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ABSTRACT. In the present article 7-bounded spaces are investigated. It
is shown that for every infinite cardinal 7 there exists a meager Hausdorff
T-bounded space.

1. Introduction. All spaces are assumed to be Hausdorff spaces. We
shall use the terminology from [4, 10, 11] which contain a survey of results. Denote
by |X| the cardinality of a space X, by wX the weight of X, by X the Stone-
Cech compactification of a Tychonoff space X. A space is called a Baire space, if
the intersection of every countable family of open dense subsets is a dense subset.
A space is called a meager space or a first category space, if it is a union of a
countable family of nowhere dense subsets.

Our main interest is the following question posed by W. Roelcke: Is there
a Hausdorff w-bounded space which is not Baire?
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In 1972, Z. Frolik [6] constructed an example of a meager countably com-
pact space. Then in 1996, J. R. Porter [8] constructed an example of a countably
compact, separable and meager space. We show that for every infinite cardinal 7,
there exists a 7-bounded meager space. However, the following problems remain
unsolved:

Question 1.1. Is there a countably compact or an w-bounded k-space
which is not Baire?

Question 1.2 (W. Roelcke). Is there a sequentially compact space which
is not Baire? Is there a sequentially compact w-bounded space which is not Baire?

A subset Z of a topological space X is called bounded in X if for any
locally finite family ~ of open subsets of X the set {U € v: ZNU # ()} is finite.
A space X is called feebly compact if the set X is bounded in in the space X.

Any countably compact space is feebly compact. A completely regular
space is feebly compact if and only if it is pseudocompact.

Theorem 1.3. Let Z be a bounded Gg-subset of a reqular space X. Then:
1. The subspace Z is a Baire space.
2. If ZCY Cclx Z, then Y is a Baire space.

Proof. Obviously, the assertion 2 follows from the assertion 1. Assertion
1 follows from Theorem 5.1. O

2. 7-bounded sets. Fix an infinite cardinal 7.

Definition 2.1. A subset Z of a topological space X is called:

(a) T-bounded in X, if the closure clx L in X of every subset L C Z of
cardinality |L| < T is compact;

(b) weakly T-bounded in X, if for every subset A of Z there exists a subset
L of A such that |L| > min{t,|A|} and clx L is compact;

(¢) or-compact, if Z is a union of T compact subsets of X ;

(d) countably compact in X if any infinity countable subset of Z has an
accumulation point in X.

Definition 2.2 (see [10, 11]). A space X is called:

(a) T-bounded, if X is T-bounded in X ;

(b) totally T-compact, if X is weakly T-bounded in X ;

(¢) initially T-compact, if every open cover of X of cardinality < T con-
tains a finite subcover.

For 7 = w, i.e. for countable 7, we say that X is w-bounded, or totally
countably compact, or countably compact, respectively.
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Definition 2.3 (see [1]). For any subset A of a space X the set T-clx A =
U{CIB: B C A,|B| < 1} is called the T-closure of A in X. The set A is called
T-closed, if A= T-cl A.

The 7-closure of a set is 7-closed (see [1]).

Theorem 2.4. Let Z be a subset of a space X. The following assertions
are equivalent:

1. The subset Z is T-bounded in X.
2. 7-clx Z is T-bounded space.

Proof. The implication 2 — 1 is obvious. Suppose that Z is 7-bounded
in X and Y = 7clxZ. Let L CY and |L| < 7. For every point y € L,
there exists a subset Z(y) of Z such that y € cly Z(y) and |Z(y)| < 7. Put
Z(L) = U{Z(y): y € L}. By construction, L C clx Z(L) C Y, |Z(L)| < 7 and
clx Z(L) is compact. Hence cly L = clx L is compact. O

Corollary 2.5. A space X contains a subset which is dense T-bounded
m X, if and only if X contains a dense T-bounded subspace.

Corollary 2.6. Let L C H C 7-clx L C X. The set L is T-bounded in
X, if and only if H is T-bounded in X.

