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ABSTRACT. In this paper, we introduce the notion of radical transversal
screen pseudo-slant lightlike submanifolds of indefinite Sasakian manifolds
giving characterization theorem with some non-trivial examples of such sub-
manifolds. Integrability conditions of distributions D1, Dy and RadT M on
radical transversal screen pseudo-slant lightlike submanifolds of an indefi-
nite Sasakian manifold, have been obtained. We also obtain necessary and
sufficient conditions for foliations determined by above distributions to be
totally geodesic.

1. Introduction. The theory of lightlike submanifolds of a semi-Rieman-
nian manifold was introduced by Duggal and Bejancu [6]. A submanifold M of
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a semi-Riemannian manifold M is said to be lightlike submanifold if the induced
metric g on M is degenerate, i.e. there exists a non-zero X € I'(T'M) such that
9(X,)Y) =0, VY € I'(TM). In [5], B. Y. Chen defined slant immersions in
complex geometry as a natural generalization of both holomorphic immersions
and totally real immersions. In [10], A. Lotta introduced the concept of slant
immersions of a Riemannian manifold into an almost contact metric manifold.
A. Carriazo defined and studied bi-slant submanifolds of almost Hermitian and
almost contact metric manifolds and further gave the notion of pseudo-slant sub-
manifolds [2].

The geometry of radical transversal, transversal, generalized transversal
lightlike submanifolds has been studied in [18, 19]. In [16], authors give the notion
of screen pseudo-slant lightlike submanifolds of indefinite Sasakian manifolds. In
this article, we introduce the notion of radical transversal screen pseudo-slant
lightlike submanifolds of indefinite Sasakian manifolds. This new class of light-
like submanifolds of an indefinite Sasakian manifold includes radical transversal,
transversal, generalized transversal lightlike submanifolds as its sub-cases. The
paper is arranged as follows. There are some basic results in Section 2. In Section
3, we introduce radical transversal screen pseudo-slant lightlike submanifolds of
an indefinite Sasakian manifold giving some examples. Section 4 is devoted to
the study of foliations determined by distributions on radical transversal screen
pseudo-slant lightlike submanifolds of indefinite Sasakian manifolds.

2. Preliminaries. A submanifold (M™, g) immersed in a semi-Rieman-
nian manifold (M”””,g) is called a lightlike submanifold [6] if the metric g
induced from g is degenerate and the radical distribution RadT' M is of rank
r, where 1 < r < m. Let S(T'M) be a screen distribution which is a semi-

Riemannian complementary distribution of Radl M in T M, that is
(2.1) TM = RadTM @&y, S(TM).

Now consider a screen transversal vector bundle S(TM>), which is a semi-
Riemannian complementary vector bundle of RadTM in TM~*. Since for any
local basis {{} of RadT' M, there exists a local null frame {N;} of sections
with values in the orthogonal complement of S(TM<1) in [S(TM)]* such that
9(&i, Nj) = 0;5 and g(V;, N;) = 0, it follows that there exists a lightlike transversal
vector bundle ltr(T'M) locally spanned by {N;}. Let ¢tr(T'M) be complementary
(but not orthogonal) vector bundle to TM in TM|y;. Then

(2.2) tr(TM) = ltr(TM) ®open S(TM™L),
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(2.3) TM|y =TM & tr(TM),

(2.4) TM‘M = S(TM) @optp, [RadT M & ltr(TM)] @open, S(TMJ‘).

Following are four cases of a lightlike submanifold (M ,9,8(TM),S(TM l)):
Case 1.  r-lightlike if » < min (m,n),

Case 2. co-isotropic if r =n <m, S (TML) = {0},

Case 3.  isotropic if r =m < n, S(T'M) = {0},

Case 4. totally lightlike if » = m = n, S(TM) = S(TM™*) = {0}.

