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1. BBegenue

Haunem ¢ 6asosbix omnpegesennii. Ilapa muoxkecrs H := (V, E) HasbiBaercs
eunepepagom, eciu V koreuno, a £ C 2V, Ilpu srom V Ha3BIBAETCH MHOXKECTBOM
BepimH, a E — muoxkecrsoM (runep)pebep; Mbl OyieM [0JIaraTh, 9YT0 4epe3 KazKLyo
BEpIIUHY TPOXOAUT XOTs ObI OTHO pebpo. 3amerum, 9T0 OOBIYHBIN rpad sBisieTcs
JacTHBIM IIpuMepoM runeprpada. ['uneprpad HazbiBaeTCs 1-00HOPOIHBIM, €CITH
MOIITHOCTH JIIOHOTO ero pebpa pasua n. COOTBETCTBEHHO, OOBIYHBIN Tpad ABIsTETCSI
2-oHOpOAHBIM ruieprpadoM. B GOJIbIIHHCTBE Pa3jesioB BCe PACCMATPUBACMbBIE
ruteprpadbl OYIYT OJTHOPOIHBIME; JIJIsi KPATKOCTH MbI HHOT/IA Oy/IeM HA3bIBATH UX
IpocTo n-rpadamu.

Packpackot runieprpada B 7 11BeTOB HazbiBaