |t|ν+µσ+ p−q

2 exp

(

−π

2
ξ|t|
)

(4)

uniformly in σ for σ in any bounded subset of R. Also, as |t| → ∞,

d

dt
H(σ + it) = iH(σ + it)×(5)

×
{

µ log |t| − log η + i
π

2
ξ sgnt +

ν + µσ + p−q
2

it
+ O(t−2)

}

for every σ ∈ R, with α < σ < β.

P r o o f. By using the formula [[3],1.18(6)]

|Γ(x + iy)| ∼ (2π)
1
2 |y|x− 1

2 e−π
|y|
2 , as |t| → ∞(6)

uniformly in x for x in any bounded subset of R, we can prove (4) without difficulty.

Moreover for every s ∈ C with α < ℜ(s) < β one has

d

ds
H(s) = H(s)





m
∑

j=1

βjΨ(bj + βjs) −
n
∑

j=1

αjΨ(1 − aj − αjs)+

+
q
∑

j=m+1

βjΨ(1 − bj − βjs) −
p
∑

j=n+1

αjΨ(aj + αjs)



 ,

where as usual Ψ(s) =
Γ′(s)

Γ(s)
. Hence since for every c ∈ C , σ ∈ R being α < ℜ(c)+σ <

β ([[3], 1, 18(7)])

Ψ(c + σ ± it) = log(±it) ± c + σ − 1
2

it
+ O(t−2), as |t| → ∞(7)

we can conclude that (5) holds. �
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As in [16] in our next study the exceptional set of H that consists of all those
γ such that α < 1 − γ < β and H(s) has zeroes on the line ℜ(s) = 1 − γ and plays an
important role.

The function H was introduced by Ch. Fox [4]. Now we specify some special
cases for which H is the Mellin transformation of function H.

Proposition 2. Let α < γ < β. If either:

(i) ξ > 0 or

(ii) ξ = 0, µ 6= 0 and ν + µγ − 1
2(q − p) ≤ 0

holds, then

H(x) = Hm,n
p,q

(

(a1,α1),...,(ap,αp)
(b1,β1),...,(bq ,βq)

∣

∣

∣

∣

∣

x

)

= lim
R→∞

1

2πi

∫ γ+iR

γ−iR
x−sH(s)ds,(8)

for x > 0. Moreover if ξ = 0, µ = 0 and ν − 1
2(q − p) < 0, then (8) holds for every

x > 0 except for x = η−1.

P r o o f. Our assertion in this Proposition can be proved in a similar way to
Lemma 3.2 [16] by using the boundedness properties established in Proposition 1.�

By taking into account again Proposition 1 we obtain as an immediate conse-
quence of Proposition 2 the following

Corollary 1. Let α < γ < β. If either

(i) ξ > 0 or

(ii) ξ = 0, µ 6= 0 and ν + µγ − 1
2(q − p) < −1

holds, then

H(x) =
1

2πi

∫ γ+i∞

γ−i∞
x−sH(s)ds(9)

and

|H(x)| ≤ Aγx−γ(10)

for x > 0, where Aγ is a suitable positive constant. Moreover, if ξ = 0, µ = 0 and
ν − 1

2(q − p) < −1 then, (9) and (10) hold for every x > 0 except for x = η−1.

3. The H - transformation on the spaces Lγ,2. Now, we study the
behaviour of the H- transformation on the spaces Lγ,2.

Proposition 3. Let α < 1 − γ < β. If either:

(i) ξ > 0 or
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(ii) ξ = 0 and ν + µ(1 − γ) − 1
2(q − p) ≤ 0

holds, then there exists a one to one transformation T ∈ [Lγ,2,L1−γ,2] such that for
every f ∈ Lγ,2

(MTf)(s) = H
m,n
p,q

(

(a1,α1),...,(ap,αp)
(b1,β1),...,(bq ,βq)

∣

∣

∣

∣

∣

s

)

(Mf)(1 − s), ℜ(s) = 1 − γ.(11)

Moreover T is onto provided that ξ = 0, ν + µ(1 − γ) − 1
2(q − p) = 0 and γ does not

belong to the exceptional set of H. For every f, g ∈ Lγ,2 we have

∫ ∞

0
(Tf) (x)g(x)dx =

∫ ∞

0
f(x) (Tg) (x)dx.(12)

Also if f ∈ Lγ,2 then the transform Tf of f is given by

(13) (Tf) (x)=x−λ d

dx
xλ+1

∫ ∞

0
Hm,n+1

p+1,q+1

(

(−λ,1),(a1,α1),...,(ap,αp)
(b1,β1),...,(bq ,βq),(−1−λ,1)

∣

∣

∣

∣

∣

xt

)

f(t)dt, a.e. x > 0

provided λ > −γ,and

(14) (Tf) (x)=−x−λ d

dx
xλ+1

∫ ∞

0
Hm+1,n

p+1,q+1

(

(a1,α1),...,(ap,αp)(−λ,1)
(−1−λ,1)(b1,β1),...,(bq,βq)

∣

∣

∣

∣

∣

xt

)

f(t)dt, a.e. x > 0

when λ < −γ. Finally, the transformation T is not depending on γ in the following
sense: if γi is such that α < 1 − γi < β and ν + µ(1 − γi) − 1

2(q − p) ≤ 0, i=1,2,
and Ti represents the transformation associated to γi, i=1,2, then T1f = T2f , for each
f ∈ Lγ1,2 ∩ Lγ2,2.

P r o o f. Let α < 1− γ < β. Define ω(t) = H(1− γ + it), t ∈ R, ω is continuous
on R because α < 1 − γ < β. Moreover, according to Proposition 1 ω(t) = O(1), as
|t| → ∞ when either (i) or (ii) holds. Hence ω ∈ L∞(R) and by virtue of Lemma
4.1(b)[16] there exists a transformation T ∈ [Lγ,2,L1−γ,2] such that for every f ∈ Lγ,2

(MTf) (1 − γ + it) = ω(t) (Mf) (γ − it), t ∈ R.

Since H(s) is holomorphic on α < ℜ(s) < β and H(s) is not identically zero, then the
zeros of H(s) are isolated and ω(t) 6= 0 a.e. t ∈ R. This fact implies that T is one to
one.

On the other hand ω(t) 6= 0 for every t ∈ R, provided γ is not in the exceptional
set of H. From (4) we deduce that if ξ = 0 and ν + µ(1 − γ) − 1

2 (q − p) = 0, then
1
ω

∈ L∞(R). Lemma 4.1(c) [16] allows us to conclude that T is onto. Equality (12)
follows also from Lemma 4.1(c) [16].
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To prove the representation formula (13) we consider the function ω1(t) =
H(1 − γ + it)

λ + γ − it
, t ∈ R, with λ > −γ. It is clear that ω1(t) ∈ L2(R). Since M is an

unitary transformation from L1−γ,2 onto L2(R), the function

k(x) = lim
R→∞

1

2πi

∫ 1−γ+iR

1−γ−iR
x−s H(s)

λ + 1 − s
ds(15)

where the limit is understood in the space L1−γ,2, is in L1−γ,2. Also we can write

H(s)

λ + 1 − s
=

m
∏

j=1

Γ(bj + βjs)
n
∏

j=1

Γ(1 − aj − αjs)Γ(1 − (−λ) − s)

q
∏

j=m+1

Γ(1 − bj − βjs)Γ(1 − (−1 − λ) − s)
p
∏

j=n+1

Γ(aj + αjs)

=

= H
m,n+1
p+1,q+1

(

(−λ,1),(a1,α1),...,(ap,αp)
(b1,β1),...,(bq ,βq),(1−λ,1)

∣

∣

∣

∣

∣

s

)

The parameters associated to the last function denoted by primes, are related

to the corresponding ones for the function Hm,n
p,q

(

(a1,α1),...,(ap,αp)
(b1,β1),...,(bq ,βq)

∣

∣

∣

∣

∣

s

)

through: δ′ = δ,

µ′ = µ, ν ′ = ν − 1, ξ′ = ξ, α′ = α, β′ = min{β, 1 + λ}, n′ = n + 1, m′ = m, p′ = p + 1
and q′ = q + 1. Hence by invoking Proposition 2 we obtain

Hm,n+1
p+1,q+1

(

(−λ,1),(a1,α1),...,(ap,αp)
(b1,β1),...,(bq ,βq),(−1−λ,1)

∣

∣

∣

∣

∣

x

)

= lim
R→∞

1

2πi

∫ 1−γ+iR

1−γ−iR
x−s H(s)

λ + 1 − s
ds(16)

for every x > 0 except, at most, for x = η−1.
Now combining (15) and (16) we conclude that

k(x) = Hm,n+1
p+1,q+1

(

(−λ,1),(a1,α1),...,(ap,αp)
(b1,β1),...,(bq ,βq),(−1−λ,1)

∣

∣

∣

∣

∣

x

)

and Lemma 4.1(b) [16] leads to the representation (13) for T .