The Gauss and Weingarten formulae are given as

(2.5) VxY =VxY +h(X,Y),

(2.6) VxV = -AyvX + V4V,

forall X, Y e I'(TM) and V € I'(tr(T'M)), where VxY, Ay X belong to I'(T'M)
and h(X,Y), V&V belong to T'(tr(T'M)). V and V* are linear connections on M
and on the vector bundle tr(T'M) respectively. The second fundamental form h
is a symmetric F'(M)-bilinear form on I'(T'M) with values in I'(¢tr(T'M)) and the
shape operator Ay is a linear endomorphism of I'(T'M). From (2.5) and (2.6),
for any X,Y € I'(TM), N € T(itr(TM)) and W € I'(S(TM™)), we have

(2.7) VxY =VxY +h(X,Y)+h*(X,Y),
(2.8) VxN =-AxX + VN + D* (X,N),
(2.9) VxW = —Aw X + VW + D' (X, W),

where R'(X,Y) = L (h(X,Y)), h*(X,Y) = S (h(X,Y)), DY(X,W) = L(V5W),
D*(X,N) = S(V5N). L and S are the projection morphisms of tr(TM) on
Itr(TM) and S(TM™) respectively. V! and V* are linear connections on Itr(T M)
and S(T M%) called the lightlike connection and screen transversal connection on
M respectively.

Now by using (2.7)-(2.9) and metric connection V, we obtain

(2.10) g(h*(X,Y), W) + (Y, D'(X,W)) = g(Aw X, Y),
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(2.11) g(D*(X,N),W)=3g(N,Aw X).

Denote the projection of TM on S(TM) by P. Then from the decompo-
sition of the tangent bundle of a lightlike submanifold, for any X,Y € I'(T'M)
and £ € T'(RadT M), we have

(2.12) VxPY = VYPY + h*(X,PY),
(2.13) Vx& = —A;X + V.

By using above equations, we obtain

(2.14) g(h'(X,PY),&) = g(A{ X, PY),
(2.15) g(h*(X,PY),N) = g(AnX,PY),
(2.16) (AN (X,8),€) =0, A =0.

It is important to note that in general V is not a metric connection. Since V is
metric connection, by using (2.7), we get

(2.17) (Vxg)(Y.2) =g(h"(X,Y), Z) + 3(h'(X, Z),Y).

A semi-Riemannian manifold (M, g) is called an e-almost contact metric manifold
[8] if there exists a (1, 1) tensor field ¢, a vector field V called characteristic vector
field and a 1-form 7, satisfying

(2.18) ¢*’X =-X+nX)V, n(V)=¢ nod=0, ¢V =0,

(2.19) 9(9X,0Y) =g(X,Y) —en(X)n(Y),
for all X,Y € T'(T'M), where ¢ = 1 or —1. It follows that

(2.20) gV,V) =e,
(2.21) g(X, V) = n(X),

(2.22) 9(X,0Y) = —g(¢X,Y).
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Then (¢, V,7n,9) is called an e-almost contact metric structure on M.
An e-almost contact metric structure (¢, V,7,g) is called an indefinite
Sasakian structure if and only if

(2.23) (Vx@)Y =F(X,Y)V - en(Y)X,

for all X, Y € T'(T'M), where V is Levi-Civita connection with respect to g.

A semi-Riemannian manifold endowed with an indefinite Sasakian struc-
ture is called an indefinite Sasakian manifold. From (2.23), for any X € I'(T'M),
we get

(2.24) VxV = —¢X.

Let (M,g,®,V,n) be an e-almost contact metric manifold. If € = 1, then
M is said to be a spacelike almost contact metric manifold and if € = —1, then
M is called a timelike almost contact metric manifold. In this paper, we consider
indefinite Sasakian manifolds with spacelike characteristic vector field V.

3. Radical transversal screen pseudo-slant lightlike subman-
ifolds. In this section, we introduce the notion of radical transversal screen
pseudo-slant lightlike submanifolds of e-almost contact metric manifolds. At first,
we state the following Lemma for later use:

Lemma 3.1. Let M be a 2q-lightlike submanifold of an e-almost contact
metric manifold M, of index 2q such that 2q¢ < dim(M) with structure vector
field tangent to M. Then the screen distribution S(TM) on lightlike submanifold
M 1is Riemannian.

The proof of above Lemma follows as in Lemma 4.1 of [13], so we omit it.

Definition 3.1. Let M be a 2q-lightlike submanifold of an e-almost con-
tact metric manifold M of index 2q such that 2q < dim(M) with structure vector
field tangent to M. Then we say that M is a radical transversal screen pseudo-
slant lightlike submanifold of M if the following conditions are satisfied:

(1) ¢RadT M = ltr(TM),
(ii) there exists non-degenerate orthogonal distributions Dy and Dy on M such
that

(a) ( ) Dl Dorth D2 Dorth {V}

(b) the distribution Dy is anti-invariant, i.e. $D; C S(TM1),

(c) the distribution Do is slant with angle 6(# 7/2), i.e. for each x € M
and each non-zero vector X € (Da)g, the angle 6 between ¢X and the vector
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subspace (Ds); is a constant (# 7/2), which is independent of the choice of
x €M and X € (D3)y.

This constant angle 0 is called the slant angle of distribution Dy. A radical
transversal screen pseudo-slant lightlike submanifold is said to be proper if Dy #

{0}, Dy # {0} and 6 # 0.

From the above definition, we have the following decomposition
(31) TM = RadT' M DPorth D, Dorth D, Dorth {V} .

In particular, we have
(i) if Dy =0, then M is a transversal lightlike submanifold,
(ii) if D; =0 and 6 = 0, then M is a radical transversal lightlike submanifold,
(iii) if D1 # 0 and 0 = 0, then M is a generalized transversal lightlike submanifold.
Thus the above new class of lightlike submanifolds of an e-almost contact
metric manifold includes radical transversal, transversal, generalized transversal
lightlike submanifolds as its sub-cases which have been studied in [18, 19].
Let (]R%;”“,g, ®,1n, V) denote the manifold Rgg”l with its usual e-almost
contact metric structure given by

1 i
nzi(dz—z;yda:>, V =20z,

G=n@n+ - (A @d' +dy' @dy)+ Y (de' ©da’ +dy' @dy’) o,
i=1 i—qt1
¢ <Z<Xi8xi +Yidy:) + Zaz) =Y (Vidw; — Xiy:) + (Z Yy) 0z,
i=1 izl —

where (2,9, z) are the cartesian coordinates on R%Znﬂ. Now we construct some
examples of radical transversal screen pseudo-slant lightlike submanifolds of a
spacelike almost contact metric manifold.

Example 1. Let (R13,G,6,7,V) be a spacelike almost contact metric
manifold, where 7 is of signature (—,+,+,+,+,+, —, +,+,+, +, +, +) with re-
spect to the canonical basis {0z, 0z, 0x3, 0xy4, 0x5, 0x6, QY1 , OY2, OY3, OYs, OYs,
0y, 0z}.

Suppose M is a submanifold of R%P’ given by z' = wuy, y' = u,
22 = —u1 COS & + Uz sin a, y2 = w1 sin & + ug cos a, = y4 = us, 2t = y3 = Uy,
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0 = us, y5 = ug, 2% = kcosug, y6 = ksinug, z = u7, where k is a non-zero
constant.
The local frame of T'M is given by {Z1, Za, Z3, Z4, Z5, Zs, Z7}, where

Z1 = 2(0x1 — cos adxy + sin adys + y' 0z — cos ay?0z),
Zy = 2(0yy + sin adzy + cos adyy + sin ay?0z),

Z3 = 2(0x3 + Oys + y>02),

Zy = 2(0x4 + Oyz + y102),

Zs = 2(0x5 + y°02),

Zs = 2(0ys — ksinugOxg + k cos ugdyg — k sin u6y68z)
Zr =V =20z

Hence RadT' M = span{Z1,Zs} and S(T'M) = span{Zs, Z4, Z5, Zg, V }.
Now Itr(TM) is spanned by Ny = —dx1 — cos adxy +sin adys — y' 0z — cos ay® 0z,
Ny = —y; + sin adzy + cos adys + sin ay?dz and S(TM1) is spanned by

W1 = 2(dx3 — Oys + y°02),
Wy = 2(dzy — Oyz + y02),
W3 = 2(k cos ugOzxe + k sin ugdys + k cos ugy 8,2)
Wy = 2(k*dys + ksin ugdxg — k cos ugdyg + k sin ugy®oz).
It follows that ¢Z; = 2N,, ¢pZy = —2N;j, which implies that ¢RadT M =

ltr(TM). On the other hand, we can see that D; = span{Z3, Z4} such that
¢0Zs = Wy, ¢Z4 = W1, which implies that D; is anti-invariant with respect
to ¢ and Dy = span{Zs,Zs} is a slant distribution with slant angle
6 = arccos(1/v/1+ k?). Hence M is a radical transversal screen pseudo-slant
2-lightlike submanifold of R3?.

