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ABSTRACT. Professor Stoyan Yordanov Nedev, age 72, died in Sofia, Bul-
garia, in the early morning hours of Sunday, May 31, 2015. He was survived
by his wife Kalinka, son Yordan and doughter Ivelina. Stoyan Nedev was a
reliable friend, a great father, an excellent husband and a gifted mathemati-
cian. In this article, we give a a short outline of his life, discuss some of his
mathematical contributions and present a list of his major publications.

1. A short outline of the life of Professor Stoyan Yordanov
Nedev. Stoyan Nedev was the first child of Ivanka and Yordan Nedev. He was
born on November 2, 1942 in the village of General Kolevo, near the town of
Varna, Bulgaria. The early childhood of Stoyan Nedev was closely connected to
a rural environment in which love for family, for home and homeland, readiness
for hard work, respect for others, curiosity and other virtues were built and devel-
oped both spontaneously and gradually on a daily basis. These qualities formed
a favorable and solid ground for the further development of Stoyan Nedev as
an extraordinary personality. His father regularly challenged him with different
“brain teasers” which required logical thinking, imagination and creativity. As
a high school student in the town of Provadia, Stoyan Nedev stood out among
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his classmates with his strong quest for knowledge, with his creativity and skills
to decipher the essence and the meaning of natural phenomena, mechanical de-
vices, engines, even sentences in foreign to him languages. Notable was also his
willingness to share what he had learned. His ambition “to understand” and his
ability to explain to others were qualities, which characterized Stoyan Nedev to a
very high degree during his entire life as a scientist and as a university professor.
He had a natural bend for music and liked singing Bulgarian and foreign lan-
guage songs. Unlike many others however, he tried to understand and interpret
the message in the songs text, even when the text was in a language he did not
speak. May be this is one of the earliest appearances of his specific talent to use
analogy and generalization in revealing the hidden sense of things.

There were many attractive avenues for professional development Stoyan
Nedev could have taken after graduating high school. He chose to become a
mathematician. In addition to his natural inclination to this science, there were
other reasons for this choice. At the end of the 50s of the last century Sava
Kovachev, a young graduate from the mathematics department of Sofia Univer-
sity, was appointed as a school teacher in Provadia. The young and self-confident
teacher quickly attracted strong students around him and started to prepare them
for solving more difficult competition problems. The efforts soon paid off. The
Provadian students performed very well in mathematics Olympiads. At the same
time, the “mathematical machines” which today we call computers had appeared
on the world stage. They had already proven their potential to accelerate the
economic and scientific development. The state leadership in Bulgaria had begun
to realize the need for building capacity in the new fields born and developed in
the bosom of mathematics. In 1960 an extraordinary contest was organized for
the best performers in the National Mathematical Olympiad (about 200) with
the aim to select the very best and grant them the right to enroll immediately
as students in mathematics at Sofia University. During those times the two-year
military service after school was mandatory for all Bulgarian boys and the ex-
emption from this duty of the mathematics students was a sign of the official
recognition of the importance of mathematics. Only 29 were admitted as math-
ematics students at the Faculty of Physics and Mathematics of Sofia University.
Among them there were two students of Sava Kovachev — Stoyan Nedev and
Radostin Ivanov. The solid preparation in school and the hard work quickly ele-
vated Stoyan Nedev to the top of the elite group of students in the university. His
fellow students had a deep respect for his willingness to share his knowledge with
them. During breaks or after class, he would explain to the students assembled
spontaneously around him the main points of the lecture. As soon as a second
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year student he was asked by the faculty to conduct the exercise classes for first
year students studying Mathematical analysis.

The students of Sofia University in that period had as lecturers dis-
tinguished scientists and personalities as Nikola Obreshkov, Boyan Petkanchin,
Blagovest Dolapchiev, Ljubomir Iliev, Yaroslav Tagamlitzki, Alipi Mateev and
Blagovest Sendov. A rather limited number of mathematical disciplines “beyond
the curriculum” were offered as Special Topics Courses. One of them was a sys-
tematic course on General Topology delivered for the first time in Bulgaria by
Doichin Doichinov. This course and the research seminar on Analysis of Yaroslav
Tagamlitzki shaped the initial interest of Stoyan Nedev to General Topology.
Together with a group of other excellent students who already exhibited an in-
clination to research, Stoyan Nedev was sent in 1963 to continue his education in
the Mechanics and Mathematics Faculty of the Moscow State University.

