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ABSTRACT. Bicommutative algebras are nonassociative algebras satisfy-
ing the polynomial identities of right- and left-commutativity (z1z2)xs =
(r123)x2 and xq1(xox3) = xo(x123). Let B be the variety of all bicommu-
tative algebras over a field K of characteristic 0 and let F'(8) be the free
algebra of countable rank in 5. We prove that if ¥ is a subvariety of B sat-
isfying a polynomial identity f = 0 of degree k, where 0 # f € F(*B), then
the codimension sequence ¢, (0), n = 1,2,..., is bounded by a polynomial
in n of degree k — 1. Since ¢, (B) = 2" — 2 for n > 2, and exp(B) = 2, this
gives that exp(U) < 1, i.e., B is minimal with respect to the codimension
growth. When the field K is algebraically closed there are only three pair-
wise nonisomorphic two-dimensional bicommutative algebras A which are
nonassociative. They are one-generated and with the property dim A? = 1.
We present bases of their polynomial identities and show that one of these
algebras generates the whole variety 5.
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1. Introduction. Bicommutative algebras are nonassociative algebras
over a field K satisfying the polynomial identities of right- and left-commutativity

(x122)23 = (T123)T2, T1(T223) = T2(T123).

In the sequel we consider algebras over a field K of characteristic 0 only. One-
sided commutative algebras appeared first in the paper by Cayley [7] in 1857.
In the modern language this is the right-symmetric Witt algebra W;™™ in one
variable. Maybe the most important examples of one-side commutative algebras
are Novikov algebras which are left-commutative and right-symmetric. The latter
means that the algebras satisfy the polynomial identity (x1,x2,x3) = (21,23, x2)
for the associator (z1,z2,x3) = (z122)x3 — x1(z2x3). The motivation to study
Novikov algebras comes from the needs of the Hamiltonian operator in mechanics
and the equations of hydrodynamics, see Dzhumadil’daev, Ismailov, and Tulen-
baev [13] and Drensky and Zhakhayev [12] for details. By Kaygorodov and Volkov
[22] when the base field K is algebraically closed of arbitrary characteristic up to
isomorphism there are only seven two-dimensional bicommutative algebras A with
nontrivial multiplication. Four of them are associative-commutative. Changing
the notation and the bases of the algebras in [22] the three nonassociative two-
dimensional bicommutative algebras

ARQ’ (777 Q) = (Ov 1)7(170)7(17_1)7

are generated by one element r and satisfy the condition dim A?n o = 1. Their
multiplication rules are

(1) rr? = 12 r?r = or?, r?r? = or’.
In is easy to see that the same holds over an arbitrary field K of characteristic 0:
Up to isomorphism the three algebras Ag 1, A1, A1,—1, are the only one-generated
nonassociative two-dimensional bicommutative algebras A with dim A% = 1.

The structure of the free bicommutative algebra and the most important
numerical invariants of the T-ideal of the polynomial identities were described by
Dzhumadil’daev, Ismailov, and Tulenbaev [13], see also the announcement [14].
In [12], jointly with Zhakhayev, we proved that finitely generated bicommutative
algebras are weakly noetherian, i.e., satisfy the ascending chain condition for two-
sided ideals, and answer into affirmative the finite basis problem for varieties of
bicommutative algebras over a field of arbitrary characteristic.

One of the most important measures for the complexity of the polyno-
mial identities of a variety U of K-algebras is the codimension sequence ¢, (0),
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n =1,2,..., where ¢,(0) is the dimension of the multilinear polynomials of de-
gree n in the free algebra F,,(0) of rank n. As a first approximation to the more
precise estimate of the growth of the codimensions one studies the behaviour of

Y/ cn (). In the special case when
exp(Y) = lim /¢, (V)

n—oo
exists it is called the exponent of U, see Giambruno and Zaicev [16, 17] who proved
that for associative Pl-algebras the exponent always exists and is an integer.
Following [18] the variety U is minimal of a given exponent if exp(20) < exp(V)
for all proper subvarieties 20 of . (In [10] we called such varieties extremal.)
It was shown in [13] that for the variety B of all bicommutative algebras

c1(B)=1and ¢,(B) =2" -2, n=23,....

Hence exp(B) = 2. Our first main result is that the variety 8 is minimal of
exponent 2. More precisely we show that if U is a subvariety of B satisfying a
polynomial identity f = 0 of degree k, where 0 # f € F(B) = F,(B), then the
codimension sequence ¢, (U), n = 1,2,..., is bounded by a polynomial in n of
degree k — 1. The results of [13] give that the variety B is generated by the free
algebra F5(*B) of rank 2. We slightly improve this and show that B is generated
by the free algebra F; (B) of rank 1. As a byproduct of our approach, starting with
the basis of F'(*B) in [13] we give a new proof of the description of the cocharacter
sequence x,(B), n = 1,2,.... Finally we study the polynomial identities of the
two-dimensional algebras A , with multiplication defined by (1). We show that
the algebra A; _; generates the whole variety 8. The varieties var(Ap;) and
var(Aj o) generated respectively by the algebras Ap; and A;o are defined as
subvarieties of B by the polynomial identities 1 (zox3) = 0 and (z122)x3 = 0, i.e.,
they are equal, respectively, to the varieties of left-nilpotent and right-nilpotent
of class 3 bicommutative algebras.

