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ABSTRACT. In this paper, we consider two new subclasses N’E”m (o, \) and
N’E”m (8, A) of X, consisting of analytic and m-fold symmetric bi-univalent
functions in the open unit disk U. Furthermore, we establish bounds for the
coeflicients for these subclasses and several related classes are also considered

and connections to earlier known results are made.

1. Introduction. Let A denote the class of functions of the form
o0
(1) f(z)=2z+ Zanz”
n=2

which are analytic in the open unit disk U = {z:|z| < 1}, and let S be the
subclass of A consisting of the form (1) which are also univalent in U.
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The Koebe one-quarter theorem [6] states that the image of U under every
1
function f from S contains a disk of radius 1 Thus every such univalent function

has an inverse f~! which satisfies

FFHUfE) =2 (2€0)
and

Pt @) =v (lel<n), ninz7).
where
(2) Tt w) =w —agw? + (Qa% — a3) w3 — (5a§ — bagaz + as) whe o,

A function f € A is said to be bi-univalent in U if both f and f~! are
univalent in U. Let ¥ denote the class of bi-univalent functions defined in the
unit disk U.

For a brief history and interesting examples in the class X, see [15]. Ex-
amples of functions in the class X are

z 1 142
—log(1 — ~1
T “los(l-2), 3 Og<1_z>

and so on. However, the familier Koebe function is not a member of . Other
common examples of functions in S such as

are also not members of ¥ (see [15]).
For each function f € S, the function

(3) h(z) = Y/ f(zm) (zeU, meN)

is univalent and maps the unit disk U into a region with m-fold symmetry. A
function is said to be m-fold symmetric (see [11], [14]) if it has the following
normalized form:

[e.e]
(4) flz)=z+ Zamkﬂzmkﬂ (ze U, meN).
k=1
We denote by S, the class of m-fold symmetric univalent functions in U,
which are normalized by the series expansion (4). In fact, the functions in the
class S are one-fold symmetric.
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Analogous to the concept of m-fold symmetric univalent functions, we
here introduced the concept of m-fold symmetric bi-univalent functions. Each
function f € ¥ generates an m-fold symmetric bi-univalent function for each
integer m € N. The normalized form of f is given as in (4) and the series expansion
for 7!, which has been recently proven by Srivastava et al. [17], is given as
follows:

() W) = w—amnw™ + [(m+ ey, - anrr)] 0
1
- §(m +1)(3m +2)ad, 4
—(3m + 2)amt1a2m+1 + a3m+1:| wimtt

where f~! = g. We denote by %, the class of m-fold symmetric bi-univalent
functions in U. For m = 1, the formula (5) coincides with the formula (2) of the
class 3. Some examples of m-fold symmetric bi-univalent functions are given as

follows:
m 1 1 1 m 1
—log(1 — 2™ —1 .
( > ;[ 1log( 2™))m [2 0g<1_zm> ]

1—2zm
Lewin [10] studied the class of bi-univalent functions, obtaining the bound
1.51 for modulus of the second coefficient |ag|. Subsequently, Brannan and Clu-
nie [3] conjectured that |as| < V2 for f € X. Later, Netanyahu [13] showed

3|

that max |as| = 3 if f(z) € ¥. Brannan and Taha [4] introduced certain sub-

classes of the bi-univalent function class ¥ similar to the familiar subclasses S* (5)
and K () of starlike and convex function of order 5 (0 < 8 < 1) respectively
(see [13]). The classes S5, («) and Ky () of bi-starlike functions of order «
and bi-convex functions of order «, corresponding to the function classes S* («)
and K («), were also introduced analogously. For each of the function classes
Sy, () and Ky («), they found non-sharp estimates on the initial coefficients.
In fact, the aforecited work of Srivastava et al. [15] essentially revived the in-
vestigation of various subclasses of the bi-univalent function class ¥ in recent
years. Recently, many authors investigated bounds for various subclasses of bi-
univalent functions ([1], [2], [7], [12], [15], [16], [18]). Not much is known about
the bounds on the general coefficient |a,| for n > 4. In the literature, the only
a few works determining the general coefficient bounds |a,| for the analytic bi-
univalent functions ([5], [8], [9]). The coefficient estimate problem for each of |a,,|
(neN\{1,2}; N={1,2,3,...}) is still an open problem.
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The aim of the this paper is to introduce two new subclasses of the func-
tion class X,, and derive estimates on the initial coefficients |a,,+1| and |agp,+1]
for functions in these new subclasses. We have to remember here the following
lemma here so as to derive our basic results:

Lemma 1 ([14]). If p(2) = 1+ p1z + pez® + p32® + .-+ is an analytic
function in U with positive real part, then

Ipn| < 2 (mneN={1,2,...})

and

2
p
‘p2——1

2

2
<ol

- 2

2. Coefficient bounds for the function class Ny, (a, A).

Definition 2. A function f € ¥,, is said to be in the class Ngm (a, A) if
the following conditions are satisfied:
am

arg ((1 -\ (@)M +AS(2) (@)l”) ;

O<a<l, A>1, u>0, z€U)

and
aT

arg ((1 - () 4 agw) (@)) -

O<a<l,A>1, u>0, wel)

where the function g = f~L.

Theorem 3. Let f given by (4) be in the class Ny, (a, M), 0 < a < 1.

Then
2c
il = Vealu(m+1)(1=N)+A2m~+1) (m+p)+(p—1) (u+Am)]+(1—a) (u+Am)?
and
lamia| < 2a 2[u(m+ 1)1 =X) + A2m + 1) (m + p) + (1 — p)Am] O62'

_I_
w4+ 22m (4 Am)2(p + 22m)
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Proof. Let fe& Ny (a,A). Then

©) 10 (1) ape () <o
) -3 (29) g (L) < gt

where ¢ = f ~1, p,¢ in P and have the forms
p(2) = 14 pmz™ + pomz™™ + - --

and
q(w) = 1+ g™ + g™ + - -

Now, equating the coefficients in (6) and (7), we get

(8) (H + /\m)aerl = OPm,
(H_ 1) 2 a(a—1) 2
9) (1 + 2Am)agm11 + (1 + 2Am) 5 Gt = OPam + 5 D,
and
(10) —(,u + )‘m)am-f—l = QQm,
-1
(1) [lm + (1= X) + M2m+ Dm0 + 2D 2
ala—1
- (H + 2/\m)a2m+1 = aQom —+ gqgﬁb

2
From (8) and (10) we obtain

(12) Pm = —Qqm.
and

(13) 2+ Am)?al | = P (P, + az)-
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Also form (9), (11) and (13) we have

[n(m 4+ 1)(1 = A) + A@2m + 1) (m + p) + (1 — 1)1+ Am)] ap, g

ala—1)

5 (P2 + ai)-

=« (me + QQm) +

ala—1)2(u+ Im)? ,
9 o2 At

=« (pZm + q2m) +

Therefore, we have

(14) a%ﬂ—l
_ a2(p2m+q2m)
alp(m+1)(1=X)+A(2m~+1) (m~+p)+(p—1) (p+Am)]+(1—a) (u+Am)?’

Appying Lemma 1 for the coefficients po,, and ¢o,,, we obtain

|@m 1]
200

= Va [p(m+1) (1=X)+A2m+1) (m+p)+(p—1) (utAm)] +(1—a) (p+Am)?

Next, in order to find the bound on |agm+1|, by subtracting (11) from (9), we
obtain

2(p + 2dm)azmr1 + [(k— D)Am — p(m + 1)(1 = A) = A2m + 1)(m + p)] a2,
= a (pam — @2m) + 252 (P2, — 2).

Then, in view of (12) and (13) , and appying Lemma 1 for the coefficients pa,, pm,
and g2, ¢m ,we have

20 N 2[u(m+1)(1 = X)) +A2m + 1) (m + p) + (1 — p)Am] o?
w4+ 22m (4 Am)2(p + 22m) ’

‘a2m+1| <

This completes the proof of Theorem 3. O
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3. Coefficient bounds for the function class Ny (8, A)

Definition 4. A function f € ¥, given by (4) is said to be in the class
N’gm (8, \) if the following conditions are satisfied:

(15) Re <(1 ) <@)u FAF(2) (@)“j >3

0<B<1, A>1, u>0, zeU)

and

(16) Re ((1 - ) <$)ﬂ + Mg (w) <#)Wl> > 3

0<B<1L, A>1, u>0, wel)

where the function g = f~L.