Corollary 2.7. Fvery 7-closed subset of a T-bounded space is a T-bounded
space.

Example 2.8 (see [4, Exercise 3.6.1]). Fix a maximal uncountable family
{N4: a € A} of almost disjoint infinite subsets of the set w = {0,1,2,...}. Let
ANw =0 and X = AUw. Points in w are declared to be isolated. For each
a € A and every finite subset F' of w a set V(a, F') = {a} U (N, \ F) is a basic
neighborhood of ¢ in X. Then:

1. The set w is weakly w-bounded in X.

2. X does not contain a dense countably compact subspace.

3. The examples of Frolik and Porter. Because in our construc-
tions we use some ideas from the Frolik’s and Porter’s construction, we present
succinctly these examples.

Construction 3.1. Let {X;: i € w} be a sequence of pairwise disjoint
subspaces of a space X . Consider the subspaces Yy = X ,..., Y11 = U{X;: i > n},
. Denote by Y = X (x, x,,..) the set X with the topology defined as follows:
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U is open in Y, if and only if U = U{U;: i € w}, where U; is an open set in the
subspace Y; of the space X. The system {Y;: i € w} U{U C X: U is open in X}
is a subbase of the space Y. It is easy to check that:

a’. The topologies of X and Y coincide on each X; and on X \ Y;.

b°. The set Y; is dense in'Y, if and only if it is dense in X.

. If X is a Hausdorff space, then'Y is a Hausdorff space too.

d’. A point x € X, is an accumulation (complete accumulation) point of
a set L C Y41 in the topology of the space X, if and only if x is an accumulation
(complete accumulation) point of L in the topology of the space Y .

€. If Xo,X1,... are dense subspaces of the space X, then'Y is a meager
space.

If Xo =Z and X; = () for all i > 1, then we write Xz = X(x, x,,..)- In
this case, Z is an open subspace of the space X .

Proposition 3.2. If Z is a dense subspace of a space X, then:
1. Xz is a Baire space, if and only if Z is a Baire space.
2. Xz is a meager space, if and only if Z is a meager space.

Proof. Obvious. O

Example 3.3 (Z. Frolik [6]). Let X = w* = fw \ w, where w is the
discrete space of natural numbers. By Theorem 2.7 in [5], there exists a disjoint
sequence {X,,: n € w} of countably compact dense subsets of X such that | X,,| <
exp(w) = 2 for all n. Put Y = X(x, x,,..)- Since X,, are dense subsets of the
space w”*, Y is a meager space. As the cardinality of each infinite closed subset
of X is exp(exp(w)), each infinite subset of ¥ has an accumulation point in
K=Y\ (U{Xn: n € w}). Hence Y is a countably compact meager space.

For every infinite subset L of X the set F' = cly L is not a compact subset
of Y. Suppose that F' is compact. Since Xj is countably compact, then there
exists an accumulation point z € XgN F' of the set L. Take a neighbourhood U of
x in F for which clp U C Y1 N F (the set Y1 N F is open in F'), Hence FNclp U is
an infinite compact subset of Y] of cardinality < exp(w), contradiction. Therefore
Y is not totally countably compact.

Example 3.4 (J. R. Porter [8]). Since w* contains every separable ex-
tremally disconnected space, w* contains a countable dense-in-itself subset S (see
[7, Theorem 1.8.3], [9, Exercise 6Q2]). Consider the subspace X = clg,, S of w”.
The space Y = Xg is a countably compact meager space. Since Y is separable
and not compact, Y is not an w-bounded space. We show that Y is totally count-
ably compact. If D is any countable subset of X, there is a countable family of
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continuous functions {f,: X — [0,1]: n € w} which separates the points of D.
The diagonal product f = A{fp: n € w}: X — [0,1]* is a continuous mapping
which separates the points of D.