2. Preliminaries. We fix a field K of characteristic 0. All algebras,
vector spaces, and tensor products will be over K. Traditionally, one states the
results on polynomial identities and cocharacter sequences in the language of
representation theory of the symmetric group 5,. Instead, we shall work with
representation theory of the general linear group GL; = GLg(K). Then using
the approach developed by Berele [6] and the author [9] we shall translate easily
the results in terms of representations of S,,. We start with the necessary back-
ground on representation theory of GL4 acting canonically on the d-dimensional
vector space K X, with basis Xy = {z1,...,24}. We refer, e.g., to the books
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by Macdonald [24] for general facts and by the author [11] for applications in
the spirit of the problems considered here. All GLgz-modules which appear in
this paper are completely reducible and are direct sums of irreducible polynomial
modules. The irreducible polynomial representations of GL, are indexed by par-
titions A = (A1,...,Ag), A1 > -+ > Ag > 0. We denote by W(\) = Wy(A) the
corresponding irreducible GLg4-module. The action of GLy; on K X, is extended
diagonally on the tensor algebra of K X, and, up to isomorphism, all W () can
be found there. The tensor algebra of K X is isomorphic, also as a GL4-module,
to the free associative algebra K(Xy) = K(x1,...,z4). Since the diagonal action
of GL4 on the tensor algebra is not affected by the parentheses, we may work also
in the absolutely free algebra K{X;} and in the relatively free algebra Fy(0) of
any variety ‘U.

The module W(A) € K{Xg4} is generated by a unique, up to a mul-
tiplicative constant, multihomogeneous element w)y of degree A = (A1,...,Aq),
i.e., homogeneous of degree A\ with respect to each variable zy, called the high-
est weight vector of W (A). In order to state the characterization of the highest
weight vectors we recall that for an algebra R the linear operator § : R — R is
a derivation if §(ry7re) = §(r1)ry + r1(r2) for all r1,7y € R. If § : KX3 — KXy
is any linear operator of the d-dimensional vector space, then § can be extended
in a unique way to a derivation of K(Xy), K{X;}, and of any relatively algebra
F;(20). The following lemma is a partial case of a result by De Concini, Eisenbud,
and Procesi [8], see also Almkvist, Dicks, and Formanek [2]. In the version which
we need, the first part of the lemma was established by Koshlukov [23].

Lemma 2.1 (see, e.g., Benanti and Drensky [5]). Let 1 <i < j <d and
let Ay, o, be the derivation of K{Xq} defined by Ay, sz, (75) = 74, Duj e, (T) =
0, k #j. If w(Xy) =w(x,...,zq) € K{X4} is multihomogeneous of degree \j
with respect to xy, then w(Xy) is a highest weight vector for some W (X) if and
only if Ay, u;(w(Xq)) =0 for all i < j. Equivalently, w(Xy) is a highest weight
vector for W () if and only if

9ij(w(Xa)) = w(Xy), 1<i<j<d,

where g;; 1s the linear operator of the K Xq which sends x; to x; + x; and fizes
the other xy.

If Wi, i = 1,...,m, are m isomorphic copies of the GLz-module W (\)
and w; € W; are highest weight vectors, then the highest weight vector of any
submodule W () of the direct sum Wi @ - - -®W,, has the form & wi +- - -+ Enwpm,
for some & € K. Any m linearly independent highest weight vectors can serve
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as a set of generators of the GLgz-module Wi & --- @& W,,. The algebra F;(0)
decomposes as a GLg-module as

(2) Fy(0) = @ ma(0)W (),
A

where the summation runs on all partitions A in not more than d parts and the
nonnegative integer my () is the multiplicity of W (A) in the decomposition of
F;(%0). The canonical multigrading of F,;(¥) which counts the degree of each
variable in Xy agrees with the action of GL4 in the following way. Let

H(Fy(0),T,;) = H(Fy4(0),t1,...,tq)

=Y dimEy(0)Ty = 3 dim FyV (D)6 -t

n;2>0 n; >0

be the Hilbert series of Fy(*U) as a multigraded vector space, where F én) (V) is
the multihomogeneous component of Fy(0) of degree n = (ny,...,n4). Then

H(Fy(D),Ty) =Y ma(D)sa(Ty) = Y ma(D)sa(tr, ..., ta),
A A

where s)(Ty) is the Schur function corresponding to the partition .

There is another group action which is important for the theory of algebras
with polynomial identities. The symmetric group S, acts on the vector space
P, () of the multilinear polynomials of degree n in F,,(0) by

o(f(x1,. ., m0)) = f(To1), -5 Tom)), 0 € Sny [ € Pu(T).

