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ABSTRACT. In the present work weighted area integral means M), ,(f;Im z)
are studied and it is proved that the function y — log M, (f;y) is convex
in the case when f belongs to a Hardy space on the upper half-plane.

1. Introduction. In the present paper we study three weighted area
integral means of holomorphic on the upper half plane functions. They are defined

as follows
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where p > 0, y > 0, the functions f and ¢ are such that the integrals exist and
the fraction can be defined as a continuous function on (0; 400).

The goal is to find specific conditions on the functions f and ¢ under
which each one of these three weighted area integral means is log-convex on
(0; +00). This goal is partially achieved in Theorems 12, 13, 14, 15 where some
sufficient conditions are presented. Our theorems show that in the case when f
belongs to the Hardy space H?, 2 < p < 400, these three weighted area integral
means are similar to the classical integral means

“+o0
M2 (fry) = / o +ig)Pdz, y e (0;400)

— 00

in terms of its monotonic growth and convexity behavior. Moreover, there is
a specific weight ¢ and a specific holomorphic function f such that f does not
belong to any Hardy space and nevertheless such a similarity still exists.

In addition, note that Theorems 8 and 12 can be stated and proved with
any positive number as the lower limit of the integrals instead of 1. Therefore,
in this paper, the weighted area integral mean MZQ}Q, represents without loss of
generality the more general notion of weighted area integral means when the
integrals involved in the definition of M&Z have the lower limit 1 replaced by any
positive number.

Some of the results in this paper were presented on the Second Interna-
tional Conference “Mathematics Days in Sofia”, July 10-14, 2017, Sofia, Bulgaria.

During the period 2011-2016, there was a series of papers by Ch. Wang,
J. Xiao and K. Zhu on weighted area integral means. In [8] volume integral means
of holomorphic in the unit ball of C" functions were studied. Among various
results they stated a conjecture about convexity of log M), o(f,r) in logr. In [7]
authors studied monotonic growth and logarithmic convexity of integral means
which are important from a geometric point of view. In [5], [6], [8] authors proved
theorems about convexity of log of a weighted area integral mean in logr in the
case of holomorphic functions in the unit disk of C. They considered the weight
function ¢ with ¢'(|2|*) = (1—2*)“. In [2], [3], [4] authors studied the case when
f is an entire function on C and the weight function ¢ with ¢'(|z|?) = e~@I? .

Note that the case of holomorphic functions on the upper half plane re-
mainded unexplored.
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Thus, the present paper contains theorems about weighted area integral
means in a new case. We apply the method demonstrated in [5] and modify it
with some details that are relevant to our goals.

A great deal of our computations are done and checked with a freeware
open-source computer algebra system Maxima (wxMaxima) which is published
at http://maxima.sf.net.

2. Definitions.

Definition 1. Let I, I C (—o0;+00), be a non-empty open interval, and
D™ (I) stand for the class of all real valued functions such that have a finite n-th
derivative everywhere in I. If the functions q : I — (0;400), ¢ : I — (—00;+00)
and M : I — (0;+00) are such that ¢ € D*(I), ¢ € D*(I), M € D*(I) then the
functions A, By, Cy, B, C, E1, Es, F1 and Fs are defined as follows

A= (¢ —qp? Bo=(a¢)¢* Co=qp’s?,
B=(q'M)¢*, C=qp*?M* FE\=A%+E,,

/
)

By = Aqpy” — Byaee' + (q¢') pa(0*¢')

B — B2 - 4AC B+ vB?2 - 4AC
F1: 24 ) F2: 24 )

where ' denotes differentiation and Fy, Fy are defined on the subset of I defined
by the conditions A # 0, B> —4AC > 0.

Note that if A # 0, B> — 4AC > 0 then the functions Fy, Fy are well
defined real valued functions such that AF? — BF;+C =0, i =1,2.

Example 2. The following examples are used in the main theorems

T
(1) If I = (0;400), q(z) =1, p(x) = / t~%dt, where x € I and the constant
1
a > 0 then

Afw) =~ o) + 1), Fr(2) = a2 ().
(2) If I = (0;400), g(z) =1, p(x) = /x e tdt, where x € I then
1

Alx) = —e 71 Bi(z) = e 2 1% (2).
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T
(3) If I = (0;400), q(z) =1, p(x) = / t~%dt, where x € I and the constant
0

a < 1 then
A(z) = (a — 1)_133_2“, Ei(x) =0.

T
(4) If I = (0;400), q(z) =1, p(z) = / e~'dt, where x € I then
0

Alx) = —e™®,  Ei(z) = e 2% (x).

+oo
(5) If I = (0;+00), q(z) =1, p(x) = —/ t~*dt, where x € I and the constant

x

a > 1 then
Alx) = (a—1)"tz72*  Ey(z)=0.
+o0
(6) If I = (0;4+00), q(z) =1, p(z) = —/ e~'dt, where z € I then

x

A(z) =0, FEi(x)=0.

+oo
(7) If I = (0;400), q(z) = 1, o(x) = —/ t%e~'dt, where z € I and the
constant a < 0 then ‘
A(z) >0, Ei(x)>0.
The computations which are needed in (1)—(7) are simple and straight-forward
and because of this they are omitted.
+oo
Auxiliary example: I = (0;+00), ¢(x) =1, p(z) = —/ e~ dt, where
xT

rel,
A=—e""2" <0, Fy=0, E =A’+E,<0.