At the time when Stoyan Nedev joined Moscow University as the third
year undergraduate student, Mekh-Mat Fakulty of Moscow University bristled
with activity of lots of special research seminars which attracted students of
all levels. The attendance of some seminars was really huge: 80 or even more
participants, the average number being around 25. Some of the leaders of these
seminars were famous mathematicians of the older generation: A. N. Kolmogorov,
I. M. Gel’fand, P. S. Alexandroff, A. N. Tychonoff, A. G. Kurosh. Stoyan joined
the seminar for the startup researchers in General Topology conducted by A. V.
Arhangel’skii and V. I. Ponomarev, who at the time were Associate Professors
at Moscow University and were vigorously working on their second, Doctor of
Science, dissertation. A characteristic feature of this seminar was the active
presence of young undergraduate students (about twelve of them), each eager
to start his own travel in mathematics. Stoyan Nedev immediately felt this
atmosphere, apparently, it caught him, all the more so, since his sociable character
fitted well. There was no lack of intriguing open problems offered by the leaders
of the seminar, and students were actively interacting and competing for the
success. Stoyan Nedev was deeply involved in this life, he made many friendly
connections in the seminar, and developed a very close relationship with Mitrofan
M. Choban, who became an active participant of this seminar approximately at
the same time. The friendship and collaboration with Choban became for Stoyan
lifelong and resulted, in particular, in many interesting research projects and
publications. Since 1964 year he participated in the well-known seminar of the
Academician Pavel S. Alexandrov.

The first topic which had attracted Stoyan Nedev deeply, was the concept
of distance and its role in Topology. Very soon after the general concept of a
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topological space had been defined, it had been discovered that even the spaces
which satisfy nice and strong separation axioms need not be metrizable. Since
the concept of the distance is so deeply built into our intuition, it was natural to
modify the concept of the distance by weakening the usual axioms of a metric.
Some of the work in this direction had already been done in 1930-ties and later by
V. V. Niemytzki and P. S. Alexandroff, M. Fréchet , W. A. Wilson and by some
others. In 1966, Arhangel’skii’s survey paper in Uspekhi Matematicheskih Nauk
had been published, a part of which was devoted to generalized distances and to
topologies which they generate. Several new results and problems in this direction
were exposed there. The two years before getting the master degree at Moscow
University were for Nedev the period of internal ripening, of absorbing the general
idea of distance, the rich material at his disposal, working actively not only in
the seminar, but also, on his own, in the library and at home. This hard work
brought the fruit. Under the scientific guidance of Arhangel’skii and before his
graduation from the Moscow State University (in 1966), Stoyan Nedev obtained
interesting and promising new topological results and was invited to become a
doctoral student. His first result in Topology was as elegant as he himself in those
years (end of sixties): he has shown that every Lindel6f symmetrizable space is
hereditarily Lindelof. After that, Nedev wrote a fine Ph.D. dissertation on o-
metric spaces with many interesting results. He has also mastered a quite different
major direction in applications of General Topology — selection theorems for
multi-valued mappings, were he obtained excellent results, some of them jointly
with M. M. Choban.

He wrote his dissertation under the supervision of Professor A. V. Arhan-
gel’skii, defended it in 1970 and obtained the scientific degree “Candidate of
Physics-Mathematics Sciences” (the equivalent of today’s Ph.D. in Physics and
Mathematics). After his return to Sofia he was appointed at the Institute of
Mathematics of the Bulgarian Academy of Sciences which was later renamed
to Institute of Mathematics and Informatics (IMI). He remained affiliated and
actively involved with IMI and its Topology department until his retirement. The
words “affiliated” and “Involved” are too weak to describe his real contribution for
the fulfillment of the mission of IMI. He contributed significantly by his research
(that will be presented partially below) by his teaching at different universities
in Bulgaria, USA and Algeria, by conducting a research seminar, but also by
being a person serving honestly and devotedly the Bulgarian and international
mathematical community.

Having a good reputation in the world of mathematics, Professor Stoyan
Nedev has been invited to many prestigious international conferences on Topology
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and its Applications (Russia, Moldova, Poland, Austria, Azerbaijan, Hungary,
Czechia, Serbia, Macedonia etc). He passionately and skillfully has organized,
in collaboration with colleagues, some national and international conferences on
Topology and Topological Algebra. Since 1972, Professor S. Nedev has been
scholarly advisor for Ph. Doctor Thesis. Under the guidance of Professor S.
Nedev remarkable results were obtained by his post-graduate students. The first
post-graduate student of Professor S. Nedev was Professor Vesko Valov who ob-
tained many deep results in the Theory of Set-valued Mappings and Geometrical
Topology. Another post-graduate student of him was Professor Valentin Gutev
who has many deep results in the Theory of Set-valued Mappings and their Ap-
plications in several mathematical areas.