The S,,-character of P,(0) is called the S,-cocharacter of 0. It is known that
the decomposition of the n-th cocharacter

(3) Xn(B) = maA(B)xa,

AFn

where x) is the irreducible S,,-character indexed with the partition \ of n, is
determined by the Hilbert series of F,(0). The multiplicities m () are the
same for F,,(*U) in (2) and for x, (V) in (3). Finally, we recall a special case of
the Young rule (and of the Littlewood-Richardson rule) for the product of two
Schur functions s, (Tq) and s4)(Ty) (and also for the tensor product W (p)@W (q)
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of the GL4-modules W (p) and W (q)). We assume that p > ¢. The case p < q is
similar.

q
s(p)(Ta)s( ZSerq k) (1),
k=0
(4) g
W(p %@Werq—k,k).
=0

We shall need also estimates for the degree of the irreducible S,,-characters.

Lemma 2.2. The degree dy of the irreducible Sy-character x, A =
(A1, A2) B n, is a polynomial in n of degree \s.

Proof. By the hook formula
n!
[Thi;’

where h;; is the length of the hook at the (7, j)-position of the Young diagram
of \. For A = (A1, A2) F n the lengths of the hooks of the first row are equal,
reading them from right to left, to

dy =

1,2,....n—2X,n—2X+2,....,n— A2 +1
and those of the second row are 1,2,..., 2. Hence

d ~nn—=1)---(n=2A2+1)(n—2X2 +1)
A= )\2| )

which is a polynomial of degree As in n. O

Let B be the variety of all bicommutative algebras. We assume that the
free bicommutative algebras F' = F(8) and Fy = Fy(B) are freely generated,
respectively, by the sets X = {z1,z2,...} and Xy = {x1,...,24}. By [13] the
basis of the square Fd2 of the algebra Fy as a K-vector space consists of the
following polynomials:

(5) wij = iy (- (@i, (- (@i, 25,)25,) - )3,)) ),

where p,g > 1,1 <i3 <--- <ip 1 <1 <d, 1 <j1 < jo <o < jg < d. For any
permutations o € S, and 7 € S, the element u; ; from (5) satisfy the equality

(6) Uij = Tigy (o By (o (@i T 0)) T 0)) )25 ))) )
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The properties and the multiplication rules of Fy(B) from [13] are restated in
[12] in the following way. We consider the polynomial algebra

K[Yd7Zd] :K[y17"'7yd7217”’7zd]

in 2d commutative and associative variables. We associate to each monomial u; ;
in (5) the monomial

V(Ui ) = Yiy  Yip 1 YipZin s+ %y € K[Ya, Zd)
and extend 1 by linearity to a linear map v : F7 — K[Yy, Z4]. The image 1(F3)
is spanned by all monomials

d
YeZB =y g0 B o) = Zaz>0\ﬁ| > B >0.
j=1

Then we define an algebra G, generated by X; with basis
XqU{Y7Z |lol.18] > 0}
and multiplication rules
TiTj = YiZj,
JSi(YdaZg) = indaZg,
(Y§'Zi)x; = Yi' 2],

6
(Y9 Z0)\(Y] Z5) = vt z0+0.

The algebras Fy and G4 are isomorphic both as algebras and as multigraded
vector spaces with isomorphism v : F; — G4 which sends z; € Fy to x; € G4 and
acts on Fd2 in the same way as the linear map v : F 5 — K[Yy, Z;] defined above.

3. Free bicommutative algebras. In this section we give an al-
ternative proof of the formula for the cocharacter sequence of B given in [13]
and describe the highest weight vectors of the irreducible GLg-submodules of
F; = F;(®8). The action of GL4 on the d-dimensional vector space K X, induces
a similar action on K'Y, and K Z; which is extended diagonally on the polynomial
algebras K[Yy] and K[Z4] and on the square G> of the algebra G4. In the sequel
we equip K|[Yy], K[Z4], and G with this action of GLg.
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Lemma 3.1. As a multigraded vector space the square FdQ of the free bi-
commutative algebra Fy is isomorphic to the tensor product w(K[Yy]) @w(K[Z4]),
where w is the augmentation ideal of the polynomial algebra, i.e., the ideal of poly-
nomials without constant term. As a GLg-module F3 is isomorphic to the direct
sum of tensor products

D Wip) @ W(g).
p,q>1

Proof. We identify the monomial Y'Z5 € K[Yy, Z4) with Y @ Z €
K[Y;) ® K[Z4]. Then the first part of the lemma is simply a restatement of the
fact that the image of F7 under the action of ¢ has a basis {YdaZg | |, |B] >
0}. The second part of the lemma holds because the GLj-module K [Yd](p) of
the homogeneous polynomials of degree p in K[Yy| is isomorphic to W (p) and
similarly for K|[Z] @ o

Proposition 3.2 ([13]). The cocharacter sequence of the variety B of all
bicommutative algebras is

Xn(B) = Z m()q,)\g)(%)xo\l,)\g)u
(A1, 2)Fn
where
m(l)(%) =1,
mepy(B)=n—-1, n>1,
M) (B) =n—2X+1, A3 >0.