3. Auxiliary results.

Lemma 3. Let I, I C (—o0;+0), be a non-empty open interval. If
the functions q : I — (0;400), ¢ : I — (—o0;+00) are such that ¢ € D*(I),
© € D3(I) and ¢'(x)#0 for all €1, then the following identities hold on I

(1) Ey = A%p — (ABy — Aq(*¢) + A'qp*y),

(2) Fy = — 20203 (g¢")p /
1= q SO SO ng/Z .
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Remark 4. Note that it follows by this lemma and the definition of E5
that

3) A + (=B2) = ABy — Aq(¢®¢') + A'qp?,
p(—Ep) = (~1)(ACy — Byay®¢' + Boa(¥?¢')').
Proof of Lemma 3. Let the functions ¢ and ¢ meet the conditions
from the lemma. Identity (1) follows from the computation®
(A%p — (ABy — Aq(p*¢") + A'qp’Y') — Ea)
= A%p* — (ABy — Aq(@*¢') + Alqp®¢) ¢

— (ACy — Bhgp*¢' + Boq(°¢')')
= A(Bop — Co) — ABop + Agqp(p¢’) — Alqp’y’

— ACy + Bjqp® ¢’ — Boq(p*¢')
= —2AC) + q(¢*¢') (Ap — By) — qp¢’ (A'p* — Bjp)

= —24Cy — q(¢*¢) ape”? — qp’ (—2Ap¢’ + Boy' — C})

= qp¢’ (—q¢' (¥°¢') — (Boy' — Cp)) = 0.

In order to prove identity (2) note that by identity (1) it follows that
Ey = 2A%p — ABy + Aq(9*¢) — A'qp’'. So,

Ey = A2Ap — By + q(@*¢")) — Alqp®y’

=A (2((q<p’)’90 — g9 — (q¢)) 0* + a(204” + 902<p”)) — Alqp®y

2
@
= A((g¢")¢* + qp?¢") — Agp*d’ = A((a¢) ¢ +a¢'¢") =

- Algp?y!
2 2 / /
® ® A A
= — 7 (e — Ap?)) = — 5 (ae")? <—q¢,2> = —¢’¢"" <—q¢,2>

Y 2\ "/ AYANY
q —(q q
:—q2g02<p/3<( ©') o ¥ > :_qz(pzsplg (SO( SO)) 0

Lemma 5. Let I, I C (—o0;+00), be a non-empty open interval. Assume
the functions q : I — (0;400), ¢ : I — (—o00;4+00) and M : I — (0;+00) are

'A'9® — Bl + C) = (—2Ap + Bo)y' follows from Ap® — Bop + Co =0 on 1.
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such that ¢ € D*(I), ¢ € D*(I), M € D*(I). Then, the following identities hold
on I

(4)  Blqp*¢'M = B(B — BoM) + Bjqp*' M?
2 2 M/ '
+ (¢*¢") qM (B — BoM) + Cp <qﬁ> :
(5) Clqp*o' M = Cq(¢*p') M +2BC — ByC'M.

Proof. The proof of identity (4) is as follows

M\’
Blqp*'M = <M <Bo + qp*¢’ ﬁ>) qp*'M

M/ M/ /
= M'(By + qwzw’ﬁ)qﬁw’M +M (Bé + <<p290’qﬁ) ) qo’' M

= M'Bqp*¢’ + Byap* ' M?
+ (') q%’qw%’MQ + % <Q%>IQSDQ¢M2
= Bqyp"¢' M’ + Byap?e' M*
+ (P29 4@’ qMM' + g o' M? (q%>,
= B(B — BoM) + Bygp*¢' M*

M
+ (¢*¢') qM(B — BoM) + C? (qﬁ) .
The proof of identity (5) is as follows
C'ap*¢' M = (g ¢'¢*> M?) qp°' M
= ((g¢') ©*¢' M? + q¢' (@*¢) M?* + q¢' o' o> 2MM') qp*¢' M
= BoCM + q(¢*¢) CM + 2qp° ¢ M? qp*¢' M’
= BoCM + q(¢*¢") CM + 2C(B — ByM)
= Cq(¢*¢") M +2BC — ByCM. O



Log-convexity of WAIM of HP functions 95

Lemma 6. Let I, I C (—o0;+00), be a non-empty open interval. Assume
the functions q¢ : I — (0;400), ¢ : I — (—o0;400), M : I — (0;400) and
h: I — (—o0;400) meet the conditions

(i) q € DX(I), ¢ € D3(I), M € D*(I),

(#i) there exists a non empty open subinterval J of I, J C I, such that A(x) # 0
for all x € J and B> —4AC >0 on J,

(iii) B = ' M on I.
Then, the following identities hold on J
6)  (h—F)A(F — F)gp*e'M

(7)  (h— F) A(FL — F)qp’e’' M

=F, <(F2 — M) (A*(Fy — M) + EyM) + Cp? <q%>/> .

Proof. Each of these identities is a result of direct simple and rather

long computations.
The proof of identity (6) is as follows.

(h— ) A(Fy = F)gp® o' M = (h' = F))A(Fy — Fy)gp*¢'M
(8) = ¢ MA(F, — F1)qp*¢' M — F{A(Fy — Fi)qp*¢' M.
By the definition of the functions F, F5 it follows that
A(Fy — Fy) = /B2 — 4AC = —2AF, + B,
AF? - BF +C =0 = A'F! - B'Fy, + C' = F|{(—2AF, + B)

and hence F{A(Fy, — F|) = A'F — B'F, + C'.
So, from (8) it follows that

(h— F\) A(Fy — F1)qp*¢' M = A(F, — Fy)C
—(A'F} - B'F 4+ C)gp*¢'M
= A(Fy — [\)(—AF} + BF) — A Fqp*¢' M

+ B'Fiqp*¢'M — C'qp*¢' M.
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Now, identities (4) and (5) from Lemma 5 allow us to obtain
(h = )Y A(Fy = F1)gp*¢' M
= —A’F?Fy + ABF\Fy + A*F} — ABF? — A'Fiqp*y'M

+ BF\(B — BoM) + Blyqp*¢' M?Fy + (0*¢') ¢qM (B — BoM)F,

!

