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COLORING OF THE NODES

S. Szabd, B. Zavialnij

Communicated by V. Drensky

ABSTRACT. It is well known that coloring the nodes can be used to establish
upper bounds for the clique number of a graph which in turn can be used to
speed up practical clique search algorithms. E. Balas and J. Xue suggested
factional coloring while S. Szabé and B. Zavélnij suggested triangle free
coloring of the nodes to get tighter bounds. The main result of this paper is
that the gap between the clique number and the upper bound provided by
the coloring scheme combining the fractional and triangle free colorings still
can be arbitrarily large.

1. Introduction. Let G = (V| E) be a finite simple graph, where V is
the set of nodes of the graph and F is the set of edges of the graph. The finiteness
means that the graph has only finitely many nodes and edges. The simplicity
refers to the fact that the graph does not have any loop or any double edge.

Let k be a fixed positive integer. A subgraph A of G is called a k-clique
in G if it has k vertices and if each two distinct nodes of A are adjacent in G.
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Key words: clique, maximum clique, independent set, vertex coloring, 3-clique free coloring,
clique search algorithm.
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The number of edges in A is equal to k(k —1)/2. The number k is called the size
of the clique A.

A k-clique A in G is defined to be a maximal clique if A is not a subgraph
of any (k+1)-clique in G. A k-clique A in G is defined to be a maximum clique if
the graph G does not contain any (k+ 1)-clique. Typically a graph has more than
one maximum cliques. However, all maximum cliques in G have a well defined
common size. This well defined number is referred as the clique number of G,
and it is denoted by w(G).

The expression clique search problem refers to a number of problems
related to finding cliques in a given graph. One may look for maximal cliques or
maximum cliques. One might be interested in listing all maximal cliques or listing
all maximum cliques. We maybe content with locating only one maximum clique.
Or we maybe satisfied with just learning the clique size of G without exhibiting
any maximum clique. We describe some relevant clique search problems more
formally.

Problem 1. Given a finite simple graph G and given a positive integer
k. Decide if G contains a k-clique.

Problem 1 is a decision problem and it is well-known that it belongs to
the NP-complete complexity class.

Problem 2. Given a finite simple graph G and a positive integer k. List
all k-cliques in G.

Problem 2 is not a decision problem and so it cannot belong to the NP-
complete complexity class. However, it is clear that Problem 2 cannot be com-
putationally less demanding than Problem 1. In other words Problem 2 is an
NP-hard problem.

Determining the clique number w(G) of G is not a decision problem either.
It is an optimization problem. But again it must be clear that finding w(G) is
computationally at least as challenging as Problem 1. Therefore finding the clique
number is an NP-hard problem.

Clique search problems have many practical applications and there is a
considerable amount of research devoted to them. For details see for example [2],
[4], [5], [6]. Many practical clique search algorithms utilize the coloring the nodes
of a graph. We color the nodes of a given finite simple graph G with k colors
satisfying the following conditions.

(1) Each node receives exactly two distinct colors.

(2) Adjacent nodes never receive the same color.
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Table 1. The adjacency matrix of the Chvatal graph

1 11

123456789 01 2
1|x|e oo °
2 |e|X|e® oo
3 ° ° °
4 ° °
5 X|® °
6 °
7 X|®
8 o | X
9 ° ° X| e
10 ° oo o | X
11 ° oo X|®
12 | e oo °

This coloring of the nodes of the graph G is referred as a 2-fold legal coloring of
the nodes of G. In connection with each finite simple graph G there is a number
of colors k such that the nodes of G have a 2-fold legal coloring with k colors and
the nodes of G does not have any 2-fold legal coloring with k& — 1 colors. This well
defined number k is called the 2-fold chromatic number of G and it is denoted
by X(frac)(G). In this paper we take a rather narrow view of coloring. We are
interested in coloring only from one reason. Coloring provides upper estimates
for w(G). Namely, w(G) < xT2)(@)/2.

2. Reducing 2-fold legal coloring to legal coloring. Let G =
(V, E) be a finite simple graph. We would like to construct a 2-fold legal coloring
of the nodes of G. One can accomplish this by constructing a legal coloring of the
nodes of an auxiliary graph. Let V = {vy,...,v,}. We construct a new graph
I'=(W,F). We set

W ={(v1,1),...,(vn,1),(v1,2),...,(vpn,2)}.

