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Abstract
This paper studies second order elliptic equations in both divergence and non-
divergence forms with measurable complex valued principle coe�cients and
measurable complex valued potentials. The PDE operators can be considered
as generalized Schr�odinger operators. Under some su�cient conditions, we
prove existence, uniqueness, and regularity estimates in Sobolev spaces for
solutions to the equations. We particularly show that the non-zero imaginary
parts of the potentials are the main mechanisms that control the solutions.
Our results can be considered as limiting absorption principle for Schr�odinger
operators with measurable coe�cients and they could be useful in applications.
The approach is based on the perturbation technique that freezes the potentials.
The results of the paper not only generalize known results but also provide a
key ingredient for the study of Lp-di�usion phenomena for dissipative wave
equations.

Àáñòðàêò
Òàçè ñòàòèÿ èçó÷àâà åëèïòè÷íè óðàâíåíèÿ îò âòîðè ðåä, êàêòî â äèâåð-
ãåíòíè òàêà è â íåäèâåðãåíòíè ôîðìè, ñ èçìåðèìè êîìïëåêñíè êîåôè-
öèåíòè íà ãëàâíàòà ÷àñò è ñ èçìåðèìè êîìïëåêñíè ïîòåíöèàëè. Òàêèâà
÷àñòíè äèôåðåíöèàëíè îïåðàòîðè ìîãàò äà ñå ðàçãëåæäàò êàòî îáîáùå-
íè îïåðàòîðè íà Schr�odinger. Ïðè íÿêîè äîñòàòú÷íè óñëîâèÿ, äîêàçâà-
ìå ñúùåñòâóâàíå è åäèíñòâåíîñò è ñúùî òàêà èçâåæäàìå îöåíêè çà ðå-
øåíèÿòà íà óðàâíåíèåòî â ïðîñòðàíñòâàòà íà Ñîáîëåâ. Äîêàçâàìå, ÷å
íåíóëåâèòå êîìïëåêñíè ÷àñòè íà ïîòåíöèàëèòå îïðåäåëÿò ïîâåäåíèåòî
íà ðåøåíèÿòà. Íàøèòå ðåçóëòàòè ìîãàò äà ñå ðàçãëåæäàò êàòî "limiting
absorption principle"çà îïåðàòîðèòå íà Øðüîäèíãåð ñ èçìåðèìè êîåôèöè-
åíòè è êàòî òàêèâà èìàò ïðèëîæåíèÿ. Ïîäõîäúò ñå îñíîâàâà íà òåõíèêàòà
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íà ïåðòóðáàöèèòå, êîÿòî "çàìðàçÿâà"ïîòåíöèàëèòå. Ðåçóëòàòèòå îò ñòà-
òèÿòà íå ñàìî îáîáùàâàò âå÷å èçâåñòíè ðåçóëòàòè, íî ñúùî òàêà äîáàâÿò
êëþ÷îâà ñúñòàâêà çà èçñëåäâàíå íà Lp - äèôóçèîííè ÿâëåíèÿ çà äèñèïà-
òèâíèòå âúëíîâè óðàâíåíèÿ.

2. Wakasa, Kyouhei and Borislav Yordanov, On the nonexistence of
global solutions for critical semilinear wave equations with damping
in the scattering case, Nonlinear Analysis 180 (2019): 67-74.

Abstract
We consider the Cauchy problem for semilinear wave equations with variable
coe�cients and time-dependent scattering damping in Rn, where n ≥ 2. It is
expected that the critical exponent will be Strauss' number p0(n), which is
also the one for semilinear wave equations without damping terms. Lai and
Takamura (2018) have obtained the blow-up part, together with the upper
bound of lifespan, in the sub-critical case p < p0(n). In this paper, we extend
their results to the critical case p = p0(n). The proof is based on Wakasa
and Yordanov, which concerns the blow-up and upper bound of lifespan for
critical semilinear wave equations with variable coe�cients.

Àáñòðàêò
Èçó÷àâàìå çàäà÷àòà íà Êîøè çà ïîëóëèíåéíè âúëíîâè óðàâíåíèÿ ñ ïðî-
ìåíëèâè êîåôèöèåíòè è çàâèñèìo îò âðåìåòî ðàçñåéâàùî çàòèõâàíå â Rn,
êúäåòî n ≥ 2. Â òîçè ñëó÷àé ñå î÷àêâà, ÷å êðèòè÷íàòà ñòåïåí å ÷èñëî-
òî íà Ùðàóñ p0(n). Òàçè ñòåïåí å ñúøàòà è çà ïîëóëèíåéíèòå âúëíîâè
óðàâíåíèÿ áåç çàòèõâàíå. Lai è Takamura (2018) ñà ïîëó÷èëè ðåçóëòàò çà
èçáóõâàíå íà ðåøåíèåòî êàêòî è ãîðíàòà ãðàíèöà íà âðåìåòî íà íåãîâîòî
ñúùåñòóâàíå â ïîäêðèòè÷íèÿ ñëó÷àé p < p0(n). Â òàçè ñòàòèÿ íèå îáîá-
ùàâàìå òåçè ðåçóëòàòè, êàòî âêëþ÷âàìå è êðèòè÷íèÿ ñëó÷àé p = p0(n).
Äîêàçàòåëñòâîòî ñå îñíîâàâà íà ïðåäèøíà ðàáîòà íà Wakasa è Yordanov,
êîÿòî ñå çàíèìàâà ñ èçáóõâàíåòî íà ðåøåíèÿòà è ãîðíèòå ãðàíèöè íà
âðåìåòî íà ñúùåñòóâàíå çà êðèòè÷íè ïîëóëèíåéíè âúëíîâè óðàâíåíèÿ ñ
ïðîìåíëèâè êîåôèöèåíòè.

3. Wakasa, Kyouhei, and Borislav Yordanov, Blow-up of solutions
to critical semilinear wave equations with variable coe�cients, Journal
of Di�erential Equations 266.9 (2019): 5360-5376.
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Abstract
We verify the critical case p = p0(n) of Strauss' conjecture concerning the
blow-up of solutions to semilinear wave equations with variable coe�cients
in Rn, where n ≥ 2. The perturbations of Laplace operator are assumed
to be smooth and decay exponentially fast at in�nity. We also obtain a
sharp lifespan upper bound for solutions with compactly supported data
when p = p0(n). The uni�ed approach to blow-up problems in all dimensions
combines several classical ideas in order to generalize and simplify the method
of Zhou, Zhou and Han: exponential eigenfunctions of the Laplacian are
used to construct the test function φq for linear wave equation with variable
coe�cients and John's method of iterations is augmented with the �slicing
method� of Agemi, Kurokawa and Takamura for lower bounds in the critical
case.

Àáñòðàêò
Óñòàíîâÿâàìå êðèòè÷íèÿ ñëó÷àé íà õèïîòåçàòà íà Ùðàóñ îòíîñíî èç-
áóõâàíåòî íà ðåøåíèÿòà íà ïîëóëèíåéíè âúëíîâè óðàâíåíèÿ ñ ïðîìåí-
ëèâè êîåôèöèåíòè â Rn, êúäåòî n ≥ 2. Ïðåäïîëàãàìå, ÷å ñìóùåíèÿòà
íà îïåðàòîðà íà Ëàïëàñ ñà ãëàäêè è íàìàëÿâàò åêñïîíåíöèàëíî áúðçî
íà áåçêðàéíîñò. Ñúùî òàêà ïîëó÷àâàìå òî÷íà ãîðíà ãðàíèöà çà âðåìåòî
íà ñúùåñòâóâàíå íà ðåøåíèÿòà ïðè äàííè ñ êîìïàêòåí íîñèòåë êîãàòî
p = p0(n). Åäèííèÿò ïîäõîä êúì ïðîáëåìà çà èçáóõâàíå íà ðåøåíèÿ âúâ
âñè÷êè èçìåðåíèÿ êîìáèíèðà íÿêîëêî êëàñè÷åñêè èäåè çà äà îáîáùè è
îïðîñòè ìåòîäà íà Zhou, Zhou è Han: èçïîëçâàò ñå åêñïîíåíöèàëíè ñîá-
ñòâåíè ôóíêöèè íà Ëàïëàñèàíà çà äà ñå êîíñòðóèðà òåñòîâà ôóíêöèÿ φq
çà ëèíåéíîòî âúëíîâî óðàâíåíèå ñ ïðîìåíëèâè êîåôèöèåíòè è ìåòîäúò
íà èòåðàöèèòå íà Äæîí ñå äîïúëâà ñ ìåòîäà íà "íàðÿçâàíåòî"íà Agemi,
Kurokawa è Takamura çà äîëíè ãðàíèöè íà âðåìåòî íà ñúùåñòâóâàíå â
êðèòè÷íèÿ ñëó÷àé.

4. Wakasa, Kyouhei, and Borislav Yordanov, On the energy decay
for dissipative nonlinear wave equations in one space dimension,
Journal of Mathematical Analysis and Applications 455.2 (2017):
1317-1322.

Abstract
The energy decay problem is studied for the nonlinear dissipative wave equation
in one space dimension. It is shown by Mochizuki and Motai that the decay
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rate is at least logarithmic when the exponent of the nonlinearity is greater
than one and less than three. In this paper, an improvement is found which
implies a polynomial decay rate for the same range of exponents.

Àáñòðàêò
Â òàçè ðàáîòà íèå èçó÷àâàìå çàäà÷àòà çà íàìàëÿâàíå íà åíåðãèÿòà íà
íåëèíåéíîòî äèñèïàòèâíî âúëíîâî óðàâíåíèå â ðàçìåðíîñò åäíî. Èçâåñò-
íî å îò Mochizuki è Motai, ÷å ñêîðîñòòà íà íàìàëÿâàíå å ïîíå ëîãàðèò-
ìè÷íà êîãàòî ñòåïåíòà íà íåëèíåéíîñòòà å ìåæäó åäíî è òðè. Â òàçè
ñòàòèÿ íèå ïîäîáðÿâàìå ðåçóëòàòúò èì, êîåòî ïîêàçâàìå ïîëèíîìíà ñêî-
ðîâñò íà íàìàëÿâàíå çà ñúùèÿ èíòåðâàë îò ñòåïåíè.

5. Wakasa, Kyouhei, and Borislav Yordanov, Global regularity for
supercritical nonlinear dissipative wave equations in 3D, Nonlinear
Analysis: Theory, Methods and Applications 152 (2017): 183-195.

Abstract
The nonlinear wave equation utt−∆u+ |ut|p−1ut = 0 is shown to be globally
well-posed in the Sobolev spaces of radially symmetric functions Hk

rad(R
3)×

Hk−1
rad (R3) for all p ≥ 3 and k ≥ 3. Moreover, global C∞ solutions are obtained

when the initial data are C∞0 and exponent p is an odd integer.
The radial symmetry allows a reduction to the one-dimensional case where
an important observation of Haraux (2009) can be applied, i.e., dissipative
nonlinear wave equations contract initial data in W k,q(R) ×W k−1,q(R) for
all k ∈ [1, 2] and q ∈ [1,∞].

Àáñòðàêò
Äîêàçâàìå, ÷å íåëèíåéíîòî âúëíîâî óðàâíåíèå utt − ∆u + |ut|p−1ut = 0
èìà åäèíñòâåíî ãëîáàëíî ðåøåíèå â Ñîáîëåâè ïðîñòðàíñòâà îò ðàäèàëíî
ñèìåòðè÷íè ôóíêöèè Hk

rad(R
3) × Hk−1

rad (R3) çà âñè÷êè p ≥ 3 and k ≥ 3.
Ãëîáàëíè C∞ ðåøåíèÿ ñå ïîëó÷àâàò, êîãàòî íà÷àëíèòå äàííè ñà C∞0 è
ñòåïåíòà p å íå÷åòíî öÿëî ÷èñëî.
Ðàäèàëíàòàòà ñèìåòðèÿ ïîçâîëÿâà ðåäóöèðàíå äî åäíîìåðíèÿ ñëó÷àé,
êúäåòî åäèí âàæåí ðåçóëòàò íà Haraux (2009) ìîæå äà áúäå èçïîëçâàí,
à èììåíî äèñèïàòèâíèòå âúëíîâè óðàâíåíèÿ íàìàëÿâàò íîðìèòå íà íà-
÷àëíèòå äàííè â W k,q(R)×W k−1,q(R) çà âñÿêî k ∈ [1, 2] è q ∈ [1,∞].
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6. Radu, Petronela, Grozdena Todorova, and Borislav Yordanov,
The generalized di�usion phenomenon and applications, SIAM Journal
on Mathematical Analysis 48.1 (2016): 174-203.

Abstract
We study the asymptotic behavior of solutions to dissipative wave equations
involving two noncommuting self-adjoint operators in a Hilbert space. The
main result is that the abstract di�usion phenomenon takes place. Thus
solutions of such equations approach solutions of di�usion equations at large
times. When the di�usion semigroup has the Markov property and satis�es a
Nash-type inequality, we obtain precise estimates for the consecutive di�usion
approximations and remainders. We present several important applications
including sharp decay estimates for dissipative hyperbolic equations with
variable coe�cients on an exterior domain. In the nonlocal case we obtain
the �rst decay estimates for nonlocal wave equations with damping; the decay
rates are sharp.

Àáñòðàêò
Èçó÷àâàìå àñèìïòîòè÷íîòî ïîâåäåíèå íà ðåøåíèÿòà íà äèñèïàòèâíè âúë-
íîâè óðàâíåíèÿ âêëþ÷âàùè äâà íåêîììóòèðàùè ñàìîñïðåãíàòè îïåðà-
òîðà â Õèëáåðòîâî ïðîñòðàíñòâî. Îñíîâíèÿò ðåçóëòàò å, ÷å ñå íàáëþäà-
âà ÿâëåíèåòî àáñòðàêòíà äèôóçèÿ. Ïî òîçè íà÷èí ðåøåíèÿòà íà òàêèâà
óðàâíåíèÿ ñå ïðèáëèæàâàò êúì ðåøåíèÿòà íà äèôóçèîííèòå óðàâíåíèÿ
çà ãîëåìè âðåìåíà. Êîãàòî äèôóçèîííàòà ïîëóãðóïà èìà ñâîéñòâîòî íà
Ìàðêîâ è óäîâëåòâîðÿâà íåðàâåíñòâî îò òèïà íà Íàø, ïîëó÷àâàìå òî÷-
íè îöåíêè çà ïîñëåäîâàòåëíèòå äèôóçèîííè ïðèáëèæåíèÿ è îñòàòú÷íèòå
÷ëåíîâå. Ïðåäñòàâÿìå íÿêîëêî âàæíè ïðèëîæåíèÿ, âêëþ÷èòåëíî òî÷íè
îöåíêè íà íàìàëÿâàíåòî íà ðåøåíèÿòà íà äèñèïàòèâíè õèïåðáîëè÷íè
óðàâíåíèÿ ñ ïðîìåíëèâè êîåôèöèåíòè âúâ âúíøíà îáëàñò. Â íåëîêàëíèÿ
ñëó÷àé, ïîëó÷àâàìå íîâè îöåíêè çà íàìàëÿâàíåòî íà ðåøåíèÿòà íà íåëî-
êàëíè âúëíîâè óðàâíåíèÿ ñúñ çàòèõâàíå. Òåçè ñêîðîñòè íà íàìàëÿâàíå
íà åíåðãèÿòà ñå îêàçâàò òî÷íè.

7. Todorova, Grozdena, and Borislav Yordanov, On the regularizing
e�ect of nonlinear damping in hyperbolic equations, Transactions
of the American Mathematical Society 367.7 (2015): 5043-5058.
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Abstract
Global well-posedness inH2(R3)×H1(R3) is shown for nonlinear wave equations
of the form utt−∆u+f(u)+g(ut) = 0, where t ∈ R+. The main assumption is
that the nonlinear damping g(ut) behaves like |ut|m−1ut with m ≥ 2 and the
defocusing nonlinearity f(u) is like |u|p−1u with p ≥ 2. The result also applies
to certain exponential functions, such as f(u) = sinhu. It is observed that
the nonlinear damping gives rise to a new monotone quantity involving the
second-order derivatives of u and leading to a priori estimates for initial data
of any size. Global well-posedness in H1(R3)×L2(R3) is shown for the same
equation in the critical case f(u) = u5 and g(ut) = |ut|2/3ut. The main tool is
a new estimate for the solution of the nonlinear equation in L4(R+, L

12(R3)).

Àáñòðàêò
Äîêàçâàìå ãëîáàëíî ñúùåñòâóâàíå è åäèíñòâåíîñò â H2(R3)×H1(R3) çà
ðåøåíèÿòà íà íåëèíåéíè âúëíîâè óðàâíåíèÿ îò âèäà utt − ∆u + f(u) +
g(ut) = 0, êúäåòî t ∈ R+. Îñíîâíîòî ïðåäïîëîæåíèå å, ÷å íåëèíåéíî-
òî çàòèõâàíå g(ut) ñå äúðæè êàòî |ut|m−1ut ñ m ≥ 2 à îòáëúñêâàùàòà
íåëèíåéíîñò f(u) íàïîäîáÿâà |u|p−1u ñ p ≥ 2. Ðåçóëòàòèòå ñå ïðèëàãàò
è êúì îïðåäåëåíè åêñïîíåíöèàëíè ôóíêöèè êàòî f(u) = sinhu. Çàáå-
ëÿçâàìå, ÷å íåëèíåéíîòî çàòèõâàíå ñúçäàâà íîâ ìîíîòîíåí ôóíêöèîíàë,
êîéòî âêëþ÷âà âòîðèòå ïðîèçâîäíè íà u è âîäè äî àïðèîðíè îöåíêè ïðè
íà÷àëíè äàííè ñ ïðîèçâîëåí ðàçìåð. Äîêàçâàìå ãëîáàëíî ñúùåñòâóâàíå
è åäèíñòâåíîñò â H1(R3)×L2(R3) çà ñúùîòî óðàâíåíèå â êðèòè÷íèÿ ñëó-
÷àé f(u) = u5 and g(ut) = |ut|2/3ut. Îñíîâíîòî íè ñðåäñòâî å åäíà íîâà
îöåíêà íà ðåøåíèÿòà íà íåëèíåéíîòî óðàâíåíèå â L4(R+, L

12(R3)).

8. Ikehata, Ryo, Grozdena Todorova, and Borislav Yordanov, Wave
equations with strong damping in Hilbert spaces, Journal of Di�erential
Equations 254.8 (2013): 3352-3368.

Abstract
We study the Cauchy problem for abstract dissipative equations in Hilbert
spaces generalizing wave equations with strong damping terms in RN or
exterior domains. Our main result is a generalized di�usion phenomenon: the
long time asymptotics of strongly damped wave equations is a combination
of solutions of di�usion and wave equations. In particular, we obtain sharp
decay estimates. The proofs rely on the energy method in the Fourier space
and its generalization based on the spectral theorem for self-adjoint operator.
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Àáñòðàêò
Èçó÷àâàìå çàäà÷àòà íà Êîøè çà àáñòðàêòíè äèñèïàòèâíè óðàâíåíèÿ â
Xèëáåðòîâè ïðîñòðàíñòâà, êîèòî îáîáùàâàò âúëíîâè óðàâíåíèÿ ñúñ ñèë-
íà äèñèïàöèÿ â RN èëè âúâ âúíøíè îáëàñòè. Íàøèÿò îñíîâåí ðåçóë-
òàò óñòàíîâÿâà îáîáùåíà àáñòðàêòíà äèôóçèÿ: àñèìïòîòèêàòà çà ãîëåìè
âðåìåíà íà âúëíîâè óðàâíåíèÿ ñúñ ñèëíà äèñèïàöèÿ å êîìáèíàöèÿ îò
ðåøåíèÿ íà äèôóçèîííè è âúëíîâè óðàâíåíèÿ. Ïî-ñïåöèàëíî, ïîëó÷à-
âàìå òî÷íè îöåíêè çà íàìàëÿâàíåòî íà åíåðãèÿòà íà ðåøåíèÿòà. Äîêà-
çàòåëñòâàòà èçïîëçâàò åíåðãèéíèÿ ìåòîä â ïðîñòðàíñòâîòî íà Ôóðèå è
íåãîâîòî îáîáùåíèå, îñíîâàíî íà ñïåêòðàëíàòà òåîðåìà çà ñàìîñïðåãíà-
òè îïåðàòîðè.

9. Ikehata, Ryo, Grozdena Todorova, and Borislav Yordanov, Optimal
decay rate of the energy for wave equations with critical potential,
Journal of the Mathematical Society of Japan 65.1 (2013): 183-236.

Abstract
We study the long time behavior of solutions of the wave equation with a
variable damping term V (x)ut in the case of critical decay V (x) ≥ V0(1 +
|x|2)−1/2. The solutions manifest a new threshold e�ect with respect to the
size of the coe�cient V0: for 1 < V0 < N the energy decay rate is exactly
t−V0 , while for V0 ≥ N the energy decay rate coincides with the decay rate
of the corresponding parabolic problem.

Àáñòðàêò
Èçó÷àâàìå àñèìïòîòè÷íîòî ïîâåäåíèå íà ðåøåíèÿòà íà âúëíîâîòî óðàâ-
íåíèå ñ ïðîìåíëèâ äèñèïàòèâåí ÷ëåí V (x)ut â ñëó÷àÿ íà êðèòè÷íî íà-
ìàëÿâàíå V (x) ≥ V0(1 + |x|2)−1/2. Ðåøåíèÿòà ïîêàçâàò íîâî ïîâåäåíèå
çàâèñåùî îò ðàçìåðà íà êîåôèöèåíòà V0: çà 1 < V0 < N ñêîðîñòòà íà
íàìàëÿâàíå íà åíåðãèÿòà å òî÷íî t−V0 , äîêàòî çà V0 ≥ N ñêîðîñòòà íà
íàìàëÿâàíå íà åíåðãèÿòà ñúâïàäà ñ õàðàêòåðíàòà ñêîðîñò íà ñúîòâåòíàòà
ïàðàáîëè÷íà çàäà÷à.

10. Radu, Petronela, Grozdena Todorova, and Borislav Yordanov,
Di�usion phenomenon in Hilbert spaces and applications, Journal
of Di�erential Equations 250.11 (2011): 4200-4218
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Abstract
We prove an abstract version of the striking di�usion phenomenon that o�ers
a strong connection between the asymptotic behavior of abstract parabolic
and dissipative hyperbolic equations. An important aspect of our approach is
that we use in a natural way spectral analysis without involving complicated
resolvent estimates. Our proof of the di�usion phenomenon does not use the
individual behavior of solutions; instead we show that only their di�erence
matters. We estimate the Hilbert norm of the di�erence in terms of the
Hilbert norm of solutions to the parabolic problems, which allows us to
transfer the decay from the parabolic to the hyperbolic problem. The application
of these estimates to operators with Markov property combined with a weighted
Nash inequality yields explicit and sharp decay rates for hyperbolic problems
with variable (x-dependent) coe�cients in exterior domains. Our method
provides new insight in this area of extensive research which was not well
understood until now.

Àáñòðàêò
Äîêàçâàìå àáñòðàêòíà âåðñèÿ íà èíòåðåñíîòî äèôóçèîííî ÿâëåíèå, êîÿòî
ïîêàçâà ñèëíàòà âðúçêà ìåæäó àñèìïòîòè÷íîòî ïîâåäåíèå íà àáñòðàêò-
íèòå ïàðàáîëè÷íè è äèñèïàòèâíè õèïåðáîëè÷íè óðàâíåíèÿ. Âàæåí àñ-
ïåêò íà íàøèÿ ïîäõîä å, ÷å íèå èçïîëçâàìå ïî åñòåñòâåí íà÷èí ñïåê-
òðàëíèÿ àíàëèç, áåç äà âêëþ÷âàìå ñëîæíè ðåçîëâåíòíè îöåíêè. Íàøåòî
äîêàçàòåëñòâî çà äèôóçèîííî ÿâëåíèå íå èçïîëçâà èíäèâèäóàëíîòî ïî-
âåäåíèå íà ðåøåíèÿòà. Âìåñòî òîâà íèå ïîêàçâàìå, ÷å èìà çíà÷åíèå ñàìî
òÿõíàòà ðàçëèêà. Îöåíÿâàìå Õèëáåðòîâàòà íîðìà íà ðàçëèêàòà îò ãëåä-
íà òî÷êà íà Õèëáåðòîâàòà íîðìà íà ðåøåíèåòî íà ïàðàáîëè÷íàòà çàäà÷à,
êîåòî íè ïîçâîëÿâà äà ïðåíåñåì îöåíêàòà çà íàìàëÿâàíå íà ðåøåíèåòî îò
ïàðàáîëè÷íàòà êúì õèïåðáîëè÷íàòà çàäà÷à. Ïðèëàãàíåòî íà òåçè îöåí-
êè êúì îïåðàòîðè ñúñ ñâîéñòâîòî íà Ìàðêîâ, êîìáèíèðàíî ñ òåãëîâîòî
íåðàâåíñòâî íà Íåø, äàâà ÿâíè è òî÷íè ñêîðîñòè íà çàòèõâàíå çà õè-
ïåðáîëè÷íè çàäà÷è ñ ïðîìåíëèâè (-çàâèñèìè) êîåôèöèåíòè âúâ âúíøíè
îáëàñòè. Íàøèÿò ìåòîä äàâà íîâà ïðåäñòàâà çà òàçè îáëàñò íà îáøèðíè
èçñëåäâàíèÿ, êîÿòî äîñåãà íå áåøå äîáðå ðàçáðàíà.