As a member of different scientifid councils, commissions (including the
Higher Attestation Commission of Bulgaria) and juries Professor S. Nedev was
known for his objectiveness and for his stimulating attitude toward people aspir-
ing for degrees and positions. In the most difficult years of political transition in
the early nineties of the last century Stoyan Nedev served as a deputy director
and, for some time, as a director of IMI. The Bulgarian mathematical community
will remember him as one of its most respected members.

2. Nedev’s main results. In this section we describe the main results
published in the works of Stoyan Nedev. We will only mention some relations of
these results with the results of other authors. The books [35, 36, 55, 59, 84, 97|
contain some overviews of the related results of other authors.

The main topological interests of Stoyan Nedev are in the following areas:

theory of distances on spaces;

proximity and uniform structures on spaces;

set-valued mappings;

e mappings and classes of spaces.

The notion of a distance is one of the principal tools in mathematics. Non-
symmetrical distances or distances without triangle inequality appeared very of-
ten in the simulation of various natural or social processes. This fact leads to a
general concept of a distance (see [35, 36]).

After Nedev [N2, N11], an o-metric on a set X is a real-valued function d
on X x X with the following properties:

(i) d(z,y) >0 for all z,y € X;
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(#9) d(z,y) =0 if and only if z = y.

A function d : X x X — R with the property (i,,) is a distance on X (see
[24, 27]) if we have:

(iir,) d(z,y) + d(y,z) = 0 if and only if x = y.

These notions coincide in the class of Ti-spaces. Let d be a distance on X
and B(z,d,r) = {y € X : d(z,y) < r} be the ball with radius r > 0 centered at a
point x € X. The set U C X is called d-open if for every € U there exists r > 0
such that B(x,d,r) C U. The family T(d) of all d-open subsets is a topology on X
generated by d. We say that a topological space X is o-metrizable, or a distance
space, if the topology of X is generated by an o-metric. If X is o-metrizable by
a given o-metric d such that for every r > 0 and every x € X the interior of the
ball B(z,d,r) contains the point z, then X is called strongly o-metrizable. Any
distance space is a sequential Ty-space.

Nedev’s work [N11] contains the basis of the theory of distance func-
tions. It provides correlations between the properties of distance functions and
the topologies generated by them.

A sequence {L,, : n € N} of subsets of a space X is a sequential base of
the space X at a point x if the following conditions are satisfied:

e x € L, 1 CL, for each n € N;

o if A= {x,:n € N} is a sequence of points in X convergent to x, then the
set A\ L, is finite for each n € N;

e any open subset of X containing x contains also some L.

A space X is said to be a space with the weak first countable axiom if it
is sequential and has a sequential base at every point [10, 24]. Let B = {Q,z :
n € Nyx € X} be a family of subsets of a set X with the following properties:
T € Qne1z C Qpz for all m € Nand z € X, and ﬂ{Qna: :n € N} = {z} for each
x € X. The function d(z,y) = maz{2™" : y € Qnx} is an o-metric on X and the
family B is a weak base of the topology T(d).

One of the first Nedev’s results describes o-metrizable spaces:

Theorem 1 (see [N2, N11]). For a T-space X the following assertions
are equivalent:

(1) There exists a distance d on X such that T(d) is the topology of the space
X, i. e. the space X is o-metrizable;
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(2) X is a space with the weak first countable axiom.

Let us mention that the presence of a distance on a space X is threefold:
it generates both a topology and a proximity on X, and determines metrical
properties on X.

Recall that a distance d on X is called:

e a symmetric if d(z,y) = d(y, z) for all z,y € X
e a quasimetric or a A-metric if d(z, z) < d(z,y) +d(y, z) for all z,y, z € X).

Theorem 2 (see [N2, N11]). A Ty-space X is quasimetrizable if and
only if there exists an open base B = U{Bn :n € N} such that for each point

x € X and each n € N we have x € Int(m{U € B, :x e U}), where IntH =
X\ cx (X \ H) is the interior of the set H C X.

In [N2, N11] distinct criteria of symmetrizability of spaces were obtained.

There exist countable symmetrizable regular spaces (see [N11]) without
a countable base at any point. In this context, the following two results are very
important:

Theorem 3 (see [N1, N11}). Ewvery o-metrizable topological group is
metrizable.

Theorem 4 (see [N1, N11]). FEvery symmetrizable orderable space is
metrizable.

Note that Theorem 3 contains the well-known result on metrizability of
Ty-groups with the first countable axiom and resolve a problem of Arhangel’skii
[10].

A space X with a distance d is first-countable if and only if the following
condition is satisfied:

(SD) If A is a non-empty subset of X and z € X, then x € clx A if and only if
d(z,A) = inf{d(z,y) :y € A} = 0.