To establish (14) it is sufficient to write

H(s)

λ + 1 − s
= −H(s)Γ(s − λ − 1)

Γ(s − λ)

with λ < −γ, and to proceed as in the above case. Finally, assume that α < 1− γi < β

and ν + µ(1 − γi) − 1
2(q − p) ≤ 0, i = 1, 2. For λ > max{−γ1,−γ2}, Ti admits the
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representation (13) on Lγi,2, i = 1, 2. Hence, since the right hand side of (13) does not
depend on γ, if f ∈ Lγ1,2 ∩ Lγ2,2, then T1f = T2f . �

Note that the conditions α < 1 − γ < β and ν + µ(1 − γ) − 1
2(q − p) ≤ 0 are

compatible provided that one of the three conditions

(i) µ = 0 and ν ≤ 1
2(q − p)

(ii) µ > 0 and α < 1
µ
(1
2 (q − p) − ν)

(iii) µ < 0 and β > 1
µ
(1
2(q − p) − ν)

holds. Hence transformation T can be defined on Lγ,2 for some γ ∈ R when α < β and
some of the above three conditions are satisfied.

From Proposition 3 can be deduced the following

Corollary 2. Let α < 1 − γ < β. If either

(i) ξ > 0 or

(ii) ξ = 0 and ν + µ(1 − γ) − 1
2(q − p) < −1

holds, then Tf is given by (2) for f ∈ Lγ,2.

P r o o f. It is easy to see that

d

dx

[

xλ+1Hm,n+1
p+1,q+1

(

(−λ,1),(a1,α1),...,(ap,αp)
(b1,β1),...,(bq ,βq),(−1−λ,1)

∣

∣

∣

∣

∣

x

)]

=

= xλHm,n
p,q

(

(a1,α1),...,(ap,αp)
(b1,β1),...,(bq ,βq)

∣

∣

∣

∣

∣

x

)

a.e. x > 0

with λ > α − 1. From (13) one deduces

(Tf) (x) =

∫ ∞

0
Hm,n

p,q

(

(a1,α1),...,(ap,αp)
(b1,β1),...,(bq,βq)

∣

∣

∣

∣

∣

xt

)

f(t)dt, f ∈ Lγ,2.

Differentiation under the integral sign is justified because according to Corollary 1 and
using Hölder’s inequality for every γi, i = 1, 2, being α < γ1 < 1 − γ < γ2 < β we have

∫ ∞

0

∣

∣

∣

∣

∣

Hm,n
p,q

(

(a1,α1),...,(ap,αp)
(b1,β1),...,(bq ,βq)

∣

∣

∣

∣

∣

xt

)

f(t)

∣

∣

∣

∣

∣

dt ≤

≤ M1x
−γ1

∫ 1
x

0
t−γ1 |f(t)| dt + M2x

−γ2

∫ ∞

1
x

t−γ2 |f(t)| dt ≤
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≤


M1x
−γ1

{

∫ 1
x

0
t2(1−γ−γ1)−1dt

} 1
2

+ M2x
−γ2

{

∫ ∞

1
x

t2(1−γ−γ2)−1dt

} 1
2



 ‖f‖γ,2 < ∞

for f ∈ Lγ,2. �

4.Boundedness and range of the H-transformation on Lγ,r for ξ = 0. In
the previous Section we established that there exists a transformation T ∈ [Lγ,2,L1−γ,2]
satisfying (11) provided that α < 1− γ < β, ξ = 0 and ν + µ(1− γ)− 1

2(q− p) ≤ 0. We
now prove that T can be extended to Lγ,r as a member of [Lγ,r,L1−γ,s] for 1 < r < ∞
and for suitable 1 < s < ∞. Moreover the range T (Lγ,r) of T is described. Such
description is made in terms of the following operators:

(Mξf) (x) = xξf(x) , ξ ∈ C

(Naf) (x) = f (xa) , a ∈ R, a 6= 0

(Daf) (x) = f(ax) , a > 0

(Rf) (x) =
1

x
f

(

1

x

)

.

(Ia,b,cf) (x) =
ax−a(c+b−1)

Γ(b)

∫ x

0
(xa − ta)b−1 tac−1f(t)dt , a > 0, ℜ(b) > 0, c ∈ C

(Ja,b,cf) (x) =
axac

Γ(b)

∫ ∞

x
(ta − xa)b−1 t−a(b+c−1)−1f(t)dt , a > 0, ℜ(b) > 0, c ∈ C

(ha,bf) (x) =

∫ ∞

0
(xt)

1
a
− 1

2 Jb

(

|a|(xt)
1
a

)

f(t)dt , ℜ(b) > −1 , a 6= 0

where Jb denotes the Bessel function of first kind and order b. The behavior of these
operators on Lγ,r was investigated in [16] (after Definition 2.2 and Theorem 5.1). We
will divide our study in several cases. In the sequel T will denote the transformation
defined in Proposition 3.

Proposition 4. Let α < 1 − γ < β, ξ = 0, µ = 0, ν − 1
2(q − p) = 0

and 1 < r < ∞. Then T ∈ [Lγ,2,L1−γ,2] can be extended to Lγ,r as a member of
[Lγ,r,L1−γ,r]. T is one to one when either 1 < r ≤ 2 or γ is not in the exceptional set
of H. Moreover if γ does not belong to the exceptional set of H, then T (Lγ,r) = L1−γ,r.
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Equality (12) holds for every f ∈ Lγ,r and g ∈ Lγ,r′. For each f ∈ Lγ,r Tf is given by
(13) (respectively, (14)) provided λ > −γ (respectively, λ < −γ).

P r o o f. By virtue of Proposition 3 T ∈ [Lγ,2,L1−γ,2] and for every f ∈ Lγ,2

(MTf) (s) = H(s) (Mf) (1 − s), ℜ(s) = 1 − γ.

We introduce the function L(s) = ηsH(s). It is clear that L is holomorphic on α <

ℜ(s) < β. From Proposition 1 we infer that

|L(σ + it)| ∼ (2π)δ
p
∏

j=1

α
−aj+ 1

2
j

q
∏

j=1

β
bj−

1
2

j , as |t| → ∞

uniformly in σ from a bounded subset of R, and

d

dt
L(σ + it) = iL(σ + it)O

(

t−2
)

= O
(

t−2
)

, as |t| → ∞

for every α < σ < β. Hence L ∈ A being α(L) = α and β(L) = β. According to
Theorem 2.1 [16] there exists L ∈ [Lγ,r] for every α < γ < β and 1 < r < ∞. Also if
α < γ < β, 1 < r ≤ 2, then for every f ∈ Lγ,r

(MLf) (s) = L(s) (Mf) (s), ℜ(s) = γ,

and L is one to one in Lγ,r.
We define L1 = Dη L R . By using the Remark after Definition 2.2 in [16] we

conclude that L1 ∈ [Lγ,r,L1−γ,r] when α < 1 − γ < β and 1 < r < ∞, and for every
f ∈ Lγ,r with 1 < r ≤ 2

(ML1f) (s) = H(s) (Mf) (1 − s), ℜ(s) = 1 − γ.

In particular (ML1f) (s) = (MTf) (s), for ℜ(s) = 1 − γ and f ∈ Lγ,2 .Therefore
T = L1 on Lγ,2 and L1 is the unique extension of T to Lγ,r. In the sequel we will
denote L1 also by T . Since Dη and R are one to one T is one to one on Lγ,r when
1 < r < ∞ and α < 1 − γ < β.

The abscissae of the zeroes of L(s), that are the same ones of H(s), are reals
and they divide the interval (α, β) in a finite numbers of intervals, let (α1, β1) be one
of such intervals. It is easy to see that 1

L(s) is holomorphic in α1 < ℜ(s) < β1,

∣

∣

∣

∣

1

L(σ + it)

∣

∣

∣

∣

∼ (2π)−δ
p
∏

j=1

aj
aj−

1
2

q
∏

j=1

bj
−bj+

1
2 , as |t| → ∞,

uniformly in σ when σ is in a bounded subset of R and

d

dt

1

L(σ + it)
= O

(

t−2
)

, as |t| → ∞
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for every α1 < σ < β1. By invoking again Theorem 2.1 [16] we obtain that for every
1 < r < ∞ and α1 < γ < β1 T is one to one and L (Lγ,r) = Lγ,r. Hence, since
R (Lγ,r) = L1−γ,r and Dη (L1−γ,r) = L1−γ,r for every 1 < r < ∞ and γ ∈ R, T (Lγ,r) =
L1−γ,r provided 1 < r < ∞, α < 1 − γ < β and γ is not in the exceptional set of H.