Proof. The multiplicities of the irreducible S,-characters in the cochar-
acter sequence (3) and of the irreducible GL4-modules of the homogeneous com-

ponent F an) of degree n of the free algebra F,; in (2) are the same for d > n.
Hence we may work in Fy; instead of with x,(*8). Since the case n =1 is trivial,
we shall assume that n > 1. By Lemma 3.1 and the Young rule (4) we derive
that the only nontrivial multiplicities my(B) are for A = (A1, A2). Then m)(B) is
equal to the number of tensor products W (p) @ W (q) which contain an isomorphic
copy of W(A) as a submodule. For A = (n) there are n — 1 possibilities

W) @Wn—-1),W2)eW(mn-2),..., W(n-1) W(1),
i.e., m)(B) =n — 1. For A = (A1, A2) with Ag > 0 the possibilities are
W) @W(n—X), W +1)@W(n—XA—1),..., W(n—X) ® W(A2),
which gives m(y; ,)(B) =n — 2\ + 1. O
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Lemma 3.3. The following polynomials wg\k) form a mazximal linearly
independent system of highest weight vectors of the GLg-submodules W () in Gfl:

wgf]) =yl =12, n—1,

(7)

. . A —Xo—7] . .
ng) = y{(?JlZQ _yZZl))\Qle =010 = g, if A > 0.

Proof. For a fixed \ the elements (7) are linearly independent because
are nonzero and of pairwise different degree in y;. They are of degree \; with
respect to y1, 21 and of degree Ay with respect to yo, z5. By Proposition 3.2 the
multiplicities of W(n) and W()\), A = (A, A2) F n, in G3 are, respectively,

My (B) =n —1and mp, \,)(B) =n—2X+1=X 1 — A+ 1.

Hence their number coincides with the number of polynomials in (7). Now, it is

sufficient to show that all wg\j ) are highest weight vectors. Applying Lemma 2.1,

this is obvious for w& )) Let A2 > 0. The analogue Ay,_sy, 2,2, of the derivation
Ay,—se, acting on K[Yy, Z,] sends y1,21 to 0 and y9, 22 to y1, 21, respectively.

Obviously

AQ*lzi\l_)\Q_]A

Ayysyr sz (ng)) = Xyl (y122—y221) yasy1,za—z (Y122—Y221) = 0

and all wf\j ) are highest weight vectors. O

4. Subvarieties. In this section we assume that 2 is a proper subvariety
of B and U satisfies a nontrivial polynomial identity f = 0 of degree k, where
0 # f(X4) € FF = F(*B). Since the case k = 1 is trivial we shall assume that
k > 2. In the sequel we shall work mainly in the isomorphic copies G and G4 of
the algebras F' and Fj instead of in F' and Fy. Identifying F' and F,; with their
isomorphic copies, we shall denote the corresponding elements with the same
symbols. In particular, if f(Xy) € F7 we shall write f(Yy, Zq) € G2 and vise
versa. Since the GLg-module generated by f contains an irreducible submodule
W (), there exists a highest weight vector w) such that the polynomial identity
wy = 0 follows from the polynomial identity f = 0. Hence we may assume that ‘U
satisfies some polynomial identity w)y(x1,22) = 0 for A - k. Then wy(Ys, Zs) € Go
is a linear combination of the highest weight vectors in (7) and for some §; € K

k—1
Wy = ijy{zfﬁ, for A = (k),
j=1

wiy = (122 — 4221)2 Y &yl 7 for A= (A1, A2), Ae > 0.
=0
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If f(Xg4) € Fy is multihomogeneous then its partial linearization lin,, f(Xg) in
x; is the component of degree deg, —1 with respect to wz; of the polynomial
f(xy, o 2 + 21, ..., 2q) € Fypr. If Ay, sy, is the derivation of Fyyq which
sends x; to x441 and the other z; to 0, then

hna:if(Xd) = (lin$if)(Xd+1) = A:vi—>$d+1(f(Xd))'

If w € F then (ling, f)(z1,...,x4,u) can be expressed in terms of derivations as

(ling, f)(x1, ..., xq,u) = Ag, 0 (f(Xa)),

where Ay, is the derivation of F' sending x; to u and all other generators x;
to 0. The action of the analogue of Amiaxd“ on G? is clear: It sends y; and z;,
respectively, to y441 and 2441 and all other variables y; and z; to 0. We denote
this derivation by Ay, sy, 2 2,,,- Now we shall translate the action of dy;
on F2 u € F?, in the language of G and the usual partial derivatives.