Distances satisfying the condition (SD) are called strong distances. The strong
symmetrizable orderable spaces were studied by W. A. Wilson [108, 109] and G.
Creede [34]. There are various conditions involving the condition (SD). The first
one was proposed by M. Fréchet (see [30, 45, 46, 47, 10]):

(F) For every € > 0 there exists 6 > 0 such that for every z,y,z € X with
d(z,y) <0 and d(y,z) < § we have d(z, z) < .
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V. V. Niemytzki [82] proposed a weaker condition:

(wF) For every e > 0 and every © € X there exists § > 0 such that for any
y,z € X with d(x,y) <6 and d(y, z) < § we have d(z,z) < e.

P. S. Alexandroff and V. V. Niemytzki [6] also proposed a similar condition:

(AN) For every € > 0 and every x € X there exists 6 > 0 such that for any
y,z € X with d(z,y) <0 and d(x,z) < § we have d(y, z) < e.

Restrictions of that kind permit to establish an important and surprising criteria
for paracompactness and metrizability.

A family v = {H,, : p € M} of subsets of a space X is weakly discrete
[N30] if any set of points {x, € H, : p € M} is discrete in X.

Theorem 5 (see [N1, N11]). Any open cover of a symmetrizable space
has a o-weakly discrete refinement.

Theorem 6 (see [N1, N11]). A symmetrizable space is Lindeldf if and
only if any discrete subset is countable.

Corollary 7 (see [N1, N11]). Every symmetrizable Lindelof space is
hereditarily Lindelof.

Corollary 8 (see [N1, N11]). Every symmetrizable hereditarily separable
space is hereditarily Lindelof.

Corollary 9 (see [N1, N11]). Every symmetrizable countably compact
Hausdorff space is metrizable.

Corollary 7 is obvious for strongly symmetrizable spaces. The assertion in
Corollary 8 was established by J. G. Ceder [29] for strongly symmetrizable spaces,
while Corollary 9 for compact spaces was established by A. V. Arhangel’skii and
V. Stoyanovskii [10].

Theorem 10 (see [N11]). Let d be a symmetric on a Lindeldf space X
with the following condition (wC): if a set L is not closed in X, then for each
e > 0 there exist two distinct points x,y € L such that d(z,y) < €. Then for any

e > 0 and for any non-empty subspace Y of X there exists a countable subset
Z CY such that Y CU{B(z,d,e) : x € Z}.

Corollary 11 (see [N11]). Let d be a symmetric on a Lindeldf space X
with the condition (wC'). Then X is hereditarily separable.

Corollary 12 (see [N11]). Let d be a strong symmetric on a Lindelof
space X. Then X is hereditarily separable.
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The following problem of Arhangel’skii is still open:
Problem 1. Is it true that a Lindelof symmetrizable space is separable?

R For any distance d Nedev considered the adjoint distance d defined by
d(z,y) = d(y,x). He observed the following curious phenomena:

(s1) Let T(d) C T(d), i.e. limd(x,z,) = 0 implies limd(z,,x) = 0 for every
x € X. Then T(d) = T(ds), where ds(x,y) = sup{d(x,y),d(y,x)}. In
particular, if d is a quasimetric, then ds is a metric and the topology T(d)
1s metrizable.

(s2) Let T(d) C T(d). Then T(d) = T(d), where dy,(x,y) is the symmetric
dp(z,y) = min{d(z, y), d(y, x)}.

E. Michael’s theorem that a continuous closed image of a paracompact
space is paracompact is well known. Theorems of this type, which for metrizable
spaces was established earlier by A. V. Arhangel’skii [14], was proved in [N11,
Theorem 20]:

Theorem 13 (see [N11]). Let ¢ : X — Y be a closed continuous map-
ping of strongly symmetrizable space X onto a paracompact space Y. Then Y
is a hereditarily paracompact space with o Gs-diagonal and admits a continuous
condensation onto a metrizable space.

The conditions of strongly symmetrizability in the above theorem is es-
sential, there exists a closed continuous mapping of a Lindel6f symmetrizable
space onto a non-metrizable perfectly normal compact space [N11].

For any two non-empty subsets A and B of a distance space (X,d) we
define d(A, B) = inf{d(z,y) : x € A,y € B} if A # @ # B, and d(4, B) = o if
@ € {A,B}.

If d is an o-metric on X we consider the following conditions:

(o) For any point 2 € X and any € > 0 there exists § > 0 such that d(y,z) <
d(y, X \ B(z,d,¢)) for every y € B(z,d,J).

(/) For any point z € X and any € > 0 there exists § > 0 such that d(z,y) <
d(X \ B(z,d,e),y) for every y € B(z,d,J).

(8) For any point = € X and any € > 0 there exists 6 > 0 such that d(y,z) <
d(X \ B(z,d,e),y) for every y € B(z,d,J).