We now prove the equality (12). If f ∈ Lγ,r and g ∈ Lγ,r′ , then Hölder’s
inequality leads to

∣

∣

∣

∣

∫ ∞

0
(Tf)(x)g(x)dx

∣

∣

∣

∣

≤
∫ ∞

0

∣

∣(Tf)(x)x1−γ
∣

∣ |g(x)xγ |
x

1
r x

1
r′

dx ≤

≤ ‖Tf‖1−γ,r‖g‖γ,r′ ≤ Cr,γ‖f‖γ,r‖g‖γ,r′

where Cr,γ denotes the norm of T as a member of [Lγ,r,L1−γ,r]. Therefore the mapping

P : Lγ,r × Lγ,r′ −→ C
(f, g) −→

∫∞
0 (Tf)(x)g(x)dx

is bounded.
In a similar way we can prove that the mapping

P : Lγ,r × Lγ,r′ −→ C
(f, g) −→

∫∞
0 f(x)(Tg)(x)dx

is bounded. By virtue of Proposition 3 P (f, g) = P(f, g), for every f, g ∈ C0. Hence
P = P because C0 is a dense subset of Lγ,r.

Assume that λ > −γ and consider for every x > 0 the function

gx(t) =

{

tλ, 0 < t < x

0, t > x

Note that gx ∈ Lγ,r, 1 < r < ∞. By using (13) we obtain

(Tgx)(y) = y−λ d

dy
yλ+1

∫ x

0
Hm,n+1

p+1,q+1

(

(−λ,1),(a1,α1),...,(ap,αp)
(b1,β1),...,(bq,βq),(−1−λ,1)

∣

∣

∣

∣

∣

yt

)

gx(t)dt =

= y−λ d

dy

∫ xy

0
Hm,n+1

p+1,q+1

(

(−λ,1),(a1,α1),...,(ap,αp)
(b1,β1),...,(bq ,βq),(−1−λ,1)

∣

∣

∣

∣

∣

t

)

tλdt =

= xλ+1Hm,n+1
p+1,q+1

(

(−λ,1),(a1,α1),...,(ap,αp)
(b1,β1),...,(bq,βq),(−1−λ,1)

∣

∣

∣

∣

∣

xy

)

, a.e. y > 0.

In view of (12) for every f ∈ Lγ,r one has

∫ x

0
tλ(Tf)(t)dt = xλ+1

∫ ∞

0
Hm,n+1

p+1,q+1

(

(−λ,1),(a1,α1),...,(ap,αp)
(b1,β1),...,(bq,βq),(−1−λ,1)

∣

∣

∣

∣

∣

xt

)

f(t)dt, x > 0
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and by differentiating with respect to x we conclude (13) for f ∈ Lγ,r.
To prove (14) forf ∈ Lγ,r it is sufficient to proceed as in the previous case by

considering the functions

hx(t) =

{

0, 0 < t < x

tλ, t > x

with x > 0 and λ < −γ instead of gx(t). �

Before stating the following Proposition we remark that m + n > 0 provided

ξ = 0. In effect if m = n = 0, then ξ = −
p
∑

j=1

αj −
q
∑

j=1

βj < 0 because αj > 0,

j = 1, . . . , p, and βj > 0, j = 1, . . . , q.

Proposition 5. Assume that ξ = µ = 0, ν − 1
2 (q − p) < 0, α < 1− γ < β and

1 < r < ∞. Transformation T ∈ [Lγ,2,L1−γ,2] can be extended to Lγ,r as a member of
[Lγ,r,L1−γ,s] provided that r ≤ s and 1

s
> 1

r
+ ν − 1

2(q − p). If either 1 < r ≤ 2 or γ is
not in the exceptional set of H, then T is one to one. Moreover when γ does not belong
to the exceptional set of H then,

T (Lγ,r) = J1,−ν+ 1
2
(q−p),−α (L1−γ,r) , for α > −∞,(17)

and
T (Lγ,r) = I1,−ν+ 1

2
(q−p),β (L1−γ,r) , for β < +∞(18)

while if γ is in the exceptional set of H, T (Lγ,r) is a subset of the set on the right hand
side of (17) and (18). Equality (12) holds for every f ∈ Lγ,r and g ∈ Lγ,λ provided that
λ′ ≥ r and 1

r
+ 1

λ
< 1 − ν + 1

2(q − p). T admits the representation (13) (respectively
(14)) when λ > −γ (respectively λ < −γ) for f ∈ Lγ,r. If ν − 1

2(q − p) < −1, then T

is given by (2), for f ∈ Lγ,r.

P r o o f. Assume firstly that m > 0 or, equivalently, that α > −∞. We define
the function

L(s) = ηs
Γ
(

s − α − ν + 1
2(q − p)

)

Γ(s − α)
H(s).

It is clear that L is holomorphic on α < ℜ(s) < β. Moreover according to Proposition
1, we can obtain

|L(σ + it)| ∼ (2π)δ
p
∏

j=1

α
−aj+

1
2

j

q
∏

j=1

β
bj−

1
2

j , as |t| → ∞,

uniformly in σ when σ is in a bounded subset of R, and

d

dt
L(σ + it) = O

(

t−2
)

, as |t| → ∞,
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for every α < σ < β. Hence L ∈ A and by virtue of Theorem 2.1 [16] there exists
L ∈ [Lγ,r] for every 1 < r < ∞ and α < γ < β, such that for each 1 < r ≤ 2 and
α < γ < β

(MLf) (s) = L(s) (Mf) (s), ℜ(s) = γ

when f ∈ Lγ,r.
We now introduce the operator

L1 = J1,−ν+ 1
2
(q−p),−α Dη L R.

By taking into account the boundedness of the operators R,Dη , and
J1,−ν+ 1

2
(q−p),−α on the spaces Lγ,r (Theorem 5.1(b)[16]) one establishes that L1 ∈

[Lγ,r,L1−γ,s] provided that 1 < r < ∞, α < 1 − γ < β, ν − 1
2(q − p) < 0, ξ = µ = 0,

s ≥ r and 1
s

> 1
r

+ ν − 1
2(q − p). Also, for every f ∈ Lγ,r with 1 < r ≤ 2

(ML1f) (s) =
Γ(s − α)

Γ
(

s − α − ν + 1
2(q − p)

) M [Dη L R f ] (s) =

=
Γ(s − α)

Γ
(

s − α − ν + 1
2(q − p)

) η−s M [L R f ] (s) =

= H(s) M [R f ] (s) = H(s)M[f ](1 − s), ℜ(s) = 1 − γ.

In view of Proposition 3 for every f ∈ Lγ,2 (ML1f) (s) = (MTf) (s), ℜ(s) = 1 − γ.
Then L1f = Tf , for every f ∈ Lγ,2, and L1 is the unique extension of T to Lγ,r

when the conditions are satisfied. In the sequel T also will denote the above mentioned
extension L1.

The one to one property and the range of the transformation T can be studied
now in a way analogous as they were analyzed in Proposition 4.

We now aim to prove (12). Let f ∈ Lγ,r and g ∈ Lγ,l with l′ ≥ r and 1
r

+ 1
l

<

1 − ν + 1
2 (q − p). By using Hölder’s inequality we can write

∣

∣

∣

∣

∫ ∞

0
(Tf)(x)g(x)dx

∣

∣

∣

∣

≤
∫ ∞

0

∣

∣(Tf)(x)x1−γ
∣

∣ |g(x)xγ |
x

1
l′ x

1
l

dx ≤

≤ ‖Tf‖1−γ,l′‖g‖γ,l ≤ C ‖f‖γ,r‖g‖γ,l

where C denotes the norm of T as a member of
[

Lγ,r,L1−γ,l′
]

. Hence the bilinear
mapping

P : Lγ,r × Lγ,l −→ C
(f, g) −→

∫∞
0 (Tf)(x)g(x)dx

is bounded. In a similar way we can prove that the bilinear mapping

P : Lγ,r × Lγ,l −→ C
(f, g) −→

∫∞
0 f(x)(Tg)(x)dx
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is also bounded. Since C0 is a dense subset of Lγ,r and since (12) holds when f and g

are in C0, equality (12) also is true for f ∈ Lγ,r and g ∈ Lγ,l.

Representation formulas (13) and (14) can be seen as the corresponding ones
in Proposition 4.