M /
+Cy? <§lﬁ> Fy — Cq(¢*¢") M — 2BC + ByCM

= —ACF, + BC + A2F? — ABF2 — A'F2qp2J M

+ (AF} + C)(B — BoM) + Bjap*¢' M Fy + (¢*¢') M BF,

/

M /
— (%) qBoM’Fy + Cy® (qﬁ> F — (-AF} + BR)q(@*¢') M
—2BC + BoCM
where all the underlined parts cancel out. Thus,
(h— F1) A(Fy — F1)qp*¢' M
= —ACF, + A’F} — A'F2qp*¢' M + Blqp*o' M*F
M’
— (%) qBoM?Fy + Cy” (qﬁ> Fi+ AFq(0*¢') M
=R <A2F12 — (ABy — Aq(@*¢) + Alqp* ) LM
M’
—(ACy — Bygp*@' + (9*¢') qBo)M* + C? <qﬁ> ) :
Finally, by identities (3) we obtain
(h— F1) A(Fy — F1)qp*¢' M
M’
=F <(F1 — M) (A*Fy + EoM) + C? <QM> >

=F ((ﬂ — M) (A*(Fy — M) + EyM) + Cp? <q%>/> .
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The computations that prove identity (7) are omitted as they are similar
to those that prove identity (6). O

Lemma 7. Let I, I C (—o0;+00), be a non-empty open interval. Assume
the functions q¢ : I — (0;400), ¢ : I — (—o0;400), M : I — (0;400) and
h: I — (—o0;400) meet the conditions

(i) q € D*(I), ¢ € D3(I), M € D*(I),

(ii) there exists a mon empty open subinterval J of I, J C I, such that A =0
and ¢ >0 on J and B(z) #0 for all x € J,

(iid) W' =@M on I.
Then, the following identity holds on J

c\ o o M"Y
<h—§> Beqp'M =C (qﬁ)

o (la)\
Proof. Claim. " =0on J and ¢(z) #0 for all z € J.
Indeed, note that A = 0 implies (qu’)/gz/a = qgo’2/> 0. So, ¢(x) # 0 for all
(qw/) _ ¥4

12 12

<(q90’)/>'_ (W’)'_ A_,
¥’ p >
Thus, the claim is proved.
Now, the lemma follows from the following computations

/ 'n /
<h — %) quDZQO/M = <h/ _ M) BQQDZQDIM

x € J. Therefore, from A = 0 follows that

BQ
C
= ¢'MBgpd' M + B'5ap*d M — C'qp*¢' M.

B’ and C' are substituted accordingly to identities (4) and (5) from Lemma 5
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M’
+C? (qﬁ> ) — (Cq(p*¢’) M +2BC — ByC' M)

where all the underlined parts cancel out. Thus,

C/
h—— ) Bqp*o'M
(1-9) Buste

M’
<Boq90290’M2 (©*¢') qM? By + Cp? <qﬁ> >
2 2 N2 BO ' 2 M, '
0 () <o (o))
2 2 o ((a9)\ 2 %’l
qM=(p°¢") < " )+Cso i :

Finally, accordingly to the claim, it follows that

cN Lo, c? L,/ MY
_ _ _ _ i O
<h B>BW¢M B \Tm

DA A UUIQ

7 N N

4. Main theorems. In this section Theorems 8, 9, 10 are stated and
proved, and these theorems represent the main theorems of the paper. These
theorems are about the case when ¢(x) =1 for all z € (0; +00).

Note that Definition 1 and the results from the previous section, all they
are used in the proofs of the main theorems in the specific case when ¢(z) = 1
for all z € (0;+00). In particular,

A=¢"o—¢? B=('M)*, C=**M?
d. by (2). E 90 90 o 2 n M — 92
and, by (2), By = —¢*¢" e —* (2" + 0P'7).

The following Theorem can be stated and proved with any positive num-
ber as the lower limit of the integrals instead of 1.

Theorem 8. Assume the functions ¢ : (0;4+00) — (—o00;+00), M :
(0; 400) — (0;400) and h : (0; +00) = (—00; +00) are such that ¢ € D3(0; +00),
M € D?(0; +00) and meet the conditions
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(i) M' <0, and (log M)" >0 on (0;+00),
(ii) ¢ >0 on (0;+0c0), and p(x) = / ¢ (t)dt for all x € (0;+00),
1
(ii1) 9" + o' — 200" <0 on (0;400),

(iv) h(z) = /130 o' ()M (t)dt for all x € (0;+00).

Then, h and log n both belong to D*(0; +o0) and moreover,
2 ¥

h !/ h "
(—) <0, <log —) > 0 on (0;400).
¥ ¥

h
Proof. Claim 1. — € D?(0; +00).
¥

Indeed, accordingly to the assumptions, it is clear that the functions h
and ¢ belong to D3(0; +00). Moreover, p(z) =0 <= z = 1. So, it is sufficient

to prove that — has asymptotic expansion of the form
2

h(x)
o(z)

as x — 1, where «q, a1, as are real numbers that do not depend on x.
The expansion is obtained as follows. Note that h(1) = ¢(1) = 0 and

=ap+ai(z—1)+a(z—1)%+o(z —1)%

9)  h(e) =K ()~ 1) + h" () — 1 + B () — 1) +ofx — 1),

(10)  p(z) =¢' (1)(z 1)+ %w"(l)(x -1+ %90'"(1)(1‘ — 1%+ o(z — 1)%,

as ¢ — 1 with ¢/(1) # 0 (by the assumptions of the theorem). Therefore,
h(x
@) _ Bo+ Bi(z — 1) + Ba(z — 1)* + o(x — 1),
()
K (1) 1 1
h — — (W1 - (1
where fy = s 81 = 5(/(1) = @' (1)) s and

1
¢'(1)

B2 = S(H"(1) = 316" (1) — fog!"(1)
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So,
@_ 1 ' — 1 " ¢"(1) r—12 4 olr —1)2
M~ M)+ M@)o~ 1)+ 1) + S - 17 + oo - 11

as x — 1 and the claim is proved.