11. Radu, Petronela, Grozdena Todorova, and Borislav Yordanov,
Decay estimates for wave equations with variable coe�cients, Transactions
of the American Mathematical Society 362.5 (2010): 2279-2299.
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Abstract
We establish weighted L2 estimates for dissipative wave equations with variable
coe�cients that exhibit a dissipative term with a space dependent potential.
These results yield decay estimates for the energy and the L2 norm of solutions.
The proof is based on the multiplier method where multipliers are specially
engineered from asymptotic pro�les of related parabolic equations.

Àáñòðàêò
Óñòàíîâÿâàìå òåãëîâè L2 îöåíêè çà äèñèïàòèâíè âúëíîâè óðàâíåíèÿ ñ
ïðîìåíëèâè êîåôèöèåíòè, êîèòî âêëþ÷âàò äèñèïàòèâåí ÷ëåí ñ ïîòåíöè-
àë çàâèñåù îò ïðîñòðàíñòâîòî. Òåçè ðåçóëòàòè äàâàò îöåíêè çà íàìàëÿ-
âàíå íà åíåðãèÿòà è L2 íîðìàòà íà ðåøåíèÿòà. Äîêàçàòåëñòâîòî ñå îñíî-
âàâà íà ìåòîäà íà ìíîæèòåëèòå, êîèòî ñà ñïåöèàëíî èçáðàíè îò àñèìï-
òîòè÷íè ïðîôèëè íà ñúîòâåòíèòå ïàðàáîëè÷íè óðàâíåíèÿ.

12. Todorova, Grozdena, and Borislav Yordanov, Weighted L2-estimates
for dissipative wave equations with variable coe�cients, Journal of
Di�erential Equations 246.12 (2009): 4497-4518.

Abstract
We establish weighted L2 estimates for the wave equation with variable
damping utt−∆u+aut = 0 in Rn, where a(x) ≥ a0(1+ |x|)−α with a > 0 and
α in [0, 1). In particular, we show that the energy of solutions decays at a
polynomial rate t−(n−α)/(2−α)−1 if a(x) ∼ a0|x|−α for large |x|. We derive these
results by strengthening signi�cantly the multiplier method. This approach
can be adapted to other hyperbolic equations with damping.

Àáñòðàêò
Óñòàíîâÿâàìå òåãëîâè îöåíêè çà âúëíîâîòî óðàâíåíèå ñ ïðîìåíëèâî çà-
òèõâàíå utt−∆u+ aut = 0 â Rn êúäåòî a(x) ≥ a0(1 + |x|)−α ñ a0 > 0 è α â
[0, 1). Ïî-ñïåöèàëíî, íèå ïîêàçâàìå, ÷å åíåðãèÿòà íà ðåøåíèÿòà íàìàëÿ-
âà ñ ïîëèíîìèàëíà ñêîðîñò t−(n−α)/(2−α)−1, àêî a(x) ∼ a0|x|−α çà ãîëåìè
|x|. Íèå èçâëè÷àìå òåçè ðåçóëòàòè ÷ðåç çíà÷èòåëíî óñèëâàíå íà ìåòîäà
íà ìíîæèòåëèòå. Òîçè ïîäõîä ìîæå äà áúäå àäàïòèðàí è êúì äðóãè õè-
ïåðáîëè÷íè óðàâíåíèÿ ñúñ çàòèõâàíå.

13. Todorova, Grozdena, Davut Ugurlu, and Borislav Yordanov,
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Regularity and scattering for the wave equation with a critical
nonlinear damping, Journal of the Mathematical Society of Japan
61.2 (2009): 625-649.

Abstract
We show that the nonlinear wave equation utt − ∆u + u3t = 0 is globally
well-posed in radially symmetric Sobolev spaces Hk

rad(R
3) × Hk−1

rad (R3) for
all integers k > 2. This partially extends the well-posedness in Hk(R3) ×
Hk−1(R3) for all k ∈ [1, 2], established by Lions and Strauss. As a consequence
we obtain the global existence of C∞ solutions with radial C∞0 data. The
regularity problem requires smoothing and non-concentration estimates in
addition to standard energy estimates, since the cubic damping is critical
when k = 2. We also establish scattering results for initial data (u, ut)t=0 in
radially symmetric Sobolev spaces.