Finally (2) follows from (13) and (14) when ν− 1
2(q−p) < −1 by differentiating

under the integral sign as in Corollary 1.

To prove (18) we can proceed as in the proof of (17) by considering the function

ω(s) =
Γ
(

β − ν + 1
2(q − p) − s

)

Γ(β − s)
ηs H(s)

instead of L(s). �

Proposition 6. Let ξ = 0, µ < 0, 1 < r < ∞ and α1 < 1 − γ < β1 where

α1 = max

{

α,− 1

µ

(

ν +
p − q

2
+ γ(r) − 1

2

)

,
2ρ

µ

}

and

β1 = min

{

β,− 2

µ

(

ν +
p − q

2
+ ρ

)}

with ρ > max
{

µβ
2 , 1

2

(

γ(r) − 1
2 − ν − p−q

2

)

,−µ
2 α − ν − p−q

2

}

. Then T ∈ [Lγ,2,L1−γ,2]

can be extended to Lγ,r as a member of [Lγ,r,L1−γ,s] for every s ≥ r being s′ >
[

1
2 − µ(1 − γ) − ν − p−q

2

]−1
. If either γ is not in the exceptional set of H or 1 < r ≤ 2,

then T is one to one on Lγ,r. Also if γ does not belong to the exceptional set of H the
equality

T (Lγ,r) =

(

N 2
µ

M 1
2(ν+ p−q

2
+1) h2,ν+ p−q

2
+2ρ−1

)(

L
1−

µ(1−γ)
2

− 1
2(ν+ p−q

2
+1) , r

)

(19)

while if γ is in the exceptional set of H, then T (Lγ,r) is a subset of the set on the
right hand side of (19). Equality (12) holds provided that f, g ∈ Lγ,r, with 1 < r ≤ 2

and r >
[

1
2 − µ(1 − γ) − ν − p−q

2

]−1
then (13) (respectively (14)) holds with λ > −γ

(respectively λ < −γ) for every f ∈ Lγ,r.

P r o o f. Firstly note that ν + (1 − γ)µ + p−q
2 ≤ 0 because γ(r) ≥ 1

2 . Hence by
Proposition 3 T ∈ [Lγ,2,L1−γ,2] and for every f ∈ Lγ,2

(MTf) (s) = H(s)(Mf)(1 − s), ℜ(s) = 1 − γ.

Define the function

L(s) =
Γ
(

ρ − µ
2 s
)

Γ
(

ν + p−q
2 + ρ + µ

2s
)ηsH(s)
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being a =
∣

∣

µ
2

∣

∣

µ
η and ρ > max

{

µβ
2 , 1

2

(

γ(r) − 1
2 − ν − p−q

2

)

,−µ
2α − ν − p−q

2

}

. L is

holomorphic on α2 = max
{

α, 2ρ
µ

}

< ℜ(s) < β. Moreover L ∈ A. Indeed, by using (4)

and (6) we obtain

|L(σ + it)| ∼ (2π)δ
p
∏

j=1

α
−aj+

1
2

j

q
∏

j=1

β
bj−

1
2

j

∣

∣

∣

∣

µ

2

∣

∣

∣

∣

−ν− p−q

2

, as |t| → ∞,

uniformly in σ when σ is in a bounded subset of R, and from (5) and (7) one infers

d

dt
L(σ + it) = iL(σ + it)

{

−µ

2

(

Ψ

(

ρ − µ

2
(σ + it)

))

+ Ψ

(

ν +
p − q

2
+ ρ +

µ

2
(σ + it)

)

+ log a + µ log |t| − log η +
ν + µσ + p−q

2

it
+ O

(

t−2
)

}

= O
(

t−2
)

, as |t| → ∞

for every α2 < σ < β.

Since L ∈ A with α(L) = α2 and β(L) = β, Theorem 2.1 [16] allows to find for
every 1 < r < ∞ and α2 < ǫ < β a L ∈ [Lǫ,r] such that if 1 < r ≤ 2 L is one to one and

(MLf) (s) = L(s) (Mf) (s), ℜ(s) = ǫ(20)

provided that f ∈ Lǫ,r.

We now consider the function

G(s) = G
1,0
0,2

(

0 0

ν + p−q
2 + ρ 1 − ρ

∣

∣

∣

∣

∣

s

)

=
Γ
(

ν + p−q
2 + ρ + s

)

Γ(ρ − s)

In notations used by P.G. Rooney [16] §3 the parameters associated with this G–function
are δG = nG = pG = 0, qG = 2, mG = kG = 1, lG = −1, νG = ν + p−q

2 + 1,

αG = −ν − p−q
2 − ρ and βG = +∞. Note that if 1 − γ < min

{

β,− 2
µ

(

ν + p−q
2 + ρ

)}

,

then αG = −ν − p−q
2 − ρ <

µ(1−γ)
2 < βG. Also 2

(

1
2 −

(

1 − µ(1−γ)
2

))

+ νG ≤ 1
2 −

γ(r) because 1 − γ > α1 ≥ − 1
µ

(

ν + p−q
2 + γ(r) − 1

2

)

. Hence according to Theorem

6.3 [16] there exists TG ∈
[

L1−µ

2
(1−γ),r,Lµ

2
(1−γ),s

]

for every s ≥ r such that s′ ≥
[

1
2 − µ(1 − γ) − ν − p−q

2

]−1
. Moreover if either 1 < r ≤ 2 or γ is not in the exceptional

set of H (that implies 1− µ
2 (1− γ) is not in the exceptional set of G, then TG is one to

one and for each 1 < r ≤ 2 and f ∈ L1−µ

2
(1−γ),r

(MTGf) (s) = G(s) (Mf) (1 − s), ℜ(s) =
µ

2
(1 − γ).(21)
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Furthermore 2(1
2− αG)− νG − 1 = ν + p−q

2 +2ρ − 1 > −1 because ρ > −1
2(ν + p−q

2 +
1
2 − γ(r)) ≥ −1

2

(

ν + p−q
2

)

. Therefore if γ does not belong to the exceptional set of H,

then

TG

(

L
1−

µ(1−γ)
2

,r

)

=

(

M 1
2(ν+ p−q

2
+1)h2,ν+ p−q

2
+2ρ−1

)(

L
1−

µ(1−γ)
2

− 1
2(ν+ p−q

2
+1),r

)

(22)

we introduce the operator

L1 = N 2
µ

TG R Nµ

2
D|µ

2 |µη
L R.

By taking into account the behavior of the operators Na, Da, R (Definition 2.2 [16])
TG and L we conclude that L1 ∈ [Lγ,r,L1−γ,s]. Moreover from (20) and (21) we deduce
that if f ∈ Lγ,2

(ML1f) (s) = M
[

TG R Nµ

2
D|µ

2 |µη
L R f

]

(

sµ
2

) ∣

∣

µ
2

∣

∣ =

= G
(

sµ
2

)

M
[

Nµ

2
D|µ

2 |µη
L R f

]

(

sµ
2

) ∣

∣

µ
2

∣

∣ =

= G
(

sµ
2

)

M
[

D|µ

2 |µη
L R f

]

(s) =

= G
(

sµ
2

) ∣

∣

µ
2

∣

∣

−µs
η−s M [L R f ] (s) =

= H(s)M[f ](1 − s), ℜ(s) = 1 − γ.

Then (ML1f) (s) = (MTf) (s), for ℜ(s) = 1 − γ and f ∈ Lγ,2. Hence L1 = T on Lγ,2

and L1 is the unique extension of T to Lγ,r as a member of [Lγ,r,L1−γ,s]. In the sequel
we will denote such an extension L1 also by T .

On the other hand if either γ is not in the exceptional set of H or 1 < r ≤ 2,
then T is one to one because the operators TG and L are one to one. Also if γ is not in
the exceptional set of H, then (19) holds because (22) is true and L (L1−γ,r) = L1−γ,r (
this last one can be seen as the corresponding property in Proposition 4. When γ is in
the exceptional set of H, L (L1−γ,r) is a subset of L1−γ,r and hence T (Lγ,r) is a subset
of the set in the right hand side of (19).