Lemma 4.1. Let u € K[Y, Z] be in the image G* C K[Y,Z] of F?. Let
Ay, z—u be the derivation of K[Y,Z] which sends the variables y;, z; to u and
the other variables to 0. If f(Xy) € F? is multihomogeneous, then the image of
(ling, f) (1, ..., xq,u) in G* is

of | of
Ay = — | u.
yz,Zz‘)u(f) (ayz + 822> U
Proof. It is sufficient to consider the case when f and u are monomials
and i = 1:

_ (01, b1 00 aq _ B Ba
f_(yl 21 )’Ul’Ug,Ul—yQ o Yg V2 =297 2,

ap+p/>al=a1+as+-+ag>0,8 =+ P2+ +Ba>0,
u=Y]Z3 1y > 0,8 > 0.
Then

1 1
Ayisyairmszans (F) = @1y yasrzr + By 27 zagn vrve

_of, L9,
= aylyd-i-l ) d+1,

0
In virtue of (6) we may assume that the preimage 1! (a—fde) in F, d2 1 is of the
Y1

form o (- (xg412j,) - -+ ), where the dots before and after (zq4412;,) correspond



Varieties of bicommutative algebras 177

to the beginning and the end of the element in the form (5). Since u € F? we
obtain that

lon (- (uzy) ) = ar(-+ (Y] Z525,) ) = g—i“-
Similarly of
Y(B1( (wiu) ) = Bl (y"PYdng) )= 9z -

Lemma 4.2. If0 # f € W(\1,\2) C F(*B), then all polynomial identities

() = 0 with po > A1 are consequences of the polynomial identity f = 0.

O ,2)

Proof. As commented in the beginning of the section, we may assume
that f = w) is a highest weight vector in W (A1, A2) C F». Hence, working in Go
instead of in Fy, w) has the form (8), i.e.,

. s
wy = ijng) = (22— 2™ Y &yl TG 0.
Jjzp Jjzp

First, let p > 0, i.e., wy is divisible by y¥. The partial linearizations of the identity
wy = 0 are its consequences. Hence Ay, _,y, » -5, (wy) = 0 which has the form

1 M—ha—j N A —Aa—j—
(122 — 1220)™ Y &0yl yaz T 4+ (= A — )yl T T ) =0
Jjzp

is also a consequence of wy = 0 and the same holds for
WA, Ao+1) = Ay1—>y2,21—>22 (w)\)zl - ()\1 - )\2)w)\22

) P A—da—j—1
= —(y122 — yoz1) 2T Z (J+D&pyiz 277 =0
jzp—1

We obtained that w(y, x,4+1) = 0 is a consequence of wy, »,) = 0. It is divisible

by ¥"~! but is not divisible by y?. Continuing in this way we shall reach a
consequence

= A2+p ; A—A2—p _
Wn dotp) = (Y122 — y221) 2 P51Ep 27 —0.

Now the consequence

ylAylﬁyQ,Zlﬁzz (w()q,)\g-i-p)) - yQ()‘l — A2+ p)w()\1,>\2+p) =0
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1—A2—p—1

is of the form w(y; x,4p+1) = 0 and is divisible by zf‘ only. Continuing

the process we shall obtain as a consequence

W(ry ) = (y129 — Z/2Zl)/\l = wg)l,m-

Since all w" with ps > A1 are divisible by w® and hence are its conse-
(}Ll,,UQ) (>\1’)\1)
quences, we complete the proof. O
Corollary 4.3. If0 # f € F is of degree k then all identities wgi)l o) = 0

with po > k follow from the identity f = 0.

Proof. The statement follows immediately from Lemma 4.2 because if
()\1,)\2) Fk, then A\ < k. O

Lemma 4.4. The polynomial identity wgz)k) = (y122 — ygzl)k =0 has as
consequences all identities

(y120) (g1 — 21)Fw() = 0

fO?" all w= (#1)#2) and a”j = 0) 17 SN 5 Ry
Proof. We apply the derivation Ay, ., .y, -, and obtain as a consequence

of the identity wgg?k) = 0 the identity

0 0 0
Ay2,Z2—>y121 (wgk?k)) = Y121 <8—y2 + a—,22> (y122 — Z/QZl)k

_ 0 0
= ky121(y129 — y221)F ! <8—y2 + 8—,22> (Y122 — Y221)

= ky121(y1 — 21)(y122 — y2z1)* 1 = 0.

Continuing in this way we obtain

0
Alyﬂz,@%ym (wgk)k)) = kl(y121)" (1 — 21)" = 0

k

which gives that (y121)*(y1 — 21) wl(f) =0 for all y and all 5. O

Corollary 4.5. The variety B is generated by its one-generated free al-
gebra Fi(%B).
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Proof. If var(F1(%8)) # B, then by Lemma 4.2 the algebra F(B) satis-

fies some identity wgg)k) and by Lemma 4.4 satisfies the identity (y121)*(y1—21)" =

0 in one variable. This means that (y121)*(y1 — 21)F = 0 in F (%) which is im-
possible. O

The following theorem is the first main result of our paper.

Theorem 4.6. If ‘0 is a proper subvariety of the variety B of all bicom-
mutative algebras such that U satisfies a polynomial identity f = 0 of degree k,
0+# f € F(B), then ¢, (V) is bounded by a polynomial of degree k — 1.