h
Let us define the value of — at z = 1 to be equal to
2

G
il—>ml o(x) M(1)

and note that M (1) > 0. Moreover,

()l w565

where |,_; stands for ‘the value at z =1’

= Lor@ + ZW ),

z=1

Now, it follows from the claim and from h > 0 on (0;400) that log h is
¥

2
well defined on (0; +00) and belongs to D?(0; +-00).
Here, it is verified that the functions h, ¢ and M satisfy an important
simple inequality.
Claim 2. h — oM >0 on (0;1) U (1; 4+00).
This inequality holds because of

for all z € (0;1) U (1;+00).
Hence, the derivative

h\’ ¢
— ] =(-1)=(h—¢M) <0, on (0;400).
(2) = =050 eh) <0, on (0:40)
h "
The derivative (log —> is calculated as follows.
¥

Accordingly to the assumptions of the theorem, F; > 0 on (0;+00).
Furthermore, by the definition of C' the inequality C' > 0 holds on (0; 1)U(1; +00),
and

A1) = ¢"(Dp(1) — (1) = —¢"(1) <0,
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A ! N/} 2, 1 9 "2
( >:<P9090 "= 2097 G on (0: +00)

90/3

< 0 = two possible cases exist: A < 0 on (0;400) or there

. [E—
90/2 1
exists a number x4 € (0;1) such that A > 0 on (0;x4), A(za) = 0 and
A < 0on (z4;+00) (these cases are discussed bellow as Case 1 and Case 2);

/! /!

o 80/;0 decreases on (0;+00), its value L4 /;0
¥ ¥

= 0 and hence ¢” < 0,
B=(¢"M+ ¢ M)p* <0 on (0;1) U (1; —i—ooggf1
Now, by ¢” < 0 and
B? —4AC = Q* (9" M” + 2020/ " MM’ + (¢"p — 2¢%)2M?)

it follows that B —4AC >0 on (0;1) U (1; +00).
Therefore, the functions Fy, F5 are real valued well defined functions on
the subset of (0;1) U (1;4+00) where A does not vanish and

lim Fi(z) = lim Fy(x) =0,

z—1 z—1
by the definition F; and F5.
Case 1. Let us suppose that the function ¢ is such that

A <0 on (0;+00).

B
In this case, Fb <0 < 54 < Fy on (0;1) U(1;400). Moreover,

<0, z€(0;1),

AF? —BF +C = —3 MM’
( MF:“’M vy >0, z € (1;400).
Therefore,

eM < F, <0< Fy, on (0;1),
F, <0< oM < Fy, on (1;+00).
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In order to prove Ah*> — Bh+ C < 0 on (0;1) U (1;+00) it is sufficient
to prove that values of h are outside the interval of roots of the equation AF? —
BF +C =0.

First, by identity (7) from Lemma 6 with ¢ = 1, it follows that

(h — Fy) A(F) — Fy)?¢' M

M’
and hence (h — F»)' > 0 on (0;1). By the definition of I, it follows that the left
hand side limit
lim (h(z) — Fa(x)) = 0.

z—1—

Thus, h — Fy < 0, and hence h < F5 < F; on (0;1). Therefore,
Ah? — Bh+C < 0 on (0;1).
Second, by the identity (6) from Lemma 6 with ¢ = 1, it follows that

(h— F)) A(F, — F))*¢' M

=F <(F1 — oM)(A*(Fy — M) + E1 M) 4 C? (%» > 0;

hence, (h— F;)' > 0 on (1;+00). By the definition of Fy, it follows that the right
hand side limit
lim (h(zx) — Fi(z)) = 0.

z—1t

Thus, h — Fy > 0, and hence, F» < F} < h on (1;+00). Therefore,
Ah? — Bh 4 C < 0 on (1;+00).

Hence, in Case 1, Ah* — Bh+C < 0 on (0;1) U (1; +00).

Case 2. Let us suppose that the function ¢ is such that there exists
a number x4 € (0;1) such that A > 0 on (0;x4), A(xa) = 0 and A < 0 on
(xa;+00).

Note, if z € (1;+00) then the proof of Ah? — Bh+C < 0 on (1;400) is
identical with the one showed in Second part of Case 1, so it is omitted here.

Thus, it is sufficient to prove Ah? — Bh+ C < 0 on (0;1).

In this case,

(AF? = BF +C)|p_ yy = —9°¢' MM’ <0 on (0;1).



Log-convexity of WAIM of H? functions 103

Therefore,
Fi < oM < F, <0, on (0;x4),
OoM < F, <0< Fy, on (z4;1).

Note, oM < h from Claim 2, and h < 0 on (0;1).
By identity (7) from Lemma 6 with ¢ = 1, it follows that

(h — Fy) A(F) — Fy)?¢' M

= F, <(F2 — M) (A%(Fy — M) + E; M) 4 Cp? (%>,> <0,

and hence, (h — F3)' > 0 on (0;24) U (z4;1). So, h — F; increases on (0;z4) U
(ra;1).

Moreover, h — F» increases on (0;1) because of continuity of h and conti-
nuity of

2C C(za)
Fy = at xa, Ih(xa)= .
2= pover—aac M P =
Therefore, h — F5 < 0 on (0;1), as liI{l (h — F») = 0 and hence,
T—1
Fi <M <h<F, <0, on (0;x4),
eM <h< F, <0< F;, on(xa;l).
Hence AR —Bh+C| = -B(h-S) = _Bh-F 0, and
ence -Bh+C|, =- -5 $A——(—2)|xA<,an

Ah? — Bh+C < 0 on (0;1).

Hence, in Case 2, Ah> — Bh+C < 0 on (0;1) U (1; +00).
Therefore

(11) Ah* — Bh+C < 0on (0;1) U (1;400)
in both cases, Case 1 and Case 2.