(8') For any point # € X and any € > 0 there exists § > 0 such that d(z,y) <
d(y, X \ B(z,d,¢)) for every y € B(z,d,J).
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(I1;) If limd(x,z,) = 0 and limd(zy, y,) = 0, then limd(x,y,) = 0.
(Il) If limd(xy,z) = 0 and limd(zy, y,) = 0, then limd(zx,y,) = 0.

Theorem 14 (see [N11]). Let d be an o-metric on a space space X gen-
erating its topology and having one of the following requirements:

(1) d satisfies condition («);
(2) d is a strong o-metric satisfying condition (o');

(3) d satisfies both conditions (8) and (3').

Then X is a collectionwise normal space.

Corollary 15 (see [N11)). If d is a quasimetric on a space X satisfying
condition (AN), then X is metrizable.

Corollary 16 (see [N11]). If a space X is strongly o-metrizable with
a distance satisfying condition (I1;) and o-metrizable with o-metric satisfying
conditon (Ily), then X is metrizable.

In [N3, N5, N11] Nedev studied mappings between metric spaces and
distance spaces and obtained external characteristics of such distance spaces (see
also [N7, N8, N10, N12, N13|, where some relations between properties of distance
functions are obtained). More precisely, the question to what extent the proper-
ties of distance functions influence the properties of the corresponding topological
spaces was investigated.

In connection with the well known problem of metrizability of normal
Moore space, S. Nedev has proved the following result:

Theorem 17 (see [N16, N18J). If 2R > 980 yhen for any normal sym-
metrizable space X the following assertions are equivalent:
(1)
(2) X is a Lindelof space;
(3) X is a hereditary Lindeldf space;
(4)

X 1is separable;

X is hereditary separable.

The key step in the proof of the above theorem is the following statement:

Theorem 18 (see [N3, N11|). Any symmetrizable space X contains a
countable family of closed discrete subspaces whose union is dense in X.
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It is well known that there exists a model of set theory in which 2% =
2% and in which it is possible to construct a normal, separable, non-metrizable
(and hence not Lindel6f) Moore space, [105, 106] (note that each Moore space is
strongly symmetrizable).

A hereditarily paracompact space with point-countable base which does
not have any dense developable subspace was constructed in [90]. Since any first
countable space which is union of a countable family of closed discrete subspaces
is developable, any strongly symmetrizable space contains a dense developable
subspace, which is the union of countably many closed discrete subspaces [88, 89,
90]. Closed discrete subspaces are associated with some important problems in
topology:

Question 1. Under what conditions a space contain a dense o-discrete
metrizable subspace?

Question 2. Under what conditions a space contain a dense o-discrete
developable subspace?

Theorem 19 (see [N30]). Assuming V' = L, every strongly symmetrizable
normal space contains a dense metrizable subspace.

Papers [N9, N17, N21] are devoted to the general concept of metrizability
of spaces. For developing a substantial 7-metric theory, where 7 is an infinite
cardinal number, it is necessary to introduce the notions of the abstract scale (in
the sense of Fréchet and Kurepa). A scale is a partially ordered semigroup S
with the following properties:

e there exists an element 0 € S such that 0 < x for any = € 5

e if 0 < z, then there exists z > 0 such that z + z < x;

e if 0 <z and 0 < y, then there exists z > 0 such that z <z and z < y;

e (S,4) is a commutative semigroup with the neutral element 0;

o ifx,y,zueS, z<yandu<z thenz+u<y+z.
Distinct scales were introduced in [7, 8, 21, 32, 44, 45, 46, 53, 54, 60, 79, 80] (see
also [35, 36]).

If S is a scale, an S-distance d on a set X is a function d : X x X — S

such that z = y if and only if d(z,y) = d(y,z) = 0. For any 2 € X and any r € S
let B(z,d,r) ={y € X :r £ d(z,y)}. A subset H of X is d-open if for each

x € H there exist r € S such that » > 0 and B(z,d,r) C H. The family T(d) of
all d-open subsets of X is a topology on X generated by the distance d. A set
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L C S is said to be co-final in S if for every x > 0 there exists y € L such that
0 <y < z. For any scale S we define the character x(S) = min{|L| : L is co-final
in S}. A space X is called 7-0-metrizable if there exists a scale S and an o-metric
d: X x X — S such that x(S) < 7 and T(d) is the topology of space X. The
S-o-metrics, S-symmetrics, S-quasimetrics, S-metrics, 7-symmetrizable space, S-
quasimetrizable space and 7-metrizable spaces are defined in a similar way. The
Ng-metrizable spaces is the class of metrizable spaces. X is called a Kurepa-
Frechét space if X is S-metrizable over a linear ordered scale S. The concept
of S-metrizability permits to obtain a qualitative analysis of metrizability. In
particular, the following questions were examined.