Example 2. Let (R33,G,6,7,V) be a spacelike almost contact metric
manifold, where 7 is of signature (—, +,+, +,+,+, —, +,+, +, +, +, +) with re-
spect to the canonical basis {0z1, 0xa, Oxs, 0x4, x5, 06, Y1, OY2, Y3, Y4, OYs,
8y6, 8,2}

Suppose M is a submanifold of ]R%?’ given by z! = y? = uy, 22 = y! = uy,
23 = ugcos B, y° = ussinB, z* = wysinB, y* = wscosB, x° = uscosug,
y® = ugsinug, % = cosus, y® = sinus, z = uy, us # 0.

The local frame of T'M is given by {Z1, Zs, Z3, Z4, Z5, Zs, Z7}, where

71 = 2(0x1 + Oys + 4 02),
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= 2(dxy + Oy + y202),
= 2(cos BOx3 + sin By3 + v cos f02),
= 2(sin Bz + cos BOy4 + y* sin $02),
= 2(cos ugdrs + sin ugdys — sin uz0xg + cos usYs + COs ugy° Oz
— sinusy®92),
Zs = 2(—us sin ugdzxs + us cos ugdys — us sin u6y58z),
Z7 =V =20z
Hence RadT'M = span{Z1,Zs} and S(T'M) = span{Zs, Z4, Z5, Zg, V }.
Now Itr(TM) is spanned by Ni = —0z 4 dys — y 0z, Ny = —0zo + Oy — y*02
and S(TM?1) is spanned by
= 2(sin BOz3 — cos B0y3 + y° sin £02),
2(cos B0x4 — sin fOyy + y* cos B0z),
2(

cos ugdxs + sin ugdys + sin usdzrg — cos usdyg + cos ugy° Oz

+ sin usy%92),
Wy = 2(us cos usdxg + us sin usdyg + us cos uzy°0z).
It follows that ¢Zy = —2Ns, ¢Zy = —2N;, which implies that ¢RadlT'M =

ltr(TM). On the other hand, we can see that D; = span{Z3, Z4} such that
¢0Z3 = Wy, ¢Zy = W, which implies that D, is anti-invariant with respect to ¢
and Dy = span{Zs, Zs} is a slant distribution with slant angle /4. Hence M is
a radical transversal screen pseudo-slant 2-lightlike submanifold of ]R%?’.

Now, for any vector field X tangent to M, we put ¢ X = PX + F X, where
PX and FX are tangential and transversal parts of ¢ X respectively. We denote
the projections on RadlT'M, D; and Ds in TM by Py, P, and P; respectively.
Similarly, we denote the projections of tr(TM) on ltr(T M), ¢(D1) and D’ by Q1,
Q2 and Q3 respectively, where D’ is non-degenerate orthogonal complementary
subbundle of ¢(Dy) in S(TM™1). Then, for any X € I'(T'M), we get

(3.2) X =P X+PX+PX+nX)V.
Now applying ¢ to (3.2), we have

(3.3) ¢X =PI X + 9P X + ¢P3X,
which gives

(3.4) X = OPLX + ¢Po X + fP3X + FP3 X,
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where fP3X (resp. F'P3X) denotes the tangential (resp. transversal) component
of $P3X. Thus we get ¢PLX € D(Itr(T'M)), ¢P»X € T(¢Dy) C D(S(T ML),
fPsX € T'(Ds) and FP3X € T'(D'). Also, for any W € T'(tr(T'M)), we have

(3.5) W = QiW + QoW + Q3 W.
Applying ¢ to (3.5), we obtain

(3.6) OW = oW + ¢Q2W + ¢Q3W,
which gives

(3.7) OW = dQiW + ¢QaW + BQsW + CQ3W,

where BQsW (resp. CQ3W) denotes the tangential (resp. transversal) compo-
nent of pQsW. Thus we get pQ1W € I'(RadT M), ¢QW € I'(Dy), BQsW €
['(Dg) and CQ3W € T'(D").

Now, by using (2.23), (3.4), (3.7) and (2.7)—(2.9) and identifying the com-
ponents on RadT' M, Dy, Dy, itr(TM), ¢(D;), D" and {V'}, we obtain

Pi(Asp,y X) + Pi(App v X) + Pi(Arpyy X) = PI(Vx fPY)

(3.8) l
— oh'(X,Y) +n(Y)P X,
(3 9) PQ(A¢>P2YX) + PQ(A¢P1yX) + PQ(AFPSYX) = P2(VXfP3Y)
' — Qa1 (X,Y) + n(Y) P X,
(3.10) P3(App,y X) + P3(Appy X) + P3(Arpy X) = P3(Vx fP3Y)