Theorem 5. Let f given by (4) be in the class Ny, (B,)), 0 < < 1.
Then

] < 4(1-5)
=AU+ D) = AN+ ACm+ D(m+ p) + (p— 1)(p + dm)
and
a < 2[p(m+1)(1 = X) +X2m + 1) (m + p) + (1 — p)Am] (1 — B)?
= (1 + Am)?(p + 2Am)
2(1-p)
* w42 m’

Proof. Let fe& Ny (8,)). Then

i a-n () o (1) s

09 a-n () g (D) <540 s

w

where p,q € P and g = f L.
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It follows from (17) and (18) that

(19) (:u + )‘m)am—I—l = (1 - /B)pma
(20) (1 + 2Am)agm+1 + (1 + 2Am) G ; 1)a%1+1 = (1 — B)p2m,
and
(21) —(p+ Am)ami1 = (1 = B)gm,
pp—11 5

(22) u(m—l—l)(l—/\)+)\(2m+1)(m—|—u)+T Ui 1
— (p+ 2 m)agmi1 = (1 = B)gam-

From (19) and (21) we obtain

(23) Pm = —Gm-
and
(24) 2+ Am)*al, = (1= B)*(ph, + ap)-

Adding (20) and (22), we have
[(m + (1= A) +2@2m + D(m + ) + (o= D+ Am)] a1y
= (1 - 5) (me + QQm) .
Therefore, we obtain

a2 _ (1 - /B) (me + q2m)
T m A 1)1 = N) FA2m A D) (m ) + (= 1) (e dm)

Appying Lemma 1 for the coefficients po,, and ¢o,,, we obtain

o 1\<\/ 4(1-B) |
=N um+ 1D)A = A+ ACm + D(m+ ) + (u— 1) (p + Am)

Next, in order to find the bound on |agm,+1|, by subtracting (22) from (20), we
obtain
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2(p + 2xm)azm41 + [(1 = DAm — p(m 4+ 1)(1 = A) = A2m + 1) (m + p)] aq i
= (1 - 5) (me - QQm) .
Then, in view of (23) and (24), appying Lemma 1 for the coefficients po,, p,, and
q2m, dm, W€ have
2[u(m+1)(1 = A) + A2m + 1) (m + p) + (1 — p)dm] (1 — 3)?
(i + Am)?(p + 2X\m)

‘a2m+1‘ <
2(1—

L20-5)

W+ 2dm

This completes the proof of Theorem 5. O
If we set 1 = 0 and A = 1 in Theorems 3 and 5, then the classes Ny, (a, \)

and Ngm (B, ) reduce to the classes S§ and ng and thus, we obtain following
corollaries:

Corollary 6. Let f given by (4) be in the class S§ (0 < o < 1). Then

| < 2c
a S —
m = mya+1
and ( a2
a  2(m+1)a
lagma| < & 4 2+ D7
m m
Corollary 7. Let f given by (4) be in the class ng (0<pB<1). Then
2(1—5
|| < V2 -Fh)
m
and

2m+ (1= 1-8

|a2m+1‘ < D)
m m
The classes S5, and ng are respectively defined as follows:

Definition 8. A function f € ¥, given by (4) is said to be in the class
Ss.if the following conditions are satisfied:

arg <z;£i§)>‘ < a—; 0<a<l, zel)

fex,

and

arg(wgg(/f:)u))‘ <Oé—27T O<a<l, wel)

where the function g = f~L.
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Definition 9. A function f € ¥, given by (4) is said to be in the class
ng if the following conditions are satisfied:

2f'(2)
f(z)

er,I%( >>ﬁ 0<p<1, z€U)

and

wg' (w)
Re< o(w) >>ﬁ 0<pg<1l, wel)

where the function g = f~L.

For one-fold symmetric bi-univalent functions and u = 0, A = 1, Theorem
3 and Theorem 5 reduce to Corollary 10 and Corollary 11, respectively, which
were proven earlier by Murugunsundaramoorthy et al. [12].

Corollary 10. Let f given by (4) be in the class Sx(a) (0 < a < 1).

Then

\a < 2

2= va+1

and

las| < 40 + a.

Corollary 11. Let f given by (4) be in the class S=(8) (0 < p < 1).

Then

laz| < v/2(1—0)
and

Jaz| < 4(1 = B)* + (1 - B).
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