Question 3. Which of the classical criteria of metrizability can be ex-
tended for any cardinal T¢

Question 4. Let S be a given scale. Under what conditions a space is
S-o-metrizable, S-metrizable, S-quasimetrizable, or S-metrizable?

The metrizability criteria of Alexandroff-Urysohn [4] and Chittenden [30]
were extended for each cardinal 7. It was also shown that the metrizability
criteria of R. H. Bing [18], Jun-iti Nagata [77] and Ju. M. Smirnov [103] can be
extended only under the conditions of normality (see [N9, N21, N17]).

Theorem 20 (see [N9, N17, N21]). Any Kurepa-Frechét space is paracom-
pact. Moreover, if X is a non-metrizable Kurepa-Frechéhet space, then dim X = 0
and there exists an infinite cardinal T such that x(X) < 7 and the intersection of
any family & of open sets in X is also open provided |§| < T.

Different variants of the Theorem 20 were obtained by many authors (see
[53, 54, 79, 80]).

Another area of research done by Nedev was proximities in sense of V.
A. Efremovich [39, 37, 38, 104]. A proximity § on a set X is metrizable by a
metric (or an o-metric) p if 6(A, B) = 0 if and only if p(A, B) = 0, where A and
B are subsets of X. The problem of metrization of proximity spaces was raised
by Ju. M. Smirnov [104]. One of the first criteria of metrization of proximity was
established by S. Leader [61].

Theorem 21 (see [N15, N19, N26]). Any o-metrizable prozimity is metriz-
able.

The following Nedev’s problem is still open:

Problem 2. Is any prozimity generated by a countable family of en-
tourages of the diagonal metrizable?
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There are some partial answers of Problem 2.

Theorem 22 (see [N47]). Any prozimity generated by a countable family
of entourages of the diagonal is sequential.

Theorem 23 (see [N47]). Assume that Q is a countable family of en-
tourages of the diagonal of a space X and & is a proximity on X is generated by
the family QU{U oU loUoU™:U € Q). Then § is metrizable.

H. J. Schmidt [98] introduced a class of spaces, called HS-spaces, and
proved that every Hausdorff HS-space is regular. However, in 1985 M. Paoli
and E. Ripoli noted that the proof of Schmidt’s theorem is incorrect and asked
under which conditions it holds. In the article [N44], S. Barov, G. Dimov and
S. Nedev, provided a partial answer to this question, presenting a large class of
spaces, containing all Hausdorff spaces of countable character, for which Schmidts
theorem is true.

Given a space X, denote by K(X) the set of all compact subsets of X. It
has been shown by J. P. R. Christensen [31] that if both X and Y are separable
metrizable spaces and F : X(X) — X(Y) is a monotone map such that any
L € X(Y) is covered by F(K) for some K € X(X), then Y is complete provided
that X is complete. Later on, J. Baars, J. de Groot and J. Pelant [17] showed
that Christensen’s result fails if the spaces are not separable. The interesting
paper [N50] provides some additional conditions, which guarantee the validity of
Christensen’s result in more general spaces.

A space is suborderable if it is embeddable in a linearly ordered space.
The following assertion has important applications:

Theorem 24 (see [N41]|). The Dieudonné completion of a suborderable
space is suborderable and paracompact.

Given a space X let exp*(X) be the family of all non-empty subsets of
X, F(X) denotes the family of all non-empty closed subsets of X and K*(X)
is the family of all non-empty compact subsets of X. A single-valued mapping
0: X — exp”(Y) is called a set-valued mapping. If 6,7 : X — exp*(Y) are
set-valued mappings and ¢(x) C 0(x) for all z € X, then 1) is called a selection of
0. If 0 : X — exp™(Y) is a set-valued mapping, £ C exp*(Y) and 6(z) € £ for
all z € X, then we write 6 : X — L. The existence of selections for set-valued
maps was one of the main topics of Nedev’s research. Of course, it is interesting
to find selections having some additional properties, for example, measurable or
continuous selections. Conditions for the existence of measurable selections were
obtained by H. Lebesgue (1905), N. N. Lusin (1930), P. S. Novikov (?7777), V. A.
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Rohlin (1949), J. von Neumann (1949), K. Kuratowski and C. Ryll-Nardzewski
(1965) et al. (see [25, 22, 23]). In 1956 E. Michael proved important theorems
about existence of continuous selections (see [64, 65, 66, 67, 68]), and obtained
surprising characteristic of paracompactness and collectionwise normality (see
64]).

In 1974 S. Nedev observed that the Michael’s proof [64] on the character-
ization of collectionwise normality is not complete and contains a significant gap.
Michael’s method was not able to eliminate the gap. A new proof was obtained
in [28] applying the Choban’s method of covers.