The nodes (v;,1) and (v;,2) are always connected by an edge in the graph T" for
each i, 1 <14 < n. If the unordered pair {v;,v;} is an edge of G, then we add the
unordered pairs

{(’UZ, )(vj> )} {(vlv )(vj?2)}v
{(vi,2), (vj, 1)}, {(vi,2), (v5,2)},

as edges to I'. Note that if the nodes (v;,1) and (vj;,1) are adjacent in I" and
i # j, then the nodes v; and v; must be adjacent in G. Similarly, if the nodes
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(Uja 2) (Uj7 1) Uj

(vi7 2) ('Uiy 1) Vi

Fig. 1. The correspondence between the graphs G and I'

(vi,1) and (v;,2) are adjacent in I' and i # j, then the nodes v; and v; must
be adjacent in G. Figure 1 depicts the subgraph of the auxiliary graph I' that
corresponds to two adjacent nodes in the graph G.

Observation 1. If the nodes of G have a 2-fold legal coloring using k
colors, then the nodes of the auziliary graph I' have a legal coloring with k colors.

Proof. Let us suppose that the nodes of G have a 2-fold legal coloring
using k colors. We define a coloring of the nodes of I". If the node v of G receives
the distinct colors a, (3, then the nodes (v,1), (v,2) of I receive colors «, S,
respectively.

It is clear that each node of the graph I' receives exactly one color. It
remains to verify that if (u,i), (v,j) are distinct adjacent nodes of I', then they
do not receive the same color. We distinguish two cases depending on v = v or
u # v.

Case 1: u =wv. Now i # j must hold since otherwise the nodes (u, i), (v, j)
are identical. We may assume that ¢ = 1 and j = 2 since this is only a matter of
exchanging the nodes. As « # (3 then nodes (u, 1) and (u,2) of I" receive distinct
colors.

Case 2: u # v. Now the unordered pair {u,v} must be an edge of G. Let
us suppose that the node u of G receives the colors «, 5 and the node v of G
receives the colors v, §. The colors «, (3, 7y, & are pair-wise distinct. Consequently
the nodes (u,7) and (v, j) of I receive distinct colors. O

Observation 2. If the nodes of the auziliary graph I' have a legal coloring
with k colors, then the nodes of the graph G have a 2-fold legal coloring with k
colors.

Proof. Let us assume that the nodes of the graph I' have a legal
coloring with k colors. We define a fractional coloring of the nodes of the graph
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Table 2. The adjacency matrix of the auxiliary graph

1 11 1 11

12345678 9012123456789 012
a aaaaaaaaaaahbbbb bbbbbbb

la |x|e ° o oo ole °

2,a (e[ X|e oo oo oo

3,a ° ° ° ° °

4,a | e ° ° ° °

9,4 ° ° °

6.,a ) °

7,8 ° X|e

8,& L] L] (]

9,a ° ° X|e

10,a ° oo °

11,a ) ole X|®

12,a | e ole o X | e ole

1b |e|e oo o | X|e® oo

2b |e|e|e oo o | X|e® oo

3,b oo e oo e(X|e® oo

4b | e oo oo ) e | X oo

5b | e ole ole ° X|® °

6,b ° ol e oo ° °

7.b ° oo oo ° X|e®

8,b ° ° oo ° ° ° °

9,b ° ° o|e ° ° ° X|®

10,b ° oo oo . oo .

11,b ° oo oo ° oo x| e

12,b | e oo N oo e | X

G. If v is a node of G, then (v,1) and (v,2) are nodes of the graph I". Suppose
that the node (v, 1) receives the colors o and the node (v, 2) receives the color £.
We assign the colors «, § to the node v of G. As the nodes (v,1) and (v,2) are
adjacent in I', the colors o and 8 must be distinct. In other words each node of
G receives exactly two distinct colors.