Proof. Let

(9) Xn(B) =Y mA(B)xn, n=12,...,
AFn

be the cocharacter sequence of 2. By Proposition 3.2 the summation in (9) runs
on A = (A1, A2) - n. By Corollary 4.3 we obtain that my, »,) () = 0 for Ay > k.
If )\1 — )\2 S 3k — 1, then

m()\l’)a)(‘n) < m(,\17,\2)(’3) <A — X +1<3k.
Now, let Ay — Ao > 3k. By Lemma 4.4, the variety U satisfies the identities
wj = (y121) (1 —20)F (Y12 —y221) 2yl 27T =0, 5 =0,1,..., - Xo—3k.

All wj, j = 0,1,...,A\1 — A2 — 3k, are linearly independent in F»(8) and are
highest weight vectors for GLg-submodules of F5(®8). Hence the multiplicity
m(*0) satisfies the inequality

mA(*ZI)§m,\(SB)—()\1—)\2—3k+1):()\1—)\2+1)—()\1—)\2—3k—|—1):3k.

Hence (9) satisfies the inequality

k—1
Xn(T) = Z mA(D)X (a1 00) < 3EX (n—j,5)-
(A1,A2)Fn J=0
A<k
We obtain that the codimension sequence ¢, (B), n = 1,2,..., satisfies
k—1

<.
I
o

which by Lemma 2.2 is a polynomial of degree k — 1. O
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Remark 4.7. We may precise Corollary 4.3: If 2 C B satisfies an iden-
tity wy = 0 of degree k and Ag > 0in A = (A, A2) F k, then \y <k —1and U
satisfies all identities wl(f) = 0 for = (p1, o) and ps > k— 1. Hence in this case
¢n (V) is bounded by a polynomial of degree k — 2.

Example 4.8. The bound by a polynomial of degree k£ — 2 in Remark
4.7 is sharp. Let U be the subvariety of 6 defined by the polynomial identity of
right nilpotency (--- ((x1x2)x3) - )z = 0. It is easy to see that the image in G

of the T-ideal T'(0) of the identities of U is generated as an ordinary two-sided

ideal by the products ¥;, z;, - - - 2;,. Hence if us > k — 1, then all wgi)l o

) belong
to this T-ideal and

(n—2k+4) n—2k+4

Wip—k+2,k-2) — Y1 (Y122 — y221)k_2

does not belong to this ideal. Hence ¢, (0) > d(,—j2,—2) Which is a polynomial
of degree k — 2. We do not know whether there exists a variety U C B satisfying
a polynomial identity in one variable of degree k such that ¢, () grows as a
polynomial of degree k — 1.

5. Two-dimensional algebras. The classification of all two-dimen-
sional algebras can be traced back to the two-dimensional part of the classifica-
tion project in the seminal book by B. Peirce [25] published lithographically in
1870 in a small number of copies for distribution among his friends and then
reprinted posthumously in 1881 with addenda of his son C. S. Peirce. (See
Grattan—Guinness [21] for the contributions of Peirce.) Starting in 2000 with
the paper by Petersson [26] (which contains also the history of the classification)
and the paper by Anan’in and Mironov [3] there are several papers containing
different kinds of classification of two-dimensional algebras — by Goze and Remm
[20], Ahmed, Bekbaev, and Rakhimov [1], Rausch de Traubenberg and Slupinski
[27], Kaygorodov and Volkov [22]. Concerning the polynomial identities of two-
dimensional algebras, Giambruno, Mishchenko, and Zaicev [15] proved that the
growth of the codimension sequence ¢,(A) of such an algebra A over a field of
characteristic 0 is either linear (and bounded by n + 1) or grows exponentially
as 2".

In this section we shall study the polynomial identities of two-dimensional
bicommutative algebras over an arbitrary field of characteristic 0. It is well known
that if A is an algebra over an infinite field K then the K-algebra A and the FE-
algebra ' ®x A have the same bases of polynomial identities for any extension E
of K. More precisely, if { f;} € K{X} is a basis of the polynomial identities of the
K-algebra A, then {1® f;} C E®x K{X} = E{X} is a basis of the polynomial
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identities of the E-algebra F @k A. Hence in the sequel we may assume that the
field K is algebraically closed.

The classification of all two-dimensional bicommutative algebras over an
arbitrary algebraically closed field of any characteristic is given by Kaygorodov
and Volkov in [22]:

Theorem 5.1. When the base field K is algebraically closed any two-
dimensional bicommutative algebra with nontrivial multiplication is isomorphic
to one of the seven algebras

(10) {A3,B2(0),B2(1),D(0,0),D2(1,1),D2(0,0),E;(0,0,0,0)},

where the algebras have bases {e1,ea} and multiplication tables given below:

As: eje; = ez, ejea =0, ee; =0, eger=0;
BQ(O) : €1er = 0, €1y = €1, €9€1 = 0, €9€g = 0;
Bg(l) €1€e1 = O, €1€9 = 0, €2€1 = €1, €g9€9 = O;
Dl(0,0) : €1e] = €1, €1€2 =e€1, €261 = 0, €9€g = 0;
Dy(1,1) : e1e] =e1, e1eg =eg, ege)] = e, egeg =0
DQ(0,0) : €1€] = €1, €1€2 = 0, €o€1 = 0, €96y = 0;

El(0,0,0,0) . €e1e;p =e1, €16 = 0, €g€e1 = 0, €9€9 = €9.