Factorization theorems for single-valued mappings are known for a long
time and were applied in different topological problems. An important moment
of developing the selection theory is associated with the concept of factorization
of set-valued mappings. It was established that the existence of some “good”
selections is equivalent with the existence of “good” factorizations [N24].

Let X be normal space and (Y, p) be a metric space. The mapping ® :
X — F(Y) is said to have the selection-factorization property, br. s.f.p., if for
every closed subset F' of X and every locally finite collection ~ of open subsets of
Y such that ®71(y) = {®7}(U) | U € 4} covers F there is an open locally finite
(in F) covering of F which refines ® ().

Next two theorems illustrate the possibility of factorizing set-valued map-
pings, where C(Y) denotes the family of all non-empty compact subsets of Y and
(Y)=¢eY)u{Y}.

Theorem 25 (see [N24, N31)). Let X be a normal space and & : X —
F(Y) be s.f.p., where Y is a metric space of weight w(Y') < 7. Then there are:

(a) A metric space Z of weight w(Z) < 1 - Rp;

(b) A continuous mapping f: X — Z;

(¢) A l.s.c. mapping V : Z — C(Y), such that ¥(f(x)) C ®(z) for every
x € X; Moreover, if F is a closed Gg-set in X, then one may assume that f(F)
s a closed subset of Z.

Let X be a normal space and ® : X — F(Y) be a set-valued map, where
Y is a metric space. We shall say that the triple (Z, f,¥) constitutes a l.s.c.
weak-factorization for ®, where Z is a metric space, f : X — Z is a continuous
(single-valued) map and ¥ : Z — exp*(Y) is Ls.c., if ¥(f(z)) C ®(x) for every
rzeX.

Theorem 26 (see [N31]). Let X be a Ty-space and Fy, F1, Fy, ..., Fy,...
be a sequence of closed subsets of X. Then the following conditions are equivalent:
(a) X is T-collectionwise normal with T > Vg, Fy is a Gs-set in X and
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dim Fj, < ng for every k=1,2,...;

(b) every l.s.c. mapping ® : X — C(Y), where Y is a metric space of
weight w(Y) < 7, has an u.s.c. weak-factorization (Z, f, V) such that f(Fp) is
a closed subset of Z with Fy = f~Y(f(Fy)) and | (f(x)) |< ng + 1 for every
reFy, k=1,2,....

The proof of next theorem is also based on factorizations theorems for
set-valued mappings (the abbreviations AE and AN E mean absolute extensor
and absolute neighborhood extensor, respectively).

Theorem 27 (see [N24]). Let Y be a metric space of weight T such that
Y is an AE or ANE with respect to the class of all (resp., no more than n-
dimensional) metric spaces of weight < 7. Then Y is such an extensor with
respect to the class of all (resp., no more than n-dimensional) T-collectionwise
normal, perfectly normal spaces. If in addition, Y is Cech complete, then'Y is an
AFE or ANE with respect to the class of all (resp., no more than n-dimensional)
T-collectionwise normal spaces.

The factorization method was used implicitly in [22, 23] for characteriz-
ing the dimension of normal spaces. In that connection, the problem of charac-
terizing the dimension in terms of factorization arises. This problem was suc-
cessfully solved by S. Nedev. First, he improved the method of coverings, and
then described some covering properties of spaces, like T-metacompactnees and
T-collectionwise normality [N25, N31, N36]. One of the main results in that
direction is the following theorem.

Theorem 28 (see [N47]). Let 7 be an infinite cardinal, {X,, : n € N} be
a sequence of closed subspaces of a Ty-space X and {m,, : n € N} be a sequence
of non-negative integers. The following assertions are equivalent:

(1) X is a T-paracompact space and dim X,, < m,, for each n € N.

(2) For any lower semicontinuous mapping 6 : X — F(Y), where Y is a
complete metrizable space of weight < T, there exists an upper-continuous
set-valued mapping ¢ : X — C(Y") such that p(x) C 0(x) for each x € X
and |p(z)] < my +1 for each n € N and z € X,,.

Corollary 29 (Kuratowski-Morita theorem). Any n-dimensional metric
space is a continuous, perfect, (n + 1)-multiple image of a 0-dimensional metric
space.

Corollary 30 (Morita theorem). dim X = Ind X for any metric space X .
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Theorem 31 (see [N32]). If 0 : X — C(Y) is a lower semicontinuous
set-valued map, where X is a collectionwise normal space and Y a Banach space,
then 0 admits a continuous selection provided there is a subset Z of X with
dimx Z = 0 such that 0(x) is convex for allz € X \ Z.