The equality (12) and the representation formulas (13) and (14) can be proved
as the corresponding ones in Proposition 3. �

Proposition 7. Assume that ξ = 0, µ > 0, 1 < r < ∞ and α1 < 1 − γ < β1

where

α1 = max

{

α,−1 − 2

µ

(

ν +
p − q

2
+ ρ

)}

and
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β1 = min

{

β,− 1

µ

(

ν +
p − q

2
+ γ(r) − 1

2

)

,
1 + 2ρ

µ

}

with

ρ > max

{−µ(1 − α)

2
,
1

2

(

γ(r) − 1

2
− ν − p − q

2

)

,
µ

2
(1 − β) − ν − µ − p − q

2

}

The transformation T ∈ [Lγ,2,L1−γ,2] can be extended to Lγ,r as a member of

[Lγ,r,L1−γ,s] provided that s ≥ r being s′ >
[

1
2 − µ(1 − γ) − ν − p−q

2

]−1
. If either γ is

not in the exceptional set of H or 1 < r ≤ 2, T is one to one on Lγ,r. Also if γ does
not belong to the exceptional set of H the equality

T (Lγ,r) =

(

M−1− 2
µ
N−2

µ
M−1

2 (ν+ p−q

2
+µ+1)h−2,ν+ p−q

2
+µ+2ρ−1

)(

L 1
2(ν+ p−q

2
+µ(1−γ)+1),r

)

(23)
while if γ is in the exceptional set of H then T (Lγ,r) is a subset of the set in the right
hand side of (23). Equality (12) is satisfied when f, g ∈ Lγ,r, with 1 < r ≤ 2 and r >
[

1
2 − µ(1 − γ) − ν − p−q

2

]−1
. Moreover, if 1 < r ≤ 2 and r >

[

1
2 − µ(1 − γ) − ν − p−q

2

]−1
,

then (13) (respectively (14)) holds with λ > −γ (respectively λ < −γ) for every f ∈ Lγ,r.

P r o o f. Since 1 − γ < − 1
µ

(

ν + p−q
2 + γ(r) − 1

2

)

and γ(r) ≥ 1
2 , µ(1 − γ) + ν +

p−q
2 < 0 and according to Proposition 3 T ∈ [Lγ,2,L1−γ,2] and for every f ∈ Lγ,2

(MTf) (s) = H(s)(Mf)(1 − s),ℜ(s) = 1 − γ.

We define L(s) = H(1−s), for 1−β < ℜ(s) < 1−α. Note that L is also a function of (3)
type. The parameters associated with L, which we will denote by prime, are related to
the corresponding numbers for H through: ξ′ = ξ, µ′ = −µ, η′ = η−1, ν ′ = ν+p−q+µ,
p′ = q, q′ = p, m′ = n, n′ = m, β′

j = αj , b′j = 1 − aj − αj (j = 1, . . . , p), α′
j = βj ,

a′j = 1−bj−βj , (j = 1, . . . , q), α′ = 1−α and β′ = 1−β. Also ǫ is in the exceptional set
of L if, and only if, 1− ǫ is in the exceptional set of H. Hence according to Proposition
6 for every 1 < r < ∞ α′

1 < 1 − ǫ < β′
1, where

α′
1 = max

{

α′,− 1

µ′

(

ν ′ +
p′ − q′

2
+ γ(r) − 1

2

)

,
2ρ

µ′

}

and

β′
1 = min

{

β′,− 2

µ′

(

ν ′ +
p′ − q′

2
+ ρ

)}

with

ρ > max

{

µ′β′

2
,
1

2

(

γ(r) − 1

2
− ν ′ − p′ − q′

2

)

,−µ′α′

2
− ν ′ − p′ − q′

2

}

; and s ≥ r being

s′ >
[

1
2 − µ′(1 − ǫ) − ν ′ − p′−q′

2

]−1
, there exists L ∈ [Lǫ,r,L1−ǫ,r] such that if f ∈ Lǫ,r

and 1 < r ≤ 2 then

(MLf) (s) = L(s)(Mf)(1 − s) ℜ(s) = 1 − ǫ.(24)
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Note that the conditions which we have just listed agree with our hypotheses when ǫ

is replaced by 1 − γ.
Introduce now the operator L1 = R L R. According to our hypotheses L1 ∈

[Lγ,r,L1−γ,s]. Moreover by (24) if f ∈ Lγ,r and 1 < r ≤ 2, then

(ML1f) (s) = (MLRf) (1−s) = L(1−s) (MRf) (s) = H(s) (Mf) (1−s), ℜ(s) = 1−γ.

In particular (ML1f) (s) = (MTf) (s) , for f ∈ Lγ,2, and ℜ(s) = 1 − γ. Hence
L1f = Tf , f ∈ Lγ,2, and L1 is the unique extension of T to Lγ,r as a member of
[Lγ,r,L1−γ,s]. T also will denote in the sequel to such extension. The one – to – one
property follows without difficulty from Proposition 6. Also by taking into account
that γ is in the exceptional set of H if, and only if, 1 − γ is in the exceptional set of L

and the relations R Na = Ma−1 Na R, R Ma = M−a R, R ha,b = h−a,b R, (19) leads
to

T (Lγ,r)

=



RN 2
µ′

M
1
2

(

ν′+ p′−q′

2
+1

)h
2,ν′+ p′−q′

2
+2ρ−1







L
1−µ′γ

2
− 1

2

(

ν′+ p′−q′

2
+1

)

,r





=



M 2
µ′−1N 2

µ′
M

− 1
2

(

ν′+ p′−q′

2
+1

)h
−2,ν′+ p′−q′

2
+2ρ−1







L
µ′γ
2

+ 1
2

(

ν′+ p′−q′

2
+1

)

,r





=

(

M−1− 2
µ
N− 2

µ
M− 1

2(ν+ p−q

2
+µ+1)h−2,ν+ p−q

2
+µ+2ρ−1

)(

L 1
2(ν+ p−q

2
+µ(1−γ)+1),r

)

(25)

provided that γ is not in the exceptional set of H. Moreover if γ is in the exceptional
set of H, then T (Lγ,r) is a subset of the last set in (25) because

L (L1−γ,r) ⊆


N 2
µ′

M
1
2

(

ν′+ p′−q′

2
+1

)h
2,ν′+ p′−q′

2
+2ρ−1







L
1−µ′γ

2
− 1

2

(

ν′+ p′−q′

2
+1

)

,r



 .

Equality (12) and representation formulas (13) and (14) can be established in
the usual way. �

5. Boundedness and range of the H–transformation on Lγ,r for ξ > 0.
We established in Proposition 3 and Corollary 2 that if ξ > 0 and α < 1− γ < β, then
the transformation T defined by

(Tf )(x ) =

∫ ∞

0

Hm,n
p,q

(

(a1 ,α1 ),...,(ap ,αp)
(b1 ,β1 ),...,(bq ,βq)

∣

∣

∣

∣

xt

)

f (t)dt , for f ∈ Lγ,2

is in [Lγ,2,L1−γ,2] and for each f ∈ Lγ,2

(MTf) (s) = H(s) (Mf) (1 − s), ℜ(s) = 1 − γ.(26)
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In this section we prove that for every 1 < r < ∞ and α < 1−γ < β this transformation
T can be extended to Lγ,r as a member of [Lγ,r,L1−γ,s] when ξ > 0 and s is suitable.
We also analyze the range T (Lγ,r) of T on Lγ,r. T (Lγ,r) is described through the
operators defined at the beginning of Section 4 and a modified Laplace transformation
defined by

(La,bf) (x) =

∫ ∞

0
(xt)−|b|e−|a|(xt)

1
a
f(t)dt, a 6= 0 and b ∈ R.

The behavior of La,b on Lγ,r is investigated in Theorem 5.1,(d)[16].

Proposition 8. Let ξ > 0, α < 1 − γ < β and 1 ≤ r ≤ s ≤ ∞. Then the
transformation T ∈ [Lγ,2,L1−γ,2] can be extended to Lγ,r as a member of [Lγ,r,L1−γ,s].
T is one to one provided that 1 ≤ r ≤ 2. Moreover equality (12) holds for every f ∈ Lγ,r

and g ∈ Lγ,s′.

P r o o f. Let α < 1 − γ < β. We choose ǫi, i = 1, 2, such that α < ǫ1 < 1 − γ <

ǫ2 < β. According to (10) for every 1 ≤ l < ∞ one has

∫ ∞

0

∣

∣

∣x1−γH(x)
∣

∣

∣

l dx

x
≤ C

{∫ 1

0
x(1−γ−ǫ1)l−1dx +

∫ ∞

1
x(1−γ−ǫ2)l−1dx

}

< ∞

here C denotes a suitable positive constant. Hence H ∈ L1−γ,l and by virtue of Lemma
5.1(b)[16] the transformation T defined by (2) is in [Lγ,r,L1−γ,s] when 1 ≤ r ≤ s ≤ ∞.
Moreover if f ∈ Lγ,r with 1 ≤ r ≤ 2, then

(MTf) (s) = H(s) (Mf) (1 − s), ℜ(s) = 1 − γ .