Àáñòðàêò
Ïîêàçâàìå, ÷å íåëèíåéíîòî âúëíîâî óðàâíåíèå utt − ∆u + u3t = 0 èìà
åäèíñòâåíî ãëîáàëíî ðåøåíèå â ðàäèàëíî ñèìåòðè÷íèòå ïðîñòðàíñòâà
íà Ñîáîëåâ Hk

rad(R
3) × Hk−1

rad (R3) çà âñè÷êè öåëè ÷èñëà k > 2. Òîâà ÷à-
ñòè÷íî ðàçøèðÿâà ðåçóëòàòà çà ãëîáàëíà ðàçðåøèìîñò è åäèíñòâåíîñò
â Hk(R3) × Hk−1(R3) çà âñè÷êè k ∈ [1, 2], êîéòî å óñòàíîâåí îò Lions
è Strauss. Êàòî ñëåäñòâèå îò òîâà ïîëó÷àâàìå ãëîáàëíîòî ñúùåñòâóâàíå
íà C∞ ðåøåíèÿ ñ ðàäèàëíè C∞0 äàííè. Çàäà÷àòà çà ðåãóëÿðíîñò èçèñêâà
èçãëàæäàíå è íåêîíöåíòðàöèÿ íà ðåøåíèÿòà â äîïúëíåíèå êúì ñòàíäàðò-
íèòå åíåðãèéíè îöåíêè, òúé êàòî êóáè÷íîòî çàòèõâàíå å êðèòè÷íî, êîãàòî
k = 2. Ñúùî òàêà ïîëó÷àâàìå ðåçóëòàòè çà ðàçñåéâàíåòî íà íà÷àëíè äàí-
íè (u, ut)t=0 â ðàäèàëíî ñèìåòðè÷íèòå ïðîñòðàíñòâà íà Ñîáîëåâ.

14. Ikehata, Ryo, Grozdena Todorova, and Borislav Yordanov, Critical
exponent for semilinear wave equations with space-dependent potential,
Funkcialaj Ekvacioj 52.3 (2009): 411-435.

Abstract
We study the balance between the e�ect of spatial inhomogeneity of the
potential in the dissipative term and the focusing nonlinearity. Sharp critical
exponent results will be presented in the case of slow decaying potential.

Àáñòðàêò
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Íèå èçó÷àâàìå áàëàíñà ìåæäó åôåêòà íà ïðîñòðàíñòâåíàòà íåõîìîãåí-
íîñò íà ïîòåíöèàëà â äèñèïàòèâíèÿ ÷ëåí è ôîêóñèðàùàòà íåëèíåéíîñò.
Â ñëó÷àÿ íà áàâíî íàìàëÿâàù ïîòåíöèàë, óñòàíîâÿâàìå òî÷íè ðåçóëòàòè
çà êðèòè÷íèòå ñòåïåíè.

15. Kirova, R., Georgiev, V., Rubino, B., Sampalmieri, R., and
Yordanov, B. (2008), Asymptotic behavior for linear and nonlinear
elastic waves in materials with memory. Journal of non-crystalline
solids, 354(35-39), 4126-4137.

Abstract
In this review, we study the Cauchy problem associated to the equation of
linear and nonlinear viscoelasticity with memory. Our �rst point is the study
of dispersive properties of the solution to the linear equation of viscoelasticity
with memory. The decay estimates obtained in this �rst part are important
to treat the corresponding nonlinear Cauchy problem. The key novelty is the
fact that we admit algebraic singularities and decay at in�nity for the time
dependent functions in the memory kernel. This fact enables one to include
models di�erent from the classical viscoelasticity problem, where this kernel
is smooth and exponentially decaying in time.

Àáñòðàêò
Â òîçè îáçîðíà ñòàòèÿ èçó÷àâàìå çàäà÷àòà íà Êîøè, ñâúðçàíà ñ óðàâíå-
íèåòî íà ëèíåéíà è íåëèíåéíà âèñêîåëàñòè÷íîñò ñ ïàìåò. Ïúðâàòà íè òî÷-
êà å èçñëåäâàíåòî íà äèñïåðñèîííèòå ñâîéñòâà íà ðåøåíèÿòà íà ëèíåéíî-
òî óðàâíåíèå íà âèñêîåëàñòè÷íîñòòà ñ ïàìåò. Îöåíêèòå çà íàìàëÿâàíå,
ïîëó÷åíè â òàçè ïúðâà ÷àñò, ñà âàæíè çà èçëåäâàíåòî íà ñúîòâåòíàòà
íåëèíåéíà çàäà÷à íà Êîøè. Êëþ÷îâàòà íîâîñò å ôàêòúò, ÷å äîïóñêàìå
àëãåáðè÷íè îñîáåíîñòè è íàìàëÿâàíå íà áåçêðàéíîñò çà çàâèñåùàòà îò
âðåìåòî ôóíêöèè â ÿäðîòî íà ïàìåòòà. Òîçè ôàêò äàâà âúçìîæíîñò äà
ñå âêëþ÷àò ìîäåëè, ðàçëè÷íè îò êëàñè÷åñêàòà çàäà÷à íà âèñêîåëàñòè÷íî-
ñòòà, êúäåòî òîâà ÿäðî å ãëàäêî è åêñïîíåíöèàëíî íàìàëÿâà âúâ âðåìåòî.