Remark 5.2. In the classification of two-dimensional bicommutative al-
gebras given in the preliminary version of [22, Section 7.2] there is one more
algebra D;(1,0). This algebra is isomorphic to the algebra D(0,0) because in
[22, Table 1] the pairs (0,0) and (1, 0) belong to the same orbit of the cyclic group
of order 2 generated by o, where

%(,f)=(1—a+p.8), (ap) ek

The algebra A3 is commutative and nilpotent of class 3. Hence the T-ideal
of its polynomial identities is generated by

139 = Tox1, (T172)73 =10
and the cocharacter sequence of Ag is
Xl(A3) = XQ1)» XQ(A3) = X(2)» Xn(A?)) =0, n=34,....

Similarly, the algebras Ds(1,1),D2(0,0), and E;(0,0,0,0) are associative-com-
mutative, have the same bases of polynomial identities consisting of

1T = x2x1, (T172)T3 = 21(T223)
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and their cocharacter sequence is
cn(D2(1,1)) = ¢,(D2(0,0)) = ¢, (E1(0,0,0,0)) = x(n)y, n=1,2,....

Hence to complete the description of the polynomial identities of two-dimensional
bicommutative algebras it is sufficient to handle the cases A = By(0),Ba(1),
D;(0,0). These three algebras satisfy the condition dim A> = 1. For our pur-
poses it is more convenient to have another presentation of the algebras. The
next proposition shows that over any field of characteristic 0 the two-dimensional
bicommutative algebras A with dim A2 =1 are in the list of Theorem 5.1.

Proposition 5.3. Over an arbitrary field K of characteristic 0 there
are only five nonisomorphic two-dimensional bicommutative algebras A such that
dim A% = 1. They are one-generated and isomorphic to the algebras

(11) Ao, A1, 40,1, A0, Ar,—1,

where the algebra Ar , is with multiplication given in (1). The five algebras in
(11) are isomorphic, respectively, to the algebras

A3,D5(0,0),B2(0),B2(1), D1(0,0)

from the list in (10).

Proof. Let A have a basis {a,b}, where a € A\ A%, b e A% If a® # 0,
then a® = ab, 0 # a € K. Hence A is generated by a and has a basis {a, aQ}.

Now, let > = 0. If ab = 8b # 0, 0 # 3 € K, then the identity of
right-commutativity gives

Bba = (ab)a = (aa)b =0,
and hence ba = 0. Let b> = b, v € K. Then for n € K
(a+nb)* = n(B + )b
and we always can choose 77 in a way to have (a + nb)? # 0. Again A is one
generated and has a basis {a 4 1b, (a + nb)?}. Similarly, if ba # 0, then ab = 0
and again A is one-generated.

Hence we may assume that A has a basis {r,7%}. Let

rr? = 71'7“2,7”27” = gr2, w0 € K.
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Then the right-commutativity implies

2.2

r2r? = (rr)r?

= (rr®)r = mrr = mor?.

Hence the multiplication of the algebra A is as of the algebra A4, in (1). Let
m =0, o # 0. If we replace the generator r by r = ory, then

Pr=o?, &= oo, rin =,
ie., Agp = Ap,1. Similarly, Aro = Ajo. If 7 = o # 0, then the change of the
generator r with r = wr; gives that

r2r =mr?, w3ty = onrd, rieg =03 =02,
and Ay » = Ay 1. Finally, let m # o be different from 0. We fix solutions £ and 7
of the linear system

m(€+on) =1, of§+mm)=-1
Then r = &r + nr? satisfies the conditions

1
1= (E+m)(E+ on)r® = —W—QTQ,

1 1
rirf = = (&)t = (€ +no)r’ = w(§ +neri =,

KT

rire = (€ +mn)ri = —rf,

i.e., Aﬂ—,g = Al,—l'
The isomorphisms between the algebras Ag, A1,1, Ao,1,A1,0, A1,—1 and,
respectively, the algebras Az, D2(0,0),B2(0),B2(1),D;(0,0) are given as follows:

Apo = As: T — eq, r — e9;
A1 =D5(0,0): 17— e +eg, r? = eq;
Ap1 = By(0) : r— e +ey, 12— eq;
Ao =By(1): r— e +ey, 12— eq;
A1 =Dq(0,0): 7 — e — 2e, r2 = —ey. a

The next theorem gives bases for the polynomial identities and the cochar-
acter sequences of the three nonassociative algebras Ag 1, A1,0,A41,—1.
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Theorem 5.4. (i) As subvarieties of the variety B of all bicommuta-
tive algebras the varieties var(Ap,1) and var(A; o) generated by the algebras Ao
and Ay are defined by the identities of left-nilpotency x1(x2x3) = 0 and right-
nilpotency (z1x2)xs = 0, respectively. Their cocharacter and codimension se-
quences coincide and are

x1(40,1) = x1(A10) = X(1)s Xn(A0,1) = X(m) + X(n-1,1), " =2,3,...,
Cn(A(),l) :Cn(Al,O) =n, n = 1,2,....