Claim. There exists the limit

1 (Z(AR? = Bh+C)
r—1 (p2h2

>0

and the second derivative

h " _1 )
(log ;) = T (Ah® — Bh + C) on (0;400).
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h "
In particular, <log — | is a well defined continuous function on (0; +00).

12
The proof about the limit of this Claim is sketched out only. The limit
is computed by using expansions (9), (10),

1
M(z)=M®Q)+ M 1) (z—-1)+ §M”(1)(m — 12 +o(x—1)7?% as z—1,
and the values of the derivatives of h are substituted as follows
W)= (1)M(Q1), h"(1)=¢"(1)MQ1Q)+ ¢ (1)M'(1),

K1) = ¢"()M(1) + 20" (H)M'(1) + ¢' (1) M" (D).

The elements of the numerator, Ah?, Bh and C, are calculated with a
precision of o(x — 1)%. So, the numerator

(—1)(A(@)h(2)* = B(z)h(z) + C(x))

_ M)
- - (

M'(1) "(1) | AM(1)M"(1) — 3M™(1)

M(1) (1) 2 M2(1) )@= 1) +o(z = 1)%,

as ¢ — 1.
The denominator, @?*h?, is calculated with a precision of o(z — 1)4. So,
the denominator

©?h? = M2(D)p"* (D)(z — D* + o(x — 1),

as ¢ — 1.
Thus, there exists the limit

i (DA —Bh4C) 1 (M(1) ¢'(1)  AMOM(1) - 3M™(1)
] o2h2 6 (M(l) S0 " 2 M2(1) > '

Note that the limit is a positive number because of
M'(1)¢"(1) > 0,
AM()M" (1) = 3M"(1) = M(1)M" (1) + 3(M(1)M" (1) — M"*(1)) > 0.

Now, we calculate the second derivative

<log g)ﬂ = <<log g))/ = (%ﬁ)/ — <‘/’}ZLW)/ _ (_1)(Ah;2;23h+0)
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on (0;1) U (1;400) and it is continuous on (0;1) and (1;+00). The existence of
the finite limit of the second derivative as z — 1 is already proved in this Claim.

h "
This result and the existence of the finite derivative <log —) at £ = 1 (note
h ()0 h "
that log — € D?(0; +00)), they imply that the second derivative (log —) is a
2 2

h "
continuous function at = 1. Therefore, the second derivative (log —> is a
¥

continuous function on (0;400).
So, the Claim is proved.
By this Claim and (11) it follows that the second derivative

h 1
<log —> >0 on (0;+00).
2
Thus, the theorem is proved. O
Theorem 9. Assume the functions ¢ : [0; +00) — [0; +00), M : [0; +00) —

(0; +00) and h : [0; +00) — [0; +00) are such that ¢ € D3(0; +00), M € D?(0; +00)
and meet the conditions

"
(i) the right hand side limit lim ¢@)olz)

<1,
a0t ()

(1) the functions M and M’ are continuous from the right at x = 0 and M (0) #
+o00 and M'(0) # —o0,

(i1i) M' <0, (log M)" >0 on (0;+00),
T
(iv) ¢' >0 on (0;+00) and p(z) = / ' (t)dt for all x € (0;+00),
0
(v) ©@" + " — 20" <0 on (0;+00),

(vi) h(z) = /096 O ()M (t)dt for all x € (0;+00).

h h
Then, — and log — both belong to D?(0; +00) and moreover,
2 ¥

h / h "
(—) <0, <log —) > 0 on (0;400).
¥ 12
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h h
Proof. By the assumptions, it is clear that — and log — both belong to
2 2

D?(0; +00). Furthermore,

h(z) —p(x)M(z) = /Ox(—l)go(t)M/(t)dt > 0 for all z € (0;+00).

A
— | = h — M) <0 on (0;400).
(2) = Z5m-ean <von @0

Accordingly to the assumptions of the theorem, F; > 0 on (0;+00).
Furthermore,

A ! ’o M 2,1 2 "2
<_> _ PPy Tee Lk < 0 on (0;+00).

90,2 90/3
A /! A
So, — = ve 1 decreases on (0; +00) and —5 < lim 5 < 0.

P2 N
The inequalities A < 0, C > 0 on (0;+00) imply that Fj, F» are well

defined real valued functions on (0; +00) and together with the inequality

(AF? = BF + O)|p_ ;= —9°¢'MM' >0

it follows that
F, <0< oM < Fy on (0;400).

We apply the identity (6) from Lemma 6 with ¢ = 1 to obtain

(h— F)) A(F, — F))*¢' M

= F <(F1 — oM)(A%(Fy — M) + E1 M) 4 C¢? (%» > 0.

So, (h— Fy)' > 0 on (0;+00).
Moreover, (h — Fi)|y+ = 0 because of h(0%) = 0 and

B — VB2 —-4AC

z—0t z—0t 2A

((,OHM 4 <,0’M/)§02 o \/(QO’/M + SOIM/)2904 _ 4Ag02<p/2M2
z—0t 2A




Log-convexity of WAIM of H? functions 107

((i F1)M + iM’) - ((i T )M + iM/>2 4 A N2
1. (pl2 w/ (pl2 w/ 90/2
= lim ¢

z—0t 2

=0.

o

o
Hence, h — F; > 0 on (0;+00). Therefore, Fo < 0 < oM < F; < h and
Ah? — Bh 4 C < 0 on (0; +00).