It remains to show that if the unordered pair {u, v} is an edge of G, then
the nodes v and v cannot have the same color. The nodes (u,1), (u,2), (v,1),
(v,2) of I' are the nodes of a 4-clique in I'. Since the nodes of I' are legally
colored, these nodes receive pair-wise distinct colors. Therefore the nodes u and
v of G cannot receive the same color. O

We work out an example in details.
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Table 3. The simple greedy sequential coloring procedure applied to the auxiliary graph

Ga) ] L[]ttt 1][1]1]O0
Call=l2l 212 R[22 [2]2[2][
(3,a) STl Tt MMz ]1]1
(4,a) S22 222 IR 22
(5,a) =12 2|22 212 2]]
(6,a) ST 1t 1| mlalt|z
(7,a) STl T oz
(8,a) - 313 1|3|[3]] 3
(9,a) =3 3113 3
(10,a) S 444
(11,a) — 3] 3
(12,a) =12
(1,Db) —
2.h)
(3,)
(4,1)
(5,D)
(6,b)
(7,D)
(8,b)
(9,1)
(10,Db)
(11,b)
(12,b)

Example 1. Let us consider the graph G = (V, E) given by its adjacency
matrix in Table 1. The graph is the so-called Chvatal graph. It has 12 nodes and
24 edges. The chromatic number of G is equal to 4 and the clique number of G
is equal to 2.

The adjacency matrix of the auxiliary graph I' = (W, F') can be seen in
Table 2. The set of vertices of G and I' are the following

V={1,2...,12} and W ={(La),...,(12a),(Lb),...,(12,b)}.

We used the simplest sequential greedy coloring procedure to construct a legal
coloring of the nodes of the auxiliary graph I'. The procedure is recorded in
Tables 3 and 4. The 2-fold legal coloring of the nodes of G can be found in Table
5. Applying the simple sequential greedy coloring procedure for the auxiliary
graph we get the upper estimate 7/2 for the clique number of G. This estimate
is better than one can get from the chromatic number of G.
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Table 4. The simple greedy sequential coloring procedure applied to the auxiliary graph

Ga) [T MMt ]1[1[1[1]1
Ca|RITRI 22 R 2222]2]:2
Ga) [ MO T [ttt [1][1
Ga) |2 [ 22222 R2II2II2]2
Ga) [ 2 |2 2 |2 222272
(6,a) 1 1 1 1 1 1 1 1 1 1 1 1
Toa) [T [T 1 [Tl [t |@lolz1]1
(8,a) 3 3 3 3 3 3 3 3 3 3 3 3
Oa 3 |B |3 B33 B IBIB|3 B3
(10,a) 4 4 4 4 4 4 4 4 4 4 4 4
(La) || 3| 3 |B |3 |BIB1313|3 BB 3
12a) [ 222222 RTITRIT2 RITRT 2
O B3 BB 33333 [3]3]3
Qo) = [A 44 [[A[@4|4]4]4a]4a]|4a]4
(3,b) S B 555 |BIIBIl5 555
(4,b) > 66666 ©6]|16]]6]6
(5,b) S 444 4a]a]4]4
(6,D) =155 |5 BB 5|5
(7.b) S B 5 (Bl B 5 |5
(8,b) 16|66 |6] 6
(9,b) = 6|6 |[6] 6
(10,b) S 7177
(11,b) S [ ] 4
(12,Db) — | 1

3. A probabilistic argument. In 1955 J. Mycielski [10] has proved

the next result.

Theorem 1. For each positive integer k there is a graph G such that
X(G) =k and G does not contain any 3-clique.

This section contains the construction of a family of graphs for which
the gap between the clique number and the 2-fold chromatic number can be
arbitrarily large. The result can be proved using a probabilistic argument of P.
Erdés [8]. We do not claim any originality of this argument. We simply included

Table 5. The vertices of G and their colors

vertex 1 2 3 4 5 6 7 8 9 10 | 11 | 12
color 1 2 1 2 2 1 1 3 3 4 3 2
color 3 4 6 4 5 5 6 6 7 4 1
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it for the convenience of the reader. One result later critically depends on the
existence of the family of such graphs.

We establish a connection between the independence and chromatic num-
bers.

Let G = (V, E) be a finite simple graph whose independence number is
a(@) and whose 2-fold chromatic number is () (G). The next observation

shows that one can find a lower estimate for X(frac)(G) by using an upper bound
for a(G).