Since the zeros of H(s) are isolated Tf = 0 implies that (Mf) (s) = 0 except, at
most, when s is an isolated set. By invoking well-known properties of the Mellin
transformation we obtain that f = 0 if and only if, Tf = 0. Then T is one to one
provided that 1 ≤ r ≤ 2.

To prove (12) for f ∈ Lγ,r and g ∈ Lγ,s′ it is sufficient to apply Hölder’s
inequality and to take into account that (12) holds for each f, g ∈ C0. �

We now investigate the range T (Lγ,r) of T on Lγ,r when α < 1 − γ < β and
1 < r < ∞. Our study is divided in five cases.

Proposition 9. Assume that ξ > 0, µ1 < 0, µ2 > 0, α < 1 − γ < β and
1 < r < ∞. If either γ is not in the exceptional set of H or 1 < r ≤ 2, then T is one
to one. If ω = 1 + µ2α + µ1β + ν − 1

2(q − p) and γ is not in the exceptional set, then

T (Lγ,r) =
(

Lµ2,α L−µ1,1−β+ ω
µ1

)

(L1−γ,r) , when ω ≥ 0(27)

and

T (Lγ,r) =

(

J 1
µ2

,−ω,−µ2αLµ2,α L−µ1,1−β

)

(L1−γ,r) , when ω < 0(28)
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Moreover if γ is in the exceptional set of H the range T (Lγ,r) of T on Lγ,r is a subset
of the set on the right hand side of (27) and (28).

P r o o f. Note that m > 0 because µ2 > 0 and n > 0 because µ1 < 0. Hence
α > −∞ and β < +∞.

Assume firstly ω = 1+µ2α+µ1β +ν− 1
2(q−p) ≥ 0. We introduce the function

L(s) = µ
µ2(s−α)−1
2 (−µ1)

µ1(s−β)+ω−1ηs H(s)

Γ (µ2(s − α)) Γ (µ1(s − β) + ω)
, α < ℜ(s) < β.

By taking into account that ξ = µ2 − µ1 and µ = µ2 + µ1, from Proposition 1 and the
properties (6) and (7) for the Γ–function we deduce

|L(σ + it)| ∼ (2π)δ−1(−µ1µ2)
− 1

2

p
∏

j=1

α
−aj+ 1

2
j

q
∏

j=1

β
bj−

1
2

j , as |t| → ∞(29)

uniformly in σ when σ is in a bounded subset of R, and

d
dt

L(σ + it) = iL(σ + it)
{

µ2 log µ2 + µ1 log (−µ1) + log η−

−µ2Ψ (µ2(σ + it − α)) −−µ1Ψ (µ1(σ + it − β) + ω) + µ log |t| − log η+

+iπ
2 ξ sgn t +

ν + µσ + p−q
2

it
+ O

(

t−2
)}

= O
(

t−2
)

, as |t| → ∞.

(30)

Therefore L ∈ A being α (L) = α and β (L) = β. Then by virtue of Theorem 2.1 [16]
for every 1 < r < ∞ and α < ǫ < β there exists a transformation L ∈ [Lǫ,r] such that
for every f ∈ Lǫ,r, with 1 < r ≤ 2 and α < ǫ < β

(MLf) (s) = L(s) (Mf) (s), ℜ(s) = ǫ .

Moreover L is one to one on Lǫ,r provided that 1 < r ≤ 2 and α < ǫ < β because the

zeroes of L(s) are isolated. Also if
1

L
∈ A, then L is one to one and onto Lǫ,r with

1 < r < ∞ and max

(

α,α

(

1

L

))

< ǫ < min

(

β, β

(

1

L

))

. L(s) has at most a finite

numbers of zeros on the strip α < ℜ(s) < β. By {σi}n
i=1 we denote the family of zeros

of L on the strip α < ℜ(s) < β, where σi < σi+1, i = 1, . . . , n − 1. We understand
n = 0 when L has no zeros on α < ℜ(s) < β. If γ is in the exceptional set of H, then
σi < 1 − γ < σi+1, for some i = 0, . . . , n, being σ0 = α and σn+1 = β. Moreover from

(29) and (30) we infer that
1

L
∈ A with α

(

1

L

)

= σi and β

(

1

L

)

= σi+1, for each
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i = 0, . . . , n. Hence T is one to one from L1−γ,r onto L1−γ,r provided that γ is not in
the exceptional set of H.

Define now L1 = Lµ2,αL−µ1,1−β+ ω
µ1

DηLR. Since µ1

(

1 − γ − β +
ω

µ1

)

> 0 and

µ2 (1 − γ − α) > 0, L1 ∈ [Lγ,r,L1−γ,s] when 1 < r ≤ s < ∞. Also L1 is one to one.
Moreover by virtue of Theorem 5.1 (d) [16] for every f ∈ Lγ,2 one has

(ML1f) (s) =
Γ (µ2(s − α))

µ
µ2(s−α)−1
2

(

ML−µ1,1−β+ ω
µ1

DηLRf
)

(1 − s)

=
Γ (µ2(s − α))

µ
µ2(s−α)−1
2

Γ (µ1(s − β) + ω)

(−µ1)µ1(s−β)+ω−1
M [DηLRf ] (s)(31)

=
Γ (µ2(s − α))

µ
µ2(s−α)−1
2

Γ (µ1(s − β) + ω)

(−µ1)µ1(s−β)+ω−1
η−sM [LRf ] (s)

= H(s)M[f ](1 − s), ℜ(s) = 1 − γ .

Hence from (26) and (32) we deduce that L1f = Tf , for every f ∈ C0. Then since C0

is a dense subset of Lγ,r and L1 and T ∈ [Lγ,r,L1−γ,s], L1 = T .
The operators R, Dη and La,b are one to one. Therefore T is one to one when,

and only when, L is one to one. This holds either for 1 < r ≤ 2 or for γ not belonging
to the exceptional set of H. Moreover if γ is not in the exceptional set of H, then
L (L1−γ,r) = L1−γ,r, for 1 < r < ∞. Hence if γ does not belong to the exceptional set
of H (27) holds because R (Lγ,r) = L1−γ,r and Dη (Lγ,r) = Lγ,r for every 1 < r < ∞.
On the other hand if γ is in the exceptional set of H and 1 < r < ∞ T (Lγ,r) is a subset
of the set on the right hand side of (27) because L (L1−γ,r) ⊆ L1−γ,r.

Now let ω < 0. To see (28) we consider the function

Ω(s) = µ
µ2(s−α)−1
2 (−µ1)

µ1(s−β)−1ηs Γ (µ2(s − α) − ω) H(s)

[Γ (µ2(s − α))]2 Γ (µ1(s − β))
, α < ℜ(s) < β,

and we proceed as in the previous case. Ω is in A with α (Ω) = α and β (Ω) = β.
Hence according to Theorem 2.1 [16] for every 1 < r < ∞ and α < ǫ < β there exists
a transformation W ∈ [Lǫ,r] such that for each 1 < r ≤ 2 and α < ǫ < β

(MWf) (s) = Ω(s) (Mf) (1 − s), ℜ(s) = ǫ.(32)

By virtue of Theorem 5.1 (b) and (d) [16] and by (32) the operator W1 defined by

W1 = J 1
µ2

, −ω , −µ2α Lµ2,α R Lµ1 β R Dη W R(33)
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coincides with T on Lγ,r provided that 1 < r < ∞ and α < 1 − γ < β. The range
T (Lγ,r) of T on Lγ,r can be now analyzed by means of (33). �

Proposition 10. Let ξ > 0, µ1 = 0, µ2 > 0, α < 1 − γ < β and 1 < r < ∞.
Then T is one to one on Lγ,r provided that either γ is not in the exceptional set of H

or 1 < r ≤ 2. Moreover if ω = µ2α + 1
2 + ν − 1

2(q − p) and γ is not in the exceptional
set of H then

T (Lγ,r) = Lµ2,α− ω
µ2

(Lγ,r) , when ω ≥ 0(34)

and

T (Lγ,r) =

(

J 1
µ2

, −ω , −µ2α Lµ2,α

)

(Lγ,r) , when ω < 0(35)

while if γ is in the exceptional set of H the range T (Lγ,r) of T on Lγ,r is a subset of
the set on the right hand side of (34) and (35).

P r o o f. Note that α < −∞ because µ2 > 0. Suppose firstly that ω ≥ 0 and
define the function

L(s) = µ
µ2(s−α)+ω−1
2 ηs H(s)

Γ (µ2(s − α) + ω)
, α < ℜ(s) < β.