(ii) The algebra A1 _1 generates the whole variety B.

Proof. (i) Clearly the algebra Ag; satisfies the polynomial identity
x1(xax3) = 0. The origins in F' = F(B) of the polynomials wg\]) from (7) have
the form

wi) (@) =21 (- (@ (@ ar) - )wy) -+,

7 times n—j times

wd) sy @1,22) = 21 aa (- (@i — 2a2)™ 3)- oy ).

7 times A1—A2—j times

Obviously ng)l,kz) follows from x1 (zex3) =0for A\=(n), j=2,...,n—1,n >3,
for A\ =(n—-1,1), 5 =1,...,n—2, and for A = (A1, A2), A2 > 2. On the other
hand wEl))( ) =12 #£0, w n) 1 1)(7“, r2) = —r? # 0. This shows that the identities
of Ag,1 follow from 331(332333) =0, x1(A0,1) = X1)» Xn(A0,1) = X(n) + X(n-1,1)
n=2,3,...,and ¢,(Ap1) =n,n=1,2,.... The proof for A, is similar.

(ii) By Corollary 4.5 it is sufficient to show that the algebra A; _; does
not satisfy an identity in one variable. Let

W) (Y1, 21) ng y1721 § € K,

be a polynomial in G which corresponds to a homogeneous polynomial identity
f(xz1) = 0 in one variable and of degree n > 2, 0 # f(z1) € F(8B). We shall
evaluate f(z1) on all vr + 0r? € A1, 7,6 € K. Since

(yr + 0r%)% = (42 — 6°)r?

(vr +0r%) - (yr + 0r?)? = (y = 8)(7* — 6%)r®
(7 +0r2) - (yr + 0r%) = = (7 + 0)(v* — 8%)r?



Varieties of bicommutative algebras 185

we obtain that the evaluation of the proimage of wgl )) (y1,21) on yr + dr? is equal
to
()" =) (= Y Ty + 0 T = ()TN = ) (54 )"
Hence
Flr+6r%) = (=1)" () (§ — 7,6 +7)r? = 0.

When ~ and § run on the whole field K the same holds for 6 — v and § + ~.
Therefore the polynomial w(,)(y1,21) vanishes evaluated on the infinite field K
and hence is identically equal to 0. This means that A; _; does not satisfy any
polynomial identity in one variable and hence generates the whole variety 8. O

The following easy lemma gives an upper bound for the codimensions of a

finite dimensional algebra. It makes more precise the bound for the codimensions
established for graded algebras in [4] and independently in [19].

Lemma 5.5. Let A be a finite dimensional algebra and let k be a positive
integer. Then for allm > k

cn(A) < dim(A*) dim™(A).

Proof. Let dim(A) = p and dim(A*) = ¢q. We fix a basis {ry,...,7,} of
AF and extend it to a basis {ry,...,7,} of A. We consider the multilinear identity

@) =) Loy @y ) Tam) =0, o) €K,
(o)

where the summation runs on all permutations ¢ € S,, and all possible bracket
decompositions. Clearly, f(z1,...,x,) = 0 is a polynomial identity for A if and
only if f(r4,,...,r,) = 0 for all possible choices of the basis elements r;,,...,7;,.
Since deg(f) = n and n > k the evaluations of f(zy,...,x,) on R belong to A*,
Let

q
f(’l“il, . 7Tin) = ij(?”il, . ,’I”in)T‘j,
7=1

where f;(ri,,...,7i,) € K are linear functions in the coefficients §(,y. Considering
§(o) @s unknowns, we obtain the linear homogeneous system

fi(rig, .o ori) =0, ri,..o,m, €{r,...,mp1i=1,...,q

The system has n!C,, unknowns, where C,, is the n-th Catalan number (equal to
the number of the bracket decompositions). Since the codimension ¢, (A) is equal
to the rank of the system and the system has gp" equations, its rank is less or
equal to gp" and the same holds for the n-th codimension ¢, (A). O
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Remark 5.6. It was shown in [15] that if the two-dimensional algebra A
has a one-dimensional nilpotent ideal, then ¢,(A) < n+1. The algebras Ag; and
A o satisfy this condition and Theorem 5.4 (i) shows that their codimensions are
very close to the upper bound. For the algebra A; _; the results in [15] give that

n

2

-3 S cn(Ar-) < 2"+,

Since dim(A;,_1) = 2 and dim(A} ;) = 1 Lemma 5.5 implies ¢, (41, 1) < 2™
By [13] and Theorem 5.4 (ii) we have that ¢,(A1—1) = ¢, (B) = 2" — 2. Again,
this is very close to the upper bound 2".
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