Observation 3. The inequality o(G)x (@) > 2|V| holds.

Proof. Let us consider a 2-regular fractional coloring of the nodes of
G, where C1,...,C} are the color classes. We assume that |C1| > --- > |C| and
xF2)(@) = k. Tt is clear that

2lV| = |Ci|+ -+ |Ckl
< |Ci|+ -+ |Cy]
= |Cilk
< a(G)k. 0O

We will use the fact that deleting a node from the graph cannot increase
the independence number. Let G’ be the graph we get from G by deleting the
node v.

Observation 4. The inequality o(G") < a(G) holds.

Proof. Let I be a maximum independent set in G. If v ¢ I, then [
is an independent set in G’ and so a(G’) = a(G) holds. We are left with the
case when v € I. After deleting the node v from G it may happen that some
neighbors uy,...,us of v can be added to I\ {v} to get a larger independent
set J = (I\ {v})U{uy,...,us} in G'. In this situation s > 2 must hold to
get |I| < |J|. Further u; cannot be adjacent to any node of I\ {v} for each ¢,
1 <4 <s. Now J is an independent set in G contrary to the fact that I is a
maximum independent set of G. O

Next we focus our attention to the number of the triangles.

We work with the random graph G(n,p). Here the parameter n is then
number of the nodes of the random graph. The probability of the event that two
distinct randomly chosen nodes are adjacent is equal to the parameter p. In our
argument we will set p to be 1/(n?/?).

We set r = (g) Let Aq,..., A, be all the 3 element subsets of V. We
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define a random variable X; for each i, 1 <17 <.

XY, — 1, if A; induces a triangle in G,
! 0, otherwise.

The quantity X = X; + --- + X, is the number of the 3-cliques in the graph G.
We compute the expected value of Xj.

M[X;] = (0)(1 = p°) + (1)(»°) = p”.
We are looking for an upper estimate for the expected value of X.
MIX] = MX; 4+ X,]

= M[Xy]+--- +M[X,]

= rM[X{]

—

: (”)

SEECEECHEY

n

S %

We use Markov’s inequality Pr[X > o] < M[X]/a with o = n/2 to get
rxz 5] < (5)/(5) - (5) () -3
It follows that
Pr|x < 2] > g

The random graph G contains less than n/2 triangles with probability at least
2/3.
We have a closer look at the number of independent sets.

n n
Set t = [EW and s = . We are interested in independent sets of size ¢

t
and s is the number of ¢ element subsets of an n element set. Let I1,..., I be all

t element subsets of V. We introduce a random variable Y; for each 7, 1 <1i <s.

v — 1, if I; is an independent set in G,
! 0, otherwise.
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The quantity Y = Y] + - - - 4 Ys is the number of the independent sets of size ¢ in
the graph GG. We compute the expected value of Y;.

t

MY = )1 - 1 -p)6 | + ) ][a-pE)] = 1 -p)6).
We compute the expected value of Y.
M[Y] = M[Yi+ -+
= M[Yi]+ -+ M[Y]
= sM[Yi]

— s

_ (?)(1 _ ).

We are looking for an upper estimate for the expected value of Y. Clearly, <7;>
—X

In2)n

can be over estimated by 2" = e . We use the inequality 1 —a < e™* to

replace (1 — p)(;) by
(")) = e P52
We get the upper estimate

pt(t;l)‘

M[Y] < €(1n 2)n—

We denote the exponent on the right hand side by @ and we focus our attention
to this quantity.

t(t —1)

=m)[El(F]-)
()~

N
=3
N
3
|
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Note that @) tends to —oo as n tends to co. Therefore M[Y] tends to 0 as n tends
to co. Consequently we may choose n such that M[Y] < 1/10 holds.

We apply Markov’s inequality Pr[Y > a] < M[Y]/a with o = 1 to get
Pr[Y > 1] < (1/10)/1 = 1/10 It follows that Pr[Y" < 1] > 9/10. The random
graph G does not contain any independent set of size [%] with probability at
least 9/10.

As a next step we delete nodes from our graph.

Let A be the event that the graph G contains less than n/2 triangles. Let
B be the event that G does not contain any independent set of size [E] We
know that Pr[A] > 2/3 and Pr[B] > 9/10. Further Pr[A U B] < 1 implies that
~Pr[AUB] > —1.