Proposition 1 and the properties (6) and (7) allow to prove that L ∈ A being α(L) = α

and β(L) = β. Hence, by virtue of Theorem 2.1 [16] for every 1 < r < ∞ and α < ǫ < β

we can find a transformation L ∈ [Lǫ,r] such that for each f ∈ Lǫ,r with 1 < r ≤ 2 and
α < ǫ < β

(MLf) (s) = H(s) (Mf) (s), ℜ(s) = ǫ.(36)

From (36) we infer that L is one to one on Lǫ,r provided that 1 < r ≤ 2 and α < ǫ < β

because the zeros of H(s) on α < ℜ(s) < β are isolated. Moreover if γ is not in the
exceptional set of H, then σ1 < 1 − γ < σ2 where σ1 and σ2 are two consecutive zeros
of L(s). Hence according to Theorem 2.1 [16] L is one to one from L1−γ,r onto itself
when 1 < r < ∞ and γ is not in the exceptional set of H.

We now introduce the operator L1 = Lµ2 , α− ω
µ2

RDηLR . By using Theorem

5.1 (d) [16] we conclude that L1 ∈ [Lγ,r L1−γ,s], for 1 < r ≤ s < ∞. Also for every
f ∈ Lγ,2 one has

(ML1f) (s) =
Γ (µ2(s − α) + ω)

µ
µ2(s−α)+ω−1
2

(MDηLRf) (1 − s)

=
Γ (µ2(s − α) + ω)

µ
µ2(s−α)+ω−1
2

η−sM (LRf) (s) = H(s) (Mf) (1 − s),(37)

ℜ(s) = 1 − γ .
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From (26) and (37) it follows that L1f = Tf for f ∈ C0. Then since L1 and T ∈
[Lγ,r Lγ,s], for 1 < r ≤ s < ∞, L1 = T on Lγ,r.

Therefore if either γ is not in the exceptional set of H or 1 < r ≤ 2, T is one to
one because then T is a composition of one to one operators. Moreover

T (Lγ,r) =
(

Lµ2 , α− ω
µ2

R Dη L
)

(L1−γ,r) ⊆ Lµ2 , α− ω
µ2

(Lγ,r)

and the equality holds provided that γ does not belong to the exceptional set of H.

To prove (35) for ω < 0 we must consider the function

Ω(s) = µ
µ2(s−α)−1
2 ηs Γ (µ2(s − α) − ω) H(s)

[Γ (µ2(s − α))]2

instead of L(s) and to proceed as in the proof of (34). �

Proposition 11. Assume that ξ > 0, µ1 < 0, µ2 = 0, α < 1 − γ < β and
1 < r < ∞.Then T is one to one on Lγ,r when either γ is not in the exceptional set of
H or 1 < r ≤ 2. Moreover if ω = µ1β + 1

2 + ν − 1
2(q− p) and γ is not in the exceptional

set of H, then

T (Lγ,r) = Lµ1,β− ω
µ1

(Lγ,r) , when ω ≥ 0(38)

and

T (Lγ,r) =

(

J− 1
µ1

, −ω , −µ1(2−β) M2 Lµ1,β

)

(Lγ,r) , when ω < 0,(39)

while if γ is in the exceptional set of H the range T (Lγ,r) of T on Lγ,r is a subset of
the set on the right hand side of (38) and (39).

P r o o f. To establish these assertions we can employ a procedure similar to
the one used in the proof of Proposition 7. According to Proposition 10 the function
H(1−s) has associated a transformation L ∈ [L1−γ,r Lγ,s] provided that 1 < r ≤ s < ∞
and α < 1 − γ < β. Mellin integral transformation leads to T = R L R and by using
Proposition 10 the proof can be completed. �

Proposition 12. Let ξ > 0, µ1 > 0, α < 1 − γ < β and 1 < r < ∞. Then
T is one to one on Lγ,r provided that either γ is not in the exceptional set of H or
1 < r ≤ 2. If β < ∞, choose ω = ξc − 1

2 − ν + 1
2(q − p) ≥ 1

2 + 2µ1β with c ≥ −α and
then choose b < −β + ω

µ1
and b ≤ α. When γ is not in the exceptional set of H

T (Lγ,r) =

(

M 1
2
− ω

2µ1

h2µ1 , ω−1−2µ1b L−ξ , c+ 1
2
+ ω

2µ1

)(

L 3
2
−γ− ω

2µ1
, r

)

(40)

while if γ is in the exceptional set of H, T (Lγ,r) is a subset of the set in the right hand
side of (40). If β = ∞, choose ω = ξc− 1

2 − ν + 1
2(q− p) ≥ 1

2 + 2µ1(1− γ) with c ≥ −α

and b ≤ α being ω > µ1(1 − γ + b). Then (40) holds provided that γ is not in the
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exceptional set of H, while if γ belongs to the exceptional set of H, then T (Lγ,r) is a
subset of the set on the right hand side of (40).

P r o o f. Suppose firstly that β < ∞ and define

L(s) = µ
2µ1s−ω
1 ξξ(s+c)−1ηs Γ (ω − µ1(b + s)) H(s)

Γ (µ1(s − b)) Γ (ξ(c + s))
,

where b < −β + ω
µ1

with ω = ξc − 1
2 − ν + 1

2(q − p) and c ≥ −α. It is clear that
Γ (ω − µ1(b + s)) is a holomorphic function on ℜ(s) > −b+ ω

µ1
. Hence, since −b+ ω

µ1
> β

L(s) is holomorphic on the strip α < ℜ(s) < β. Moreover by invoking again Proposition
1 and by (6) and (7) we obtain that

|L(σ + it)| ∼ (2π)δ−
1
2 ξ−

1
2

p
∏

j=1

α
−aj+

1
2

j

q
∏

j=1

β
bj−

1
2

j , as |t| → ∞

uniformly in σ when σ is in a bounded subset of R; and

d
dt

L(σ + it) = L(σ + it) {log η + 2µ1 log µ1 + ξ log ξ − µ1 [Ψ (ω − µ1(σ + it + b))+

+Ψ (µ1(σ + it − b))] − ξΨ (ξ(c + s)) + µ log |t| − log η + iπ
2 ξ log |t|+

+
ν + µσ + p−q

2

it
+ O

(

t−2
)

}

= O
(

t−2
)

, as |t| → ∞.

for every α < σ < β. Therefore L ∈ A with α(L) = α and β(L) = β.
According to Theorem 2.1 [16] there exists a transformation L ∈ [Lǫ,r] when

1 < r < ∞ and α < ǫ < β, such that if 1 < r ≤ 2 and α < ǫ < β, for every f ∈ Lγ,r

(MLf) (s) = L(s) (Mf) (s), ℜ(s) = ǫ(41)

and L is one to one.
Moreover if L(ǫ+ it) 6= 0, t ∈ R, then L is one to one from Lǫ,r onto itself. Note

that L(1 − γ + it) 6= 0 , t ∈ R, provided that γ is not in the exceptional set of H.
We now introduce the operator
L1 = M 1

2
− ω

2µ1

h2µ1 , ω−1−2µ1b L−ξ , c+ 1
2
+ ω

2µ1

M− 1
2
+ ω

2µ1

L Dη R. Since α <

1 − γ < β and 1 < r < ∞, M− 1
2
+ ω

2µ1

L Dη R ∈
[

Lγ,r , L 3
2
−γ− ω

2µ1
, r

]

. Also by the

Theorem 5.1 (d) [16] L−ξ , c+ 1
2
+ ω

2µ1

∈
[

L 3
2
−γ− ω

2µ1
, r Lγ− 1

2
+ ω

2µ1
, r

]

for every 1 < r < ∞
and α < 1 − γ < β because

−ξ

(

γ − 1

2
+

ω

2µ1
− c − 1

2
− ω

2µ1

)

= ξ(c + 1 − γ) ≥ ξ(−α + 1 − γ) > 0.
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Moreover, since ω ≥ 1
2 + 2µ1β, 1 − γ < β and b ≤ α the inequalities γ(r) ≤ 2µ1(γ −

1) + ω − 1
2 < ω + 1

2 − 2µ1b hold. Hence from Theorem 5.1 [16] we deduce that

h2µ1 , ω−1−2µ1b ∈
[

Lγ− 1
2
+ ω

2µ1
, r , L 3

2
−γ− ω

2µ1
, s

]

provided that 1 < r ≤ s < ∞ and s′ ≥
(

2µ1(γ − 1) + ω − 1
2

)−1
. Therefore L1 ∈

[Lγ,r , L1−γ,s] under the imposed conditions.
By taking into account the behavior of the Mellin transformation on the oper-

ators that appear in the definition of L1 (Theorem 5.1 (d) [16]) and by (41) we get for
every f ∈ Lγ,r with 1 < r ≤ 2