Since the closed convex hull of a compact set in a Banach space is compact
and any lower semicontinuous set-valued map 6 from a paracompact space X to
the non-empty closed subsets of a complete metrizable space Y admits a lower
semicontinuous compact-valued selection ([68], or [22, 23] for a regular metacom-
pact space X), Theorem 28 implies the following results of Michael-Pixley and
Michael:

Corollary 32 (E. Michael and C. Pixley [70]). If 0 is a lower semicontin-
uwous set-valued map from a paracompact space X to the non-empty closed subsets

of a Banach space, then 0 admits a continuous selection provided there is a subset
Z of X with dimx Z = 0 such that 6(z) is convex for all x € X \ Z.

Corollary 33 (E. Michael [64]). If 0 is a lower semicontinuous set-valued
map from a paracompact space X to the non-empty closed subsets of a Banach
space, then 6 admits a continuous selection provided the sets 0(x) are convex for
allx € X.

Let Y be a Banach space and F.(Y) be the family of all closed convex
subsets of Y. A set-valued mapping ¢ : X — F.(Y) is weakly continuous if it is
lower semi-continuous and the set {x € X : p(x) C Y \ K} is open in X for every
weakly compact subset K of Y. S. Nedev and V. Gutev established a selection
theorem for weakly continuous set-valued mappings defined on arbitrary spaces.

Theorem 34 (see[N46]). Let X be a topological space, Y be a reflexive
Banach space, and ¢ : X — F(Y) be weakly continuous. Then ¢ admits a
single-valued continuous selection.

This result is used in [N46] to solve a problem concerning the set of proper
lower semi-continuous convex functions on a reflexive Banach space.

Another selection theorem for set-valued maps with convex values in re-
flexive Banach space was established by Choban and Nedev:

Theorem 35 (see[N45]). Every lower semicontinuous closed and convez-
valued mapping ¢ from a generalized order space X into a reflexive Banach space
has a single-valued continuous selection.

For the proof of above theorem, the space X is embedded in a general-
ized ordered paracompactification Z, such that ¢ admits a lower semi-continuous
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extension on Z, and then the Michaels classical continuous selection theorem is
applied.

In the theory of selections S. Nedev introduced new important concepts
as “selector space” and “inverse selection problem”.

Definition (see [N34]). Let X be a class of topological spaces and L(X),
M(X) be families of non-empty subsets of a space X. The space X is said to be
a X — L(X) — M(X)-selector if every l.s.c. map mapping ® : Y — L(X) with
Y € X has a u.s.c. selection V:Y — M(X).

For simplicity, we say that X is a K-selector if X is K — F(X) — F(X)-
selector (recall that F(X) stands for the closed subsets of X).

Below we use the following notations:

1) N stands for the class of all normal (always Hausdorff) spaces;

2) P stands for the class of all paracompact members of N;

3) P, stands for the class of all T-paracompact members of N;

4) € stands for the class of all compact members of N;

5) {C} stands for the one-element class of spaces whose only element is
the Cantor set.

The study of the properties of selectors shows that in many known selec-
tion theorems the requirement on X to be a complete metric space is (almost)
unavoidable. Let’s recall, for example, the following results:

Theorem 36 (see [N34]). Let X be a normal space which is N—L(X) —
F(X)-selector, where €'(X) C L(X) C L(X). Then X is a complete separable
metric space.

Theorem 37 (see [N34]). Every normal space which is N-selector is com-
pact and metrizable.

Theorem 38 (see [N34]). Every X € Py, space which is Py,-selector is
completely metrizable.

Under Cantor set-selector (or C-selector) we mean a space X that is
{C} — F(X) — F(X)-selector.

Theorem 39 (see [N39]). Every closed subset F' of a metric ¢-selector
18 a Baire space.

Theorem 40 (see [N39]). If X is a metric C-selector, then either X is
scattered (i.e., every closed subset of X has an isolated point) or X contains a

copy of C.
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The concept of selectors is a source of open problems. We state here two
such problems.

Problem 3. Let X € P be a selector for the class P. Is it true that X is
p-paracompact or metrizable?

Recall that p-paracompact spaces are characterized as inverse images of
metric spaces under a perfect mappings. For the original definition (see A. V.
Arkhangel’skii, [16, 10]).

Problem 4. Let the metric space X be a (-selector. Is X complete?
There are also some related questions:
Problem 5. Is a space X € P Cech complete provided X is a P-selector?

Problem 6. Let X be a metric space which is a selector for the class of
all metric spaces. Is X Cech complete?

J. van Mill, J. Pelant and R. Pol in [71] answered the last question posi-
tively in the case when the u.s.c. selection is assumed to be compact-valued (i.e.
if the metric space X is such that every l.s.c. map ® : Y — F(X), where Y is a
metric space, has an u.s.c. compact-valued selection).
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