Let L be an infinity countable subset of Y. Since X is compact there is
a continuous mapping ¢g: X — Z onto a metrizable compact space Z which
separates the points of L U S. The set g(L) contains an infinite convergent
sequence H with a limit ¢ € Z. Put A = LN g '(H). Then A is a discrete
subspace of the spaces X and Y, the set B = clxy A\ A C g~ '(c) is uncountable
and |S N B| < 1. Therefore there exist a point b € B\ S and an open set U of X
such that b U and clxy UNB NS = 0. The set £ = U N A is infinite and discrete
in X and Y. Since cly E C cly U, we obtain that (clx E\ E)NS =0, clx F
is a compact subset of X and the topologies of the spaces X and Y coincide on
clx E. We have constructed an infinite subset E of L for which cly E is compact.
Hence Y is totally countably compact.

The following assertion is obvious.

Proposition 3.5. If a subset Z is countably compact in a space X, then
the set Z is bounded in X.

Example 3.6. Let QQy be the set of rational numbers of the segment
[0,1]. Denote by T the usual Euclidean topology on [0,1]. By X we denote the
set [0, 1] with the topology T; generated by the open base TU{UNQy: U € T}.
The space X has the following properties:

— Qo is an open dense subspace of the space X;

— the set D = [0,1] \ Qo is closed, discrete and nowhere dense in X;

— X is not a countably compact space;

— the set Qg is countably compact in the space X;

— X is a Hausdorff feebly compact first countable space;

— X is a meager space.

Example 3.7. Let S be a Hausdorff dense-in-itself separable countably
compact first countable space with the topology 7. Fix a dense countable set Y
in S. By X we denote the set .S with the topology 77 generated by the open base
TuUu{UNY:U e T}. Thespace X has the following properties:

—Y is an open dense subspace of the space X;

—the set D = S\ 'Y is closed, discrete and nowhere dense in X;

— X is not a countably compact space;

— X is a Hausdorff feebly compact first countable space;

— X is a meager space.
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4. Construction of meager T-bounded spaces. Let 7 be an infi-
nite cardinal and by 71 denote the smallest cardinal greater than 7.

For every Tychonoff space X denote 7-8X = 7-clgx X and b(X,7) =
{clgx L: L € X,|L| < 7}. The space 7-4X is the largest 7-bounded extension of
the space X. Every continuous mapping f : X — Y into a 7-bounded space Y
admits a continuous extension on 7-8X. Now put 7-0X = (7-$X)x in the sense
of Construction 3.1 and X* = 7-X \ X. Let 7-nX be the set 75X with the
topology defined as follows: the space X is an open subspace of the space 7-nX;
a set V is a neighborhood of a point z € X*, if and only if z € V, V N X is open
in X and VN F is open in F for all F € b(X, 7).

Lemma 4.1. If X is a Tychonoff space then:

1. X is an open dense subspace of the spaces T-0X and T-nX.

2. If X is a meager space, then 7-0X and 7-nX are meager spaces, too.

3. The topologies of the spaces T-0X and T —nX coincide on each F €
b(X,T).

4. The space T-0X is T-bounded, if and only if the space T-nX is T-
bounded.

5. If every subset of X of cardinality < 7 is closed in X, then 7-0X and
7-nX are T-bounded spaces and F € b(X,T) are compact subsets.

Proof. Obvious. O

Definition 4.2 (W. Roelcke). A space is called a occ®-space, if the closure
of each o-compact subset is compact.

We say that a space is a o,cc™-space, if the closure of every o,-compact
subset is compact. Every o, cc*-space is T-bounded.

Lemma 4.3. Let X be a normal space and every subset of X of cardinality
< 71 be closed in X. Then:

1. XUF is open in T-nX for each F € b(X,T).

2. If K is a compact subset of T-nX then K C F for some F € b(X, 7).

3. 70X is a orcc*-space.