(ML1f) (s) =

(

Mh2µ1,ω−1−2µ1bL−ξ,c+ 1
2
+ ω

2µ1

M− 1
2
+ ω

2µ1

LDηRf

)

(

s + 1
2 − ω

2µ1

)

=

= µ
−2µ1s+ω
1

Γ (µ1(s − b))

Γ (ω − µ1(b + s))

(

ML−ξ,c+ 1
2
+ ω

2µ1

M− 1
2
+ ω

2µ1

LDηRf

)(

−s +
1

2
+

ω

2µ1

)

=

= µ
−2µ1s+ω
1

Γ (µ1(s − b)) Γ (ξ(s + c))

Γ (ω − µ1(b + s)) ξ−ξ(−s−c)−1

(

MM− 1
2
+ ω

2µ1

LDηRf

)(

s +
1

2
− ω

2µ1

)

=

= µ
−2µ1s+ω
1 ξ−ξ(s+c)+1Γ (µ1(s − b)) Γ (ξ(s + c))

Γ (ω − µ1(b + s))
(MLDηRf) (s) =

= µ
−2µ1s+ω
1 ξ−ξ(s+c)+1Γ (µ1(s − b)) Γ (ξ(s + c))

Γ (ω − µ1(b + s))
η−sL(s) (Mf) (1 − s) =

= H(s) (Mf) (1 − s) , ℜ(s) = 1 − γ.

Hence in particular for each f ∈ C0 (ML1f) (s) = (MTf) (s), ℜ(s) = 1 − γ, and
then for every f ∈ C0 L1 = Tf . Since L1 and T ∈ [Lγ,r L1−γ,s] and C0 is dense on
Lγ,r, T = L1 on Lγ,r.

Remainder of the proof for β < +∞ follows as in the previous Propositions.
When β = +∞ the results can be proved in a similar way. �

Proposition 13. Assume that ξ > 0, µ2 < 0, α < 1 − γ < β and 1 < r < ∞.
Then T is one to one on Lγ,r when either γ is not in the exceptional set of H or
1 < r ≤ 2. For α > −∞, let ω = ξc − 1

2 − ν − µ − 1
2(p − q) ≥ 1

2 − 2µ2(1 − α) with
c ≥ β − 1 and let b < α− 1− ω

µ2
and b ≤ 1− β. Then when γ is not in the exceptional

set of H

T (Lγ,r) =

(

M− 1
2
− ω

2µ2

h2µ2 , ω−1+2µ2b Lξ , −c+ 1
2
+ ω

2µ2

)(

L− 1
2
−γ− ω

2µ2
, r

)

(42)

while if γ is in the exceptional set of H, T (Lγ,r) is a subset of the set on the right hand
side of (42). For α = −∞, ω = ξc− 1

2 −ν−µ− 1
2(p− q) ≥ 1

2 −2µ2γ with c ≥ β−1 and
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b ≤ 1− β being ω > −µ2(γ + b), (42) holds provided that γ is not in the exceptional set
of H, while if γ belongs to the exceptional set of H, then T (Lγ,r) is a subset of the set
on the right hand side of (42).

P r o o f. Our assertions in this proposition can be inferred from Proposition 12
by studying the operator R T R as in the proof of Proposition 7. �

6. Some special transformations Now we apply the theory developed in
previous Sections to study some special integral transformations.

I.- E. Kratzel [7] introduced the integral transformation defined by:

(

L(n)
ν f

)

(x) =

∫ ∞

0
λ(n)

ν (xt)f(t)dt ,

where

λ(n)
ν (z) =

(2π)

(n − 1)

2
√

n

(

z

n

)nν

Γ
(

ν + 1 − 1
n

)

∫ ∞

1
(tn − 1)ν−

1
n e−ztdt

z > 0, n ∈ N − {0} and ν > −1 +
1

n
.

The L
(n)
ν –transformation reduces to the Kν– transformation([11] [12]) when n = 2.

The Mellin integral transform of λ
(n)
ν is (see [7])

M
[

λ(n)
ν (z)

]

(s) =
(2π)

(n−1)
2

n
1
2
+nν

Γ(s + nν) Γ
(

s
n

)

Γ
(

s
n

+ ν + 1 − 1
n

) =

(2π)
(n−1)

2

n
1
2
+nν

H
2 , 0
1 , 2

(

(ν+1− 1
n

, 1
n)

(nν , 1) , (0 , 1
n

)

∣

∣

∣

∣

∣

s

)

.

Hence, by virtue of Propositions 8 and 10 we immediately deduce the following

Corollary 3. Let max{−nν , 0} < 1 − γ and 1 ≤ r ≤ s ≤ ∞. Then the

transformation L
(n)
ν ∈ [Lγ , r , L1−γ , s] and for every f ∈ Lγ , r and g ∈ Lγ , s′ one has

∫ ∞

0

(

L(n)
ν f

)

(x)g(x)dx =

∫ ∞

0
f(x)

(

L(n)
ν g

)

(x)dx.

L
(n)
ν is one to one on Lγ , r when either 1 < r ≤ 2 or γ is not in the exceptional set of

H. Moreover if γ does not belong to the exceptional set of H, then

L(n)
ν (Lγ , r) = L1 , −nν+ν+1− 1

n
(Lγ , r) , for ν ≥ 1

n
,
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L(n)
ν (Lγ , r) = J1 , ν(1−n)+1− 1

n
, 0 L1 , 0 (Lγ , r) , for 0 ≤ ν <

1

n
,

L(n)
ν (Lγ , r) = J1 , ν+1− 1

n
, nν L1 , 0 (Lγ , r) , for 1 − 1

n
< ν < 0

while L
(n)
ν (Lγ , r) is, in each case, a subset of the set on the right hand side of the last

equalities when γ is in the exceptional set of h.

II.- The generalized Hankel transformation defined by

(Hλ , µf) (x) =

∫ ∞

0
kλ , µ(xt)f(t)dt ,(43)

where kλ , µ(z) = 2−λ zλ+ 1
2 Jµ

λ

(

z2

4

)

and Jµ
λ denotes a generalized Bessel function

usually called Wright function ([18]), was introduced by R. P. Agarwal [1]. Taking
µ = 1 in (43) we obtain

(Hλ , 1f) (x) = (hλf) (x) =

∫ ∞

0

√
xtJλ(xt)f(t)dt

i.e. the well-known Hankel transformation. Here Jλ represents, as usual, the Bessel
function of the first kind and order λ .The hλ–transformation was investigated on Lγ , r

spaces by P. G. Rooney [15].
The Mellin integral transformation of kλ , µ is given by (see [15])

M [kλ , µ(z)] (s) = 2s − 1
2

Γ
(

1
2

(

s + λ + 1
2

))

Γ
(

1 + λ − µ
2

(

s + λ + 1
2

)) =

= H
1 , 0
0 , 2

(

− −
(

1
2

(

λ + 1
2

)

, 1
2

)

(µ
2 (λ + 1) − λ , µ

2

)

∣

∣

∣

∣

∣

s

)

.

Therefore, by taking into account Definition 2 [16], Propositions 8 and 12 lead to.

Corollary 4. Let 0 < µ < 1 λ > −1
2 , −1

2

(

λ + 1
2

)

< 1 − γ and 1 < r ≤
s < ∞. Then the transformation Hλ , µ ∈ [Lγ , r , L1−γ , s] and for every f ∈ Lγ , r and
g ∈ Lγ , s′

∫ ∞

0
(Hλ , µ f) (x)g(x)dx =

∫ ∞

0
f(x) (Hλ , µ g) (x)dx.

Hλ , µ is one to one on Lγ , r provided that either 1 < r ≤ 2 or γ is not in the exceptional
set of H. Moreover if γ does not belong to the exceptional set of H by choosing c ≥
1
2

(

λ + 1
2

)

,

ω =
1 − µ

2
c +

1

2
− 1

2

(

λ +
1

2

)

− µ

2
(λ + 1) + λ ≥ 1

2
+ µ(1 − γ)
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and b ≤ −1
2

(

λ + 1
2

)

being ω > µ
2 (1 − γ + b), then

Hλ , µ (Lγ , r) = M 1
2
−ω

µ
hµ , ω−1−µb Lµ−1

2
, c+ 1

2
+ ω

µ

(

L 3
2
−γ−ω

µ
, r

)

(44)

while if γ is in the exceptional set of H, Hλ , µ (Lγ , r) is a subset of the set on the right
hand side of (44).

Results presented in Corollary 4 improve the ones obtained in [2].
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