16. Todorova, Grozdena, Yordanov, Borislav, The energy decay
problem for wave equations with nonlinear dissipative terms in
Rn. Indiana Univ. Math. J. 56 (2007), no. 1, 389�416.

Abstract
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We study the asymptotic behavior of energy for wave equations with nonlinear
damping g(ut) = |ut|m−1ut in Rn (n ≥ 3) as time t → ∞. The main result
shows a polynomial decay rate of energy under the condition 1 < m ≤
(n+ 2)/(n+ 1). Previously, only logarithmic decay rates were found.

Àáñòðàêò
Èçñëåäâàìå àñèìïòîòè÷íîòî ïîâåäåíèå íà åíåðãèÿòà çà âúëíîâè óðàâíå-
íèÿ ñ íåëèíåéíî çàòèõâàíå g(ut) = |ut|m−1ut in Rn (n ≥ 3) êîãàòî âðåìåòî
t → ∞. Îñíîâíèÿò ðåçóëòàò ïîêàçâà ïîëèíîìíà ñêîðîñò íà íàìàëÿâàíå
íà åíåðãèÿòà ïðè óñëîâèå, ÷å 1 < m ≤ (n+ 2)/(n+ 1). Ïðåäè òîçè ðåçóë-
òàò áÿõà óñòàíîâåíè ñàìî ëîãàðèòìè÷íè ñêîðîñòè íà íàìàëÿâàíå.

17. Yordanov, Borislav T., Zhang, Qi S., Finite time blow up for
critical wave equations in high dimensions. J. Funct. Anal. 231
(2006), no. 2, 361�374.

Abstract
We prove that solutions to the critical wave equation in higher dimensions
can not be global if the initial values are positive somewhere and nonnegative.
This completes the solution to the famous Strauss conjecture about semilinear
wave equations of the form ∆u − ∂2t u + |u|p = 0. The rest of the cases, the
lower-dimensional case , and the sub or super critical cases were settled many
years earlier by the work of several authors.

Àáñòðàêò
Äîêàçâàìå, ÷å ðåøåíèÿòà íà êðèòè÷íîòî âúëíîâî óðàâíåíèå âúâ âèñîêè
ðàçìåðíîñòè íå ìîãàò äà áúäàò ãëîáàëíè, àêî íà÷àëíèòå äàííè ñà íÿêúäå
ïîëîæèòåëíè è íàâñÿêúäå íåîòðèöàòåëíè. Òîâà çàâúðøâà ðåøåíèåòî íà
èçâåñòíàòà õèïîòåçà íà Ùðàóñ çà ïîëóëèíåéíèòå âúëíîâè óðàâíåíèÿ îò
âèäà ∆u−∂2t u+ |u|p = 0. Îñòàíàëèòå ñëó÷àè, êàòî ïî-íèñêè ðàçìåðíîñòè
èëè ñâðúõêðèòè÷íè è ïîäêðèòè÷íè ñòåïåíè, áÿõà ðåøåíè ìíîãî ãîäèíè
ïî-ðàíî â ðàáîòèòå íà íÿêîëêî àâòîðè.

18. Yordanov, Borislav, Zhang, Qi S., Finite-time blowup for wave
equations with a potential. SIAM J. Math. Anal. 36 (2005), no. 5,
1426�1433.

Abstract
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First we give a truly short proof of the major blowup result [T. C. Sideris, J.
Di�erential Equations, 52 (1984), pp. 378�406] on higher-dimensional semilinear
wave equations. Using this new method, we also establish blowup phenomenon
for wave equations with a potential. This complements the recent interesting
existence result by [V. Georgiev, C. Heiming, and H. Kubo, Comm. Partial
Di�erential Equations, 26 (2001), pp. 2267�2303], where the blowup problem
was left open.

Àáñòðàêò
Ïúðâî, äàâàìå íàèñòèíà êðàòêî äîêàçàòåëñòâî íà âàæíèÿ ðåçóëòàò çà
èçáóõâàíå íà ðåøåíèÿòà [T.C. Sideris, Di�erential Equations, 52 (1984),
pp. 378�406]. Èçïîëçâàéêè òîçè íîâ ìåòîä, íèå ñúùî òàêà óñòàíîâÿâà-
ìå èçáóõâàíåòî íà ðåøåíèÿòà íà âúëíîâè óðàâíåíèÿ ñ ïîòåíöèàë. Òîâà
äîïúëâà ñêîðîøíèòå èíòåðåñíè ðåçóëòàòè çà ñúùåñòâóâàíå íà ãëîáàëíè
ðåøåíèÿ [V. Georgiev, C. Heiming, and H. Kubo, Comm. Partial Di�erential
Equations, 26 (2001), pp. 2267�2303] êúäåòî òîçè âúïðîñ áåøå îñòàâåí áåç
îòãîâîð.
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