— BQ3h*(X,Y) — fP3VxY +n(Y)P3X,

(3.11) VioP Y + DY(X,¢PY) + h'(X, fPY) + DX, FPY) = ¢ P,V xY,

Q2VidPY + QoVXYFPY =¢pPVxY — Q2D°(X, ¢P1Y)

(3.12) — Qb (X, fPY),

QsV5 OPY +Q3V4 FPY — FP3VxY = CQsh?(X,Y)

3.13
(3.13) — Qsh*(X, fP3Y) — QsD*(X, 6PLY),

(3.14) n(VxfPY) —n(Agpy X) — n(Agp,y X) — n(Arpyy X) = g(¢X, ¢Y).



148 S. S. Shukla, Akhilesh Yadav

Theorem 3.2. Let M be a 2q-lightlike submanifold of a spacelike almost
contact metric manifold M with structure vector field tangent to M. Then M is
a radical transversal screen pseudo-slant lightlike submanifold of M if and only if

(7) pltr(T'M) is a distribution on M such that ¢ltr(T'M) = RadT M,

(i) distribution Dy is anti-invariant with respect to ¢, i.e. pD1 C S(TM1),

(iii) there exists a constant A € (0,1] such that P?X = —\X.

Moreover, there also exists a constant € [0,1) such that BFX = —uX,
for all X € T'(D3), where Dy and Do are non-degenerate orthogonal distributions
on M such that S(TM) = Dy ®orin Do ®open {V} and X = cos? 6, 0 is slant angle
Of D2 .

Proof. Let M be a radical transversal screen pseudo-slant lightlike
submanifold of a spacelike almost contact metric manifold M. Then distribu-
tion D; is anti-invariant with respect to ¢ and ¢RadT'M = Itr(T'M). Thus
¢pX € I'(itr(TM)), for all X € I'(RadT'M). Hence ¢(¢X) € T'(p(ltr(TM))),
which implies —X € T'(¢(itr(T'M))), for all X € I'(RadT' M), which proves (i)
and (7).

Now for any X € I'(D2), we have |PX| = [¢X|cos 6, which implies

(3.15) cosf = ——.

|PX|*?  g(PX,PX) g(X,P*X) hid
6X2 ~ 96X, 0X)  g(X,2X) ¢

In view of (3.15), we get cos’f =

gives
(3.16) g(X,P?X) = cos’ 0 g(X, $* X).

Since M is radical transversal screen pseudo-slant lightlike submanifold,
cos’f = M(const) € (0,1] and therefore from (3.16), we get g(X,P*X) =
M (X, $*X) = g(X, A\¢*>X), which implies

(3.17) g(X,(P* = \¢*)X) = 0.

Since (P?=\¢?)X € I'(Dy) and the induced metric g = g|p,  p, is non-degenerate
(positive definite), from (3.17), we have (P? — A¢*)X = 0, which implies

(3.18) P2X = \¢*X = —)\X.
Now, for any vector field X € I'(D3) , we have

(3.19) ¢X = PX + FX,
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where PX and F X are tangential and transversal parts of ¢.X respectively.
Applying ¢ to (3.19) and taking tangential component, we get

(3.20) —X = P?*X + BFX.
From (3.18) and (3.20), we get
(3.21) BFX = —uX,

where 1 — XA = p(const ) € [0,1). This proves (7ii).

Conversely suppose that conditions (i), (i¢) and (7i7) are satisfied. From
(i), we have ¢N € T'(RadT M), for all N € T'(itr(TM)). Hence ¢(¢N) €
I'(¢(RadT M)), which implies —N € I'(¢(RadT M)), for all N € I'(ltr(TM)).
Thus ¢RadT' M = ltr(T'M). From (3.20), for any X € I'(D2), we get

(3.22) —X = P2X — uX,

which implies

where 1 — = A(const ) € (0, 1].
Now
cosf = M — _g(XangX) _ _Q(X,PZX)
| X||PX] |pX||PX| 60X [[PX]|
— _)\g(X’¢ X) _ (X, 0 X
[¢X||PX] X || PX|

From above equation, we get
(3.24) cos ) = A\i=—.