Proof. The subspaces of X of cardinality < 7 are closed and discrete
subspaces of X. Hence, if F,E € b(X,7) and F' C E, then F is a closed and
open subset of . This proves assertion 1. Let K be a compact subset of 7-nX
and K° = K \ X. Suppose that K°\ F is non-empty for every F € b(X,71).
Then there exist a disjoint family {Ls: o < 77, « is ordinal} of subsets of X of
cardinality < 7 and a set B = {b, € K°: a < 77} such that b, € F,, = cl L, for
all @ < 7. For that fix a point b; € K° and a set L; C X of cardinality < 7
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such that by € clLi. If @ > 1 and {bg, Lg: < a} we have constructed, then
we put ®, = cl(U{Lg: f < a}), fix a point b, € K°\ ®, and a set L C X of
cardinality < 7 such that b, € cl L. Because ®, is open ®,4; = cl(LUP,), then
for Lo = L\ ®, we have b, € cl L. The set Ug = XUCI(U{LQ: a < (}) is open
for each 8 < 7. Hence K 3 = K° \ Ug are non-empty compact subsets. Fix a
complete accumulation point x of the set B. Since |[BNUs| < 7 for all B < 77,
we have z € C' = N{Kp: B < 71}. By construction, z € F for some F € b(X, 7).
If E=(FNX)\U{Lg: B< 7"}, then x € cl E. Hence x is not an accumulation
point of the set B. That is a contradiction. Therefore K° C cl H for some subset
H of X of cardinality < 7. In this case the set K \ cl H is a finite set. Assertion
2 is proved. Assertion 3 follows from assertion 2. O

Remark 4.4. Let X be a normal space in which all countable subsets
are closed. Denote by T the topology on the space 7-5X, by T the topology on
7-0X and by T5 the topology on 7-nX. Then:

1. To CTy CThs.

2. All non-isolated points of X are points of non-regularity of the space
7-0X. Hence Ty = 11, if and only if X is a discrete space.

3. Every point of X™* is a point of regularity of 7-0X. If L is an infinite
set of non-isolated points of the space X, |L| = w and x € cl L, then the space
7 —nX is not regular at the point z. Hence T} = T5, if and only if the set of
non-isolated points of the space X is finite. The system Ty U{XUF: F € b(X, 1)}
is a subbase of the topology 15 provided that the subsets of X of cardinality < 7
are closed in X.

4. If | X| = 77, X is a normal space and all subsets of X of cardinality < 7
are closed in X, then there exists a perfect continuous mapping of the subspace
X* of the space 7-nX onto the space of ordinals W(r1) = {8: g < 77}.

A space X is called a Pr-space, if the intersection of all 7 open sets is
open. A P,-space is called a P-space.

From Lemma 4.3 follows

Corollary 4.5. If X is a normal P--space, then 7-0X is a T-bounded
space and T-nX is a orcc*-space.

Proposition 4.6. For every infinite cardinal T there exists a meager
hereditarily paracompact Pr-space S, with the properties:
1. S; is a commutative topological group.

2. x(S;) = w(S;) =18, =77.
Proof. Let D = {0,1} be the discrete group with the neutral element
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0. Denote by X the set D™". For every point £ = (z4: « < 77) € X and all
B <7t weput V(z,8) = {y = (ya) € X: T4 = yq for all @ < 3}. Consider on
X the topology with the base B = {V(z,3): # € X, 8 < 77 }. The system B is
of the rank 1, i.e. for all U,V € Bwehave UNV =0, or U CV,or V CU.
Because a space with a base of rank 1 is paracompact (see [2, Corollary 1]), X is
a hereditarily paracompact topological group. By construction, X is a P,-space
and x(X) = 7. For every n € w we put X,, = {7 = (2,): |a: 7, # 0| < n} and
S; = U{X,,: n € w}. Every set X,, is nowhere dense in S; and |S;| = |X,,| =
. O
From Lemma 4.1, Corollary 4.5 and Proposition 4.6 follows.

Corollary 4.7. B; = 7-05; is a meager T-bounded Hausdorff space.

Corollary 4.8. H, = 7-1S, is a meager Hausdorff orcc*-space.