From Pr[A U B| = Pr[A] + Pr[B] — Pr[A N B] we get that

PrlfANB] = Pr[A]+Pr[B]—-Pr[AU B]

2 9

> 242

- 3+10
20 27 30

= =4 =
30 30 30

L

- 30

In plain English there is a finite simple graph G with n nodes such that G contains
less than n/2 triangles and G does not contain any independent set of size [%]
We delete at most one node from each triangle in G. In this way we end
up with a graph G’ which does not contain any triangle. The number of the
nodes of G' is at least n/2.
When we delete a node from G in the way of getting the graph G’ the size

of the maximum independent set cannot increase. Thus the inequality a(G’) <
a(G) holds.

Let k be a fixed positive integer. There is a finite simple graph H (k) =
(V, E) with the following properties.

(1) The graph H® has at least n/2 nodes.
(2) The graph H (k) does not contain any triangle.

(3) The inequality a(H®) < [%w holds.
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Using the upper bounds n/k and n/2 for a(H®)) and |V|, respectively from the
inequality
a(HF )N HW) > 2|V

we can get a lower bound for X(frac)(H (k)). Namely,

(3)/ ()
= 3)()

= k.

X(frac) (H(k))

v

We may summarize the result of our considerations in the following the-
orem.

Theorem 2. For each positive integer k there is a graph H (k) for which
w(H®) <2 and T2 (HF)) > k.

4. 2-fold triangle free coloring of the nodes. Let G = (V, E) be
a finite simple graph. We color the nodes of G satisfying the following conditions.

(1) Each node of G receives exactly two distinct colors.

(2) If u, v, w are the nodes of 3-clique in G and {a, 5}, {7,0}, {€, 1} are the
colors assigned to these nodes, then at least two of the equations {«, 8} N

{7,0} =0, {a, B} n{e, u} = 0, {,0} N {e, u} = 0 must hold.

We say that two distinct adjacent nodes of the graph G is not colored
correctly if to the two nodes the same color is assigned at least once. In a 2-fold
triangle free coloring of the nodes of the graph G in each triangle there can be at
most one not correctly colored pair of nodes.

For each finite simple graph G = (V, E) there is a number of colors k such
that the nodes of G have a 2-fold triangle free coloring with k colors, but the
nodes of G do not admit any 2-fold triangle free coloring with & — 1 colors. This
well defined number k is called the 2-fold triangle free chromatic number of G
and it is denoted by ng)ac)(G).

Our interest in the 2-fold triangle free chromatic number is motivated by
the fact that it can be used to upper estimate the clique number.

Observation 5. Let G be a finite simple graph. Then the inequality

w(G) < X{37°)(G) holds.



The gulf between the clique number and its upper estimate . .. 123

Proof. Let us suppose that w(G) = [ and let A be an I-clique in G.
Let us suppose further that Xgrac)(G) = k. We consider a 2-fold triangle free
coloring of the nodes of G. Let C>‘1, ..., Cy be the colors classes of this coloring of
the nodes. Each node of G is contained in exactly two color classes. Each color
class contains at most two nodes of A. It follows that 21 < 2k.

The details are the following. We construct an incidence matrix M. The
rows of M are labeled by the nodes of G. The columns of M are labeled by the
colors classes C',...,Ck. If node v receives color ¢, then we put a 1 to the cell
at the intersection of row v and column ¢. Otherwise we put 0 into the cell.

By rearranging the rows of M we may assume that the first [ rows corre-
spond to the nodes of the clique A. By rearranging the columns of M we may
assume that each of the first p columns contains exactly two 1’s in the first [
rows. Similarly, we may assume that each of the next ¢ columns contains exactly
one 1 in the first [ rows. Finally, we may assume that none of the last r columns
contains any 1 in the first [ rows.

The number of the 1’s in the first [ rows in M is equal to 2. We may
count the 1’s by going through the columns of M. The number of 1’s in the first
I rows of M is equal to 2p+q. Thus 2] < 2p+¢q. Using 2p+q < 2p+2q+2r = 2k
we get 2] < 2k, as required. O

The probabilistic method gives that for each given positive integer k
there is a finite simple graph H®) with the property that w(H (k)) < 2 and
X(frac)(H(k)) > k.