Therefore (3.15) and (3.24) give cos® 6 = A(const ).
Hence M is a radical transversal screen pseudo-slant lightlike submani-
fold. O

Corollary 3.1. Let M be a radical transversal screen pseudo-slant light-
like submanifold of a spacelike almost contact metric manifold M with slant angle
0, then for any X,Y € I'(D3), we have

(i) g(PX,PY) = cos’0 g(X,Y),

(ii) g(FX,FY) =sin®6 g(X,Y).
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The proof of above Corollary follows by using similar steps as in proof of
Corollary 3.2 of [12].

Lemma 3.3. Let M be a radical transversal screen pseudo-slant lightlike
submanifold of an indefinite Sasakian manifold M. Then we have

(1) g(VxY,V) =3(Y,0X),

(1) g([X,Y],V) =2g(Y,¢X), for all X, Y € T(TM — {V}).

Proof. Let M be a radical transversal screen pseudo-slant lightlike sub-
manifold of an indefinite Sasakian manifold M. Since V is a metric connection,
from (2.7) and (2.24), for any X,Y € I'(T'M — {V'}), we have

(3.25) 9(VxY, V) =g(Y,¢X).

From (2.22) and (3.25), we have g([X,Y],V) =23(Y,¢X). O

Theorem 3.4. Let M be a radical transversal screen pseudo-slant light-
like submanifold of an indefinite Sasakian manifold M with structure vector field
tangent to M. Then RadT' M @ {V'} is integrable if and only if

(i) QoD*(Y,¢X) = QoD*(X,6Y) and QsD*(Y,$X) = Q4D*(X, 6Y),

(ZZ) P3A¢XY = P3A¢yX, for all X,Y € F(RadTM D {V})

Proof. Let M be a radical transversal screen pseudo-slant lightlike sub-
manifold of an indefinite Sasakian manifold M. Let X,Y € I'(RadTM & {V}).
From (3.12), we have Q2D*(X, ¢Y) = ¢PoVxY, which gives

Q2D*(X,9Y) — Q2D*(Y, 9X) = ¢ o[ X, Y].

In view of (3.13), we get Q3D*(X, ¢Y) = CQ3h*(X,Y)+FP3VxY, which implies
QsD*(X,9Y) — Q3D*(Y, 90X ) = FP3[X,Y]. Also from (3.10), we have

P3Agy X + BQ3h*(X,Y) = —fP3VxY,

which gives P3AyxY — P3Ayy X = fP3[X,Y]. This proves the theorem. 0O

Theorem 3.5. Let M be a radical transversal screen pseudo-slant light-
like submanifold of an indefinite Sasakian manifold M with structure vector field
tangent to M. Then Dy is integrable if and only if

(Z) Qg( ?(bX) = Qg( }QZ)Y) and P3A¢XY = P3A¢yX,

(ii) DX, ¢Y) = DY(Y,$X), for all X,Y € T'(Dy).

Proof. Let M be a radical transversal screen pseudo-slant lightlike sub-
manifold of an indefinite Sasakian manifold M. Let X,Y € I'(Dy). From (3.11),
we have D'(X,$Y) = ¢P,VxY, we have D'(X, ¢Y) — DY, ¢X) = ¢P[X,Y].
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In view of (3.10), we get PsAyy X + BQ3h*(X,Y) = —fP3VxY, which implies
P3AyxY — PsAgy X = fP3[X,Y]. Also from (3.13), we have

Q3(VxeY) — CQ3h*(X,Y) = FP3VxY,

which gives
Q3(Vx9Y) — Q3(Vy9X) = FRX,Y].
This concludes the theorem. O

Theorem 3.6. Let M be a radical transversal screen pseudo-slant light-
like submanifold of an indefinite Sasakian manifold M with structure vector field
tangent to M. Then Dy & {V'} is integrable if and only if

(i) D'(X,FY) = B!(Y, fX) = D'(Y, FX) — i'(X, fY),

(i) Qa(VFY — W(Y, X)) = Qa(VyFX — h*(X, 1)),
for all XY € I'(Dy @ {V'}).

Proof. Let M be a radical transversal screen pseudo-slant lightlike sub-
manifold of an indefinite Sasakian manifold M. Let X,Y € I'(Dy @ {V}). From
(3.11), we have h'(X, fY) + DX, FY) = ¢P,VxY, which gives h'(X, fY) —
RU(Y, fX) + DYX,FY) — DYY,FX) = ¢P|[X,Y]. In view of (3.12), we get
Q2VXFY + Q2h° (X, fY) = ¢ P,V xY, which implies Q2VXFY — Q2VyFX +
Q2h° (X, fY) — Q2h°(Y, fX) = ¢P2[ X, Y]. Thus, we obtain the required results.
g

Theorem 3.7. Let M be a radical transversal screen pseudo-slant light-
like submanifold of an indefinite Sasakian manifold M with structure vector field
tangent to M. Then the induced connection V on M s not a metric connection.