5. Ws-sets. Let X be a space, Z be asubspace of X, v = {v, =
{Us: @ € Ap}: n € N} be a sequence of families of open non-empty subsets
of the space X, and let 7 = {m,: Apt+1 — An: n € w} be a sequence of single-
valued mappings. A sequence o = {ay,: n € N} is called a spectral sequence if
ap, € A, and 7, (1) = oy, for every n € N.

Consider the following conditions:

(SC1) Z c U{Ug: B € A, } for each n € N.

(SC2) For each spectral sequence o = {ay,: n € N} the set H(v, 7, a) =
M{U,,, : n € N} is a subset of the subspace Z.

(SC3) W{Us: B € ()} C Uy and U{UsN Z: B € 1M ()} =Ua N Z
for all @ € A,, and n € N.

(SC4) For all « € A,, and n € N we have U{Us: 8 € 7, '(a)} C U, and
the set U{Us N Z: B € 7, (a)} is a dense subset of the subspace U, N Z.

The sequences v and 7 are called a sieve of Z in X if they are Properties
(SC1), (SC2) and (SC3).

The sequences v and 7w are called a dense sieve of Z in X if they are
Properties (SC1), (SC2) and (SC4).

The sequences v and 7 are called a pseudosieve in X if for all & € A,, and
n € N the set U{Us: B € 7, (a)} is a subset of the subspace Ul,.

Let y={v ={Us: € Ay} neN}and 7 = {m,: Apy1 — Ap:n € w}
be a pseudosieve in X. The set U{H (7,7, a): « is a spectral sequence} is called
the limit of the pseudosive (v, 7) and is noted by limx (v, 7).

If (y,7) is a sieve of Z in X, then limx(y,7) = Z. If (y,7) is a dense
sieve of Z in X, then limx (v, 7) C Z.
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A set Z is called a Ws-subset of a space X if there exists a sieve (v, ) of
Z in X such that limx (v, 7) = Z. Any Gs-subset is a Wy-subset.

A space X is called sieve-complete if X is an open continuous image of
some Cech-complete space (see [3]). A regular space X is sieve-complete if and
only if X is a Ws-subset of the Wallman compactification wX of the space X.

Theorem 5.1. Z is a bounded Ws-subset of a reqular space X, then Z
1s a Baire space.

Proof. Lety={y ={Us:a€ Ay}:n € N} and 7 = {m,: A1 —
Ap:n € w} be asieve of Z in X. Suppose that Z is not a Baire space. Then
there exists a sequence {V,,: n € N} of open subsets of the space X such that:

— Vpq1 C V,, and the set V,, N Z is dense in Z for each n € N

—the set V.=n{V,,NZ: n € N} is not dense in Z.

Obviously, V' C Z. There exists an open subset W of X such that W N
Z # 0 and W NV = (. Then there exists a sequence {W,,: n € N} of open
subsets of the space X and a spectral sequence o = {a,: n € N} such that
clx Wpy1 € W N W N Uq,,, NV, and the set H, = (W, N Z) \ clx Wy is
non-empty for each n € N. Since N{W,,: n € N} is the empty set, the family
{H,: n € N} is locally finite in X and the set H, N Z is non-empty for each
n € N, a contradiction. The proof is complete. O

Theorem 5.2. If Z is a Baire subspace of a space X, then for any dense
sieve (y,m) of Z in X the set limy (v, ) is dense in Z.

Proof. Lety ={y ={Us: a€ Ap}:n e N} and 7 = {m,: Apy1 —
Ap:n € w} be a dense sieve of Z in X. We consider that the sets A, are
well-ordered and for all n € N and o, € A,4+1 from o < S it follows that
() < mp(B). For each n € N and each a € A, 41 we put V, = (U, N Z)\
clz{UsgNZ: B € Ap, 5 < a}and V,, = U{V,: a € A,}. The sets V,, are open and
dense in Z. Hence V.= N{V,,NZ: n € N} is a dense subset of Z. By construction,
V C limx (v, 7). The proof is complete. O
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