The main result of this section is the following theorem.

Theorem 3. For each positive integer k there is a finite simple graph

L®) such that w(L®) < 4 and ngr)ac)(L(k)) > k.

Proof. Let us assume that the graph H® has n nodes. Let ULy ..., Uy
be the nodes of H*). The graph L*) we are constructing will have n? nodes

Ul,la e avl,nv e ,Uml, e avn,n-

The set of nodes V; = {v;1,...,v;,} induces a graph Hi(k) in L® such that Hi(k)
is isomorphic to H (k). For the sake of a simple notation we assume that the map
u; — v;; is an isomorphism between H (k) and Hi(k).

If the unordered pair {u;,u;} is an edge of the graph H (k) then each node
of H Z-(k) and each node of H J(-k) will be connected by an edge in the graph L),

We claim that the inequality w(L®) < 4 holds.
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In order to prove the claim we assume on the contrary that w(L*)) > 5.

We choose a 5-clique A in the graph L") Since the graph H Z-(k) does not contain
)

for each

)

any 3-clique the 5-clique A may have at most 2 nodes in the graph H Z(k

i, 1 < i < n. There are at least 3 distinct values of ¢ for which the graph Hl(k
)

3-clique. But we know that w(H (k)) < 2. This contradiction completes the proof
of the claim.

Next we claim that the inequality Xgr)ac) (L*®)) > k holds.

In order to prove the claim let us assume on the contrary that ng)ac) (L(k))
< k — 1. There is an integer [ such that 1 <[ <k — 1 and ng)ac)(L(k)) = 1. For
the sake of definiteness we assume that [ =k — 1.

Set V=ViU---UV, and let B be the family of all the 2-element subsets
of the set {1,...,k —1}. We consider a 2-fold triangle free coloring of the nodes
of the graph L®*) with k — 1 colors. We assume that this coloring is described
by a map f:V — B. The restriction of the map f to the set V; defines a 2-fold
triangle free coloring of the graph Hi(k). As the 2-fold triangle free chromatic

contains a node of the 5-clique A. This provides that the graph H Z(k contains a

number of the graph H Z-(k) is at least k, there must be two distinct adjacent nodes

Vii(1)s Vii(2) of the graph Hi(k) such that the colors assigned to these nodes are
{a, B}, {B,7}. (The point is that there is a color that is assigned to both of the
nodes.) Figure 2 may serve as an aid to follow this argument.

We construct a coloring of the nodes of the graph H (k). To the node u;
of the graph H®) we assign the colors {a, B}. Assigning the colors {/3,~} to the
node u; would work as well. For the sake of definiteness we assigned the colors
of the node v; ;1) of the graph HZ-(k) to the node w; of the graph H®).

A} {0,A} {A
Y5,5(2) Y35,5(1) Uj
Vi,i(2) Vi,i(1) U;
{87} {o, B} {8}

Fig. 2. The 4-clique A in the graph L(®)
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It is clear that each node of the graph H (k) receives exactly two distinct
colors. It remains to show that if the unordered pair {u;, u;} is an edge of the
graph H (k), then the nodes u; and u; do not receive the same color.

The 2-fold triangle free chromatic number of the graph H ](-k) is at least k.

There are two distinct adjacent nodes v; j(1), v j(2) of the graph HZ-(k) such that
the colors assigned to these nodes are {9, A}, {\, u}. The colors assigned to the
node uj of H® are {4, \}.

The nodes v; 51y, v;i(2)s Vj,j(1), Vj,j(2) are the nodes of a 4-clique A in the
graph L"),

The nodes v; ;(1), v;i(2) are not colored correctly because of the color 3.
Similarly, the nodes v; j(1), v; j2) are not colored correctly because of the color
A. The end points of the two edges

{vi,i(l)avi,i(Q)}7 {Uj,j(1)7vj,j(2)}

in the 4-clique A are not colored correctly. It follows that the end points of the
remaining 4 edges of the 4-clique A must be correctly colored. In particular the
colors «, 7, 0, pu are pair-wise distinct. O
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