Thus, the second derivative

o - (o)) - (32 - (2 - s

on (0; +00).
The proof of the theorem is completed. O

Theorem 10. Assume the functions ¢ : (0;+00) — (—00;0), M :
(0; +00) — (0;4+00) and h : (0;4+00) — (—00;0) are such that ¢ € D3(0;+o0),
M € D?(0; +00) and meet the conditions
(i) M' <0 and (log M)" > 0 on (0;+00),
+oo
(i1) @ >0 on (0;+00) and p(z) = —/ ¢ (t)dt, Vz € (0; +0c0),

x

2. 1 /M

(ii1) ©"%¢" + o' " — 20" <0 on (0;400),

+o0
(iv) h(z) = —/ O ()M (t)dt for all x € (0;+00).

h h
Then, — and log — both belong to D?(0; +00) and moreover,
2 ¥

h / h "
<—> <0, <log —> > 0 on (0;4+00).
¥ 12

h h
Proof. By the assumptions, it is clear that — and log — both belong to
2 2

D?(0; +00).
Claim. h — @M > 0 on (0;+00). Indeed, by the assumptions of the
theorem

o (h—pM) =—pM' <0 on (0;+00);
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e M decreases on (0;+00) and M > 0. So, the limit lim M (x) exists and

T—>+00
it is a non-negative number.

Therefore, h — ¢ M decreases on (0; +00) and

lim (h(z) — (x)M(z)) = 0.

T—+00

Hence, h — M > 0 on (0;+00).
It follows from this Claim that the derivative

R\ -
(;) = S;s (h—@M) <0 on (0;400).

Note that for every z € (0;+00)
= —p’'MM' <0.

(12) (AF? — BF +C) Py

Accordingly to the assumptions of the theorem, F; > 0 on (0;+00).
Furthermore,

<0

i ! B QOQOIQOW 4 90,290” _ 29090”2
SO/Z - 80/3

A
and —5 decreases on (0; +00).

Now, there are three cases to consider (and it is not possible to prove that
/1
@' <0).

Case 1. A < 0 on (0;+00). In this case B> — 4AC > 0 and hence Fy, F,
are well defined real valued functions such that

oM < Fp, <0< F.

Hence, 0 = lim ¢(z)M(x) < lim Fy(x) <0 and

T—+00 r—r-+00

lim (h(z) — Fa(z)) =0.

T—+00

We apply the identity (7) from Lemma 6 with ¢ = 1 to obtain

(h — Fy) A(F) — Fy)?¢' M

=F <(F2 — M) (A*(Fy — pM) + E; M) + Cp? (%)/) <0.
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So, (h — F3)" > 0 on (0; +00) and h — Fy increases on (0; +00).
Therefore, h — F» < 0 on (0;+00) and by oM < h < F, < 0 < F; it
follows that
Ah? — Bh 4 C < 0 on (0; +00).

Case 2. There exists x4 € (0;+00) such that A > 0on (0;x4), A(z4) =0,
A < 0on (x4;+00).
In this case,
o if x € (0;24) then
(AF? - BF +C

)‘cmpM = -3 MM <0,

C' > 0 and hence Fy, Fy are well defined real valued functions such that
F; < QOM < Fy < 0.
We apply the identity (7) from Lemma 6 with ¢ = 1 to obtain

(h — Fy) A(F) — Fy)*¢' M

=F <(F2 — M) (A?(Fy — M) + E; M) + C? <%)/) < 0.

So, (h — F3) > 0 on (0;24).

o if z € (z4;400) then B?> —4AC > 0 and hence Fy, F are well defined real
valued functions such that

oM < Fy <0< F.

Hence, 0 = lim @(z)M(x) < lim Fy(x) <0 and

T—r+00 T—+00

lim (h(z) — Fa(z)) = 0.

T—+00

We apply the identity (7) from Lemma 6 with ¢ = 1 to obtain

(h — Fy) A(F) — Fy)?¢' M

= F <(F2 — M) (A?(Fy — M) + E; M) + Cp? <%>/> <0.

So, (h — F»)' > 0 on (z4;+00).
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Thus, h — Fy increases on (0;z4) and on (x4; +00).
Moreover, in this case, ¢”(x4) < 0. Hence, the inequality B = (¢"M +
@' M")p? < 0 holds in a neighborhood of z 4. So,

2C

Fy —
T B_VB®_1AC

is continuous.
Hence, h — F5 increases on (0;+00). Therefore, h — Fy < 0 on (0; +00).
Now, we prove that Ah> — Bh+ C < 0 on (0; +00). Indeed,

e AW’ —Bh+C < 0on (0;x4) because of F1 < oM < h < F5 < 0and A > 0;

e Ah? — Bh + C < 0 on (x4;400) because of oM < h < Fy < 0 < Fy and
A <0.

Case 3. A > 0 on (0;+00). In this case,

(AF? = BF +C)|p_ = —¢*¢'MM' <0,

C > 0 and hence Fj, Fy are well defined real valued functions such that
F<oM < F, <O.
Hence, 0 = lim @(z)M(x) < lim Fy(x) <0 and

T—+00 r—r-+00

lim (h(z) — Fy(x)) = 0.

T—+00

We apply the identity (7) from Lemma 6 with ¢ = 1 to obtain
(h — B) A(Fy — By)p*' M

=F <(F2 — pM)(A*(Fy — pM) + E1 M) + Cp? (%)/) < 0.

So, (h — F3)" > 0 on (0;+00). Hence, h — F; increases on (0; +00). Therefore,
h—Fy<0and F} < oM < h < F, <0 on (0;400).
So,
Ah* — Bh+ C < 0 on (0; +00)

holds in Case 3 and moreover, it holds in all three cases.
The second derivative

o () - (2 - () - oz

on (0;400).
Thus the theorem is proved. O
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5. Applications. Here we start with a note about integral means of
holomorphic on the upper half-plane functions proved in a paper [1] by G. Hardy,
A. Ingham, G. Pélya in 1927. In Subsection 4.3 they proved that if the holomor-
phic function in a strip of the complex plane meets some conditions such as
growth at infinity O(eek‘z‘) and convergence of the integrals on the boundaries of
the strip then in the case when 2 < p < +o00 the integral mean

+oo

M) = [ IfGe+ i)

—0o0

has first derivative

+oo
M'(y) = p / (@ + i) P2, + v0! )da

—0o0

and second derivative

+oo
M) =5 [ I i)l oo
—0o0
where u is the real part of f and v is the imaginary part of f. Moreover, they
proved that
M"™? < M"M.