Proof. Let M be a radical transversal screen pseudo-slant lightlike
submanifold of an indefinite Sasakian manifold M. Suppose that the induced
connection V on M is a metric connection. Then Vx¢N € I'(RadT M) for
all X € I'(TM) and N € I'(ltr(TM)). From (2.7), (2.8) and (2.23), for any
X eI(TM) and N € I'(ltr(T'M)), we have

VxdN+h (X, ¢N) + h¥(X,pN) = —pAnX + ¢V N

(3.26) _
+ (bQZDS(Xa N) + ¢Q3DS(X7 N) + g(X, N)V

Now, on comparing tangential components of both sides of (3.26), we get

Vx¢N =— fPsANX + ¢V N + ¢Q2D* (X, N)

(3.27) + BQ3D*(X,N) +g(X, N)V.
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Since TM = RadT' M ®ortn, D1 ®orth D2 @oren {V'}, from (3.27), we obtain

(3.28) Vxo¢N — ¢V N =0, BQsD*(X,N) — fP3AxX =0,

(3.29) $Q2D(X,N) =0, g(X,N)V =0.

Now taking X = ¢ € I'(Rad(T'M)) in (3.29), we get g(§, N)V = 0. Thus V =0,
which is a contradiction. Hence M does not have a metric connection. O

4. Foliations determined by distributions. In this section, we ob-
tain necessary and sufficient conditions for foliations determined by distributions
on a radical transversal screen pseudo-slant lightlike submanifold of an indefinite
Sasakian manifold to be totally geodesic.

Definition 4.1. A radical transversal screen pseudo-slant lightlike sub-
manifold M of an indefinite Sasakian manifold M is said to be mized geodesic
screen pseudo-slant lightlike submanifold if its second fundamental form h satis-
fies h(X,Y) =0, for all X € T'(Dy1) and Y € T'(D3). Thus M is mized geodesic
radical transversal screen pseudo-slant lightlike submanifold if hl(X, Y) =0 and
M(X,Y)=0, for all X e T'(Dy) and Y € T'(D3).

Theorem 4.1. Let M be a radical transversal screen pseudo-slant light-
like submanifold of an indefinite Sasakian manifold M with structure vector field
tangent to M. Then RadT M ©&{V'} defines a totally geodesic foliation if and only
if AN x fP3Z = PlAyp,z X + PLApp,z X, for any X,Y € T'(RadTM & {V'}) and
Z € T(D1 @ D»).

Proof. Let M be a radical transversal screen pseudo-slant lightlike sub-
manifold of an indefinite Sasakian manifold M. It is easy to see that
RadT M & {V'} defines a totally geodesic foliation if and only if

VxY € T(RadTM & {V}), forall X,Y €T (RadTM & {V}).

Since V is metric connection, using (2.7), (2.19), (2.23) and (3.4), for any
X, Y € I(RadTM & {V}) and Z € I'(D; @ D3), we get

9(VxY,Z) = —g(Vx (9P Z + [P3Z + FP3Z), ¢Y ).
From (2.7), (2.9) and above equation, we get

9(VxY,Z) = -g(VxfP3Z — Agp,z X — App,z X, 9Y),
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which implies
9(VxY,Z2) = —g(PIVxfP3Z — PiAgp,z X — PLApp,z X, 9Y).

This concludes the theorem. O

Theorem 4.2. Let M be a radical transversal screen pseudo-slant light-
like submanifold of an indefinite Sasakian manifold M with structure vector field
tangent to M. Then Dy defines a totally geodesic foliation if and only if

(i) h*(X,dN) has no component in ¢(D1),
for all XY € I'(Dy), Z € T'(D2) and N € I'(itr(T'M)).

Proof. Let M be a radical transversal screen pseudo-slant lightlike sub-
manifold of an indefinite Sasakian manifold M. The distribution D; defines a
totally geodesic foliation if and only if VxY € I'(D;), for all X, Y € I'(D;). Since
V is metric connection, from (2.7), (2.19) and (2.23), for any X,Y € I'(D;) and
Z € I'(Dy), we obtain §(VxY, Z) = —g(Vx¢Z, $Y), which gives

Now from (2.7), (2.19) and (2.23), for any X,Y € I'(D;) and N € I'(ltr(TM)),
we have G(VxY, N) = —g(¢Y, Vx¢N), which implies

g(VxY,N) = —g(¢Y,h*(X, ¢N)).

Thus, we obtain the required results. O

Theorem 4.3. Let M be a radical transversal screen pseudo-slant light-
like submanifold of an indefinite Sasakian manifold M with structure vector field
tangent to M. Then Dy & {V'} defines a totally geodesic foliation if and only if

(i) GV, Apz X) = G(FY. Vi 62),

(i) GUFY. AfnX) = GEY, 1* (X, 6N)),
for all XY € T'(Dy ®{V'}), Z € I'(D1) and N € T'(ltr(TM)).

Proof. Let M be a radical transversal screen pseudo-slant lightlike sub-
manifold of an indefinite Sasakian manifold M. The distribution Ds @& {V'} de-
fines a totally geodesic foliation if and only if VxY € I'(Dy & {V}), for all
X,Y € (D3 ®{V}). Since V is metric connection, from (2.7), (2.19) and (2.23),
for any X, Y € I'(Dy ® {V'}) and Z € I'(D;), we obtain

9(VxY,Z) = —g(¢Y,Vx¢Z),
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which gives
9(VxY, Z) = g(fY, ApzX) = g(FY,Vx ¢Z).

Now, from (2.7), (2.19) and (2.23), for any X,Y € I'(Dy & {V}) and
N e T'(ltr(T'M)), we have

g(VxY,N) = —g(¢Y,Vx¢N),
which implies
9(VxY,N) =g(fY, AgnX) = g(FY, h*(X, ¢N)).

Thus, the theorem is completed. O

Theorem 4.4. Let M be a mixed geodesic radical transversal screen
pseudo-slant lightlike submanifold of an indefinite Sasakian manifold M with
structure vector field tangent to M. Then Dy defines a totally geodesic folia-
tion if and only if VX FZ and h®(X,¢N) have no components in ¢(D1), for all
X el(Dy), ZeTI'(Dg) and N € T'(ltr(TM)).

Proof. Let M be a mixed geodesic radical transversal screen pseudo-
slant lightlike submanifold of an indefinite Sasakian manifold M. The distribution
Dy defines a totally geodesic foliation if and only if VxY € I'(D;), for all X,Y €
['(D;). Since V is metric connection, from (2.7), (2.19) and (2.23), for any
X,Y € I(Dy) and Z € T'(Dy), we get g(VxY,Z) = —g(¢Y,Vx¢Z), which gives
3(VxY,Z) = —g(VXFZ + h¥(X, fZ),¢Y). Now, from (2.7), (2.19) and (2.23),
for all X,Y € I'(D1) and N € I'(Itr(TM)), we get G(VxY,N) = —g(¢Y, Vx¢N),
which implies g(VxY, N) = —g(¢Y, h*(X,¢N)). This proves the theorem. O

Theorem 4.5. Let M be a mixed geodesic radical transversal screen
pseudo-slant lightlike submanifold of an indefinite Sasakian manifold M with
structure vector field tangent to M. Then the induced connection V on Dy @ Do
18 a metric connection if and only if

(i) D*(X, &) has no component in ¢(Dy),

(i) GUW. Ase Z) = GIEW, D*(Z, 66)),
for all X,e I'(Dy), Z,W € I'(D2) and &£ € T'(RadT M).

Proof. Let M be a mixed geodesic radical transversal screen pseudo-
slant lightlike submanifold of an indefinite Sasakian manifold M. Then h'(X, Z) =
0, for all X € I'(D;) and Z € I'(Dy). Since V is metric connection, from
(2.7), (2.19) and (2.23), for any X,Y € I'(D;) and & € T'(RadT M), we have
g(h'(X,Y),&) = —g(oY, Vx¢t), which gives g(h' (X,Y),£) = —g(¢Y, D*(X, ¢¢)).
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In view of (2.7), (2.19) and (2.23), for any Z, W € I'(D5) and & € T'(RadT M),
€) =

we get g(h'(Z, W),

—G(oW, V z¢¢), which implies

G (2, W), &) = g(fW, Age Z) — G(FW, D*(Z, ¢€)).

Thus, we obtain the required results. O
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