So, (log M)" > 0. Note that, M” > 0.
In the present paper we consider such an integral mean of holomorphic
on the upper half-plane function under the conditions 2 < p < 400 and

sup M (y) < o0

y>0
i.e. we consider function f that belongs to the Hardy space H? of holomorphic on
the upper half-plane functions. It is well known (see “Bounded analytic functions”
by J. Garnett) that such a function meets the growth condition |f(z + iy)| =
O(y~Y?) (both, as y — 07 and y — +00), the integral mean M is a non-
increasing function on (0; 4+00), the right hand side limit at y = 0 is

M(0) =M(0") = lim M(y) =sup M(y) < +o0,
y—0+ y>0

where M (0) is defined to be the L” norm to the power of p of the boundary values
of f.

Now, note if f is not the zero function then M’ < 0 on (0;+o00). Indeed,
if there is a yo € (0;+00) such that M'(yp) = 0 then
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e on the one hand, M" > 0 on (yo; +00) because of M" > 0,
e on the other hand, M’ < 0 on (0;+00) as M is a non-increasing function.

Hence M’ = 0 on (yo;+o00). Therefore, M” = 0 on (yp;+00). So, |f'|* =
u + ’U'2 =0 and f = 0 because it is the only constant function that belongs to
the Hardy space HP, 2 <p < 4o0.

Thus, we have proved the following lemma

Lemma 11. Let p be such that 2 < p < +oo, f € HP (H? is the Hardy
space of holomorphic functions on the upper half-plane). If f is not the zero
function then the integral mean

+oo
M(y) = / @+ iy)Pdz

—0o0
is a bounded continuous function on [0;+0c) such that M € D*(0; +o0) and
M>0, M <0, M">0, (logM)”">0 on (0;+c0).

From this point of our paper through the its end p is such that 2 < p <
+o0o and H? is the Hardy space of holomorphic functions on the upper half-plane,
f #0, i.e. fisnot the zero function and the integral mean

+oo
M) = [ IfGe+ i)
—00
is defined for y € [0; 400).
Note, Definition 1 from Section 2 and the results from Section 3, all they
are used in the proofs of the following theorems in the specific case when ¢(y) = 1
for all y € (0;+00). In particular,

A=¢"p—¢? B=(M)?*, C=p*0*M?

and, by (2), By = —¢%¢' (ig}) =~ (%" + 0" — 200

The following Theorem can be stated and proved with any positive num-
ber as the lower limit of the integrals instead of 1.

2 )

Theorem 12. Let 2 < p < +oo, f € HP \ {0}. Assume the functions
¢ : (0;400) = (—00;+00) and h : (0;+00) — (—00; +00) meet the conditions

(i) € D3(0; +00), p(y) = / " (0t for all y € (0;+50),
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(i1) ¢ >0 and " + ' " — 2" < 0 on (0;+00),

(#91) h(y) = /1@/ O ()M (t)dt for all y € (0; +00).

Then, n and log h both belong to D*(0; +o0) and moreover,

12
h / h "
<—> <0, <log —> > 0 on (0;4+00).
¥ 12

This theorem is a simple corollary of Lemma 11 and Theorem 8 and we
omit the details. Theorem 12 holds with each one of the following functions

y
e p(y) = /1 t~dt, a > 0;

o o(y) = /1 et

Theorem 13. Let 2 < p < +oo, f € HP \ {0}. Assume the functions
¢ : (0;400) = (—00; +00) and h : (0;+00) — (—o00; +00) meet the conditions

(i) ly) = / "0t ¢ > 0 for ally € (0; +o0),

(i) Tim " (y)e(y)

> <1, @ + o @ — 209" <0 on (0;+00),
y—0t 92 (y)

or as an alternative

/!
) . : ;%y) =1, 29" + o " = 209" < 0 on (0; +00),

(13i) h(y) = /Oy O ()M (t)dt for all y € (0;+00).

h h
Then, — and log — both belong to D*(0; +00) and moreover,
¥ ¥

h / h "
(—) <0, <log —) > 0 on (0;400).
¥ 12
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Proof. By Lemma 11, M > 0 and M’ < 0, (log M)" > 0 on (0; +00).

As in the proof of Theorem 9, by the assumptions, it is clear that — and
¥

log h both belong to D?(0; +00). Furthermore,
¥

) = M) = [ (1pOM ()it >0 for al y € (03 +5c).

AN
(—) = f (h—@M) < 0 on (0;+00).
¥ ¥

Accordingly to the assumptions of the theorem, F; > 0 on (0;+00).
Furthermore,

e in the case of the assumption (i),

A / ’om 2,1 2 2
<W) _wyle +<P(p,;P P2 <0 on (0;+00).
A /!
So, — = b ,;p — 1 decreases on (0; +00) and
2 ®
A A
0 y—0t @

e in the case of the assumption (i7’),

A ! ////+ 2 " _9 112
(AY a2
12 12
A /1
So, — = Ld ,;0 — 1 decreases on (0; +00) and
¥ 12
— < lim — =0

Thus, in both cases, A < 0 on (0; +00).

The inequalities A < 0, C' > 0 on (0; +00) imply that the functions Fy, F
are real valued well defined functions on (0; +00) and together with the inequality
= -3 MM >0

(AF? — BF + C)|F:wM
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it follows that
(13) F, <0< oM < Fy on (0;400).
We apply the identity (6) from Lemma 6 with ¢ = 1 to obtain

(h— F)) A(F, — F))*¢' M

=R <(F1 — M) (A%(Fy — M) + E; M) + Cp? (ﬁ/),) > 0.

M
So,
(14) (h— F1)' > 0 on (0; 4+00).
Let € > 0 and
+oo
Mo) = [ 1flat e+ e)i)lPde, Vg € (0500),
Thus,

Mc(y) = M(y +¢), M(0) = M(e), ML(0) = M'(e), he(y) = /(f:&(t)M(tJrE)dt

and
Be(y) = ()M (y +e) + ¢'(y) M'(y + €))2* (y)
C. = *¢*M?(y + ¢),where y > 0. As it is above, functions

B. — /B? — 1AC- B. + /B2 — 4AC.
Fls_ FZ,EZ 24

€ 24 ’

are real valued well defined functions on (0; +00) and together with the inequality

(AF? — B.F + C€)|F:¢ME = — P M. M. >0

it follows that
F. <0< @M, < Fi. on (0;400).

We apply the identity (6) from Lemma 6 wiht ¢ = 1 to obtain

(he — Fy ) A(Fye — F1 o) M.

M’
= e <(F1’5 — oM. )(A*(Fi e — o M.) + E1M;) + Cp? (ﬁ) ) -0
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So, (he — F1.2)" > 0 on (0; +00).

Moreover, lim (h. — F}.) = 0 because of lim h. =0 and
y—0t y—0+

B. — /B2 — 4AC.
lim Fj.(y) = lim = ¢

y—0t y—07F 24
2
(1) v s0m) - (1) b+ ) - s
= lim ¢ A =0
y—0+ 2?

Hence, h. — F1 . > 0 on (0; +00).

Fix y > 0. Hence, h(y) — Fi(y) = 1im+(h€ —Fi.)>0.
e—0

So, h — F; > 0 on (0; +00) and by (14) it follows that

h — Fy >0 on (0;+00).

Therefore, by A < 0 and (13) it follows that Ah?> — Bh+ C < 0 on (0; 4+00).
The second derivative

o = ()Y (2 - () - s

on (0;4+00). O

Theorem 13 holds with each one of the following functions

)
o oy) = /0 tadt, a < 1;

o o(y) = /0 Y etat.

Theorem 14. Let 2 < p < 400, f € HP \ {0}. Assume the functions
@ : (0;400) = (—00;4+00) and h : (0;400) — (—00; +00) meet the conditions

—+o00
() ¢ € D400 oly) = = [ (Bt for ally € (05+cc),
Yy
(i1) ¢ >0 and " + p@'¢" — 20" <0 on (0; +00),

400
(#1) h(y) = —/ O (t)M(t)dt for all y € (0; +00).
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h h
Then, — and log — both belong to D?(0; +00) and moreover,
2 ¥

h !/ h "
(—) <0, <log —) >0 on (0;400).
¥ 12

This theorem is a simple corollary of Lemma 11 and Theorem 10 and we
omit the details. Theorem 14 holds with each one of the following functions

+oo
e o(y) = —/ t=%t, a > 1;
Yy
+o0
o o(y) = —/ t~%tdt, a < 0.
Yy

+oo
Theorem 15. Let 2 < p < +oo, f € HP\ {0}, p(y) = —/ e tdt,
y

oo h h
h(y) = —/ e 'M(t)dt for all y € (0;+00). Then, — and log — both belong
Yy v v

to D*(0; +00) and moreover,

h !/ h "
(—) <0, <log —) > 0 on (0;400).
¥ ¥

Proof. By Lemma 11, M € D*(0; +00),

M>0, M <0, M">0, (logM)”>0on (0;+00).

h h
By the assumptions, it is clear that — and log — both belong to D? (0; 4+00).
2 ¥

Claim. h — @M > 0 on (0;+00). Indeed, by the assumptions of the
theorem

o (h—oM) = —pM' <0 on (0;+00);

e M decreases on (0;4+00) and M > 0. So, the limit lim M(y) exists and

y—+00
it is a non-negative number.

Therefore, h — ¢ M decreases on (0; +00) and

lim (h(y) — ¢(y)M(y)) = 0.

Yy—r—+0o0
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Hence, h — oM > 0 on (0;+00).
It follows from this Claim that the derivative

A
— | = h — M) <0 on (0;400).
() - <o

Note,
AZ(,O”(,O—QDIQ:O, BI((,O//M+<,0/M/)902<0, 029024,0/2]\42.

By Lemma 7 with ¢ = 1,

!/ AN
<h - %) B?¢'M = C? <%> >0 on (0;400).

/
So, (h - %) > 0 on (0;+00) Therefore, h — % increases on (0; +00) and

— fim 0 ()¢ (y) M (y) o P@ME)
votoo (" () M(y) + ¢ ()M (y)? (y) - vtoo 2 ((f,’)) Mpracy

because in the last equation the numerator tends to 0 and the denominator tends
to sum of (—1) and a non-positive number.

Claim. h — % < 0 on (0;+00).

Indeed, if there is yp € (0; +00) such that h(yg)— Clyo) = 0 then h— ¢ =
B(yo) B

AN /

M
0 on (yo;+00). ) = 0 on (yo;+00) which means that 5 is a non zero

constant on (yg;+00) (because of f is not the zero function). The equation

B M
by M > 0, M’ < 0 it follows that M = 0 on (yo; +00) which is impossible because
of f is not the zero function.

Now, the second derivative

h\"_B(h-F)
<log;) :W>Oon (0; +00). 0

c\’ M
h = <—> then gives us — =1 on (yg; +00). Therefore, M (y) = eY.const and
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Note that in some specific cases it seems reasonable to change parts of
the proofs with an argument for —Bh + C' < 0. In particular, such an approach
will make us to use part of the proof of Lemma 7. However, we prefer not to do
this.

Example 16 (An auxiliary example). If

+00 +0o0
o) = — / e dt, M(y) = ¥ hy) = — / S ()M (t)dt

h / h "
then <—) >0 and (log —) > 0 on (0;+00).
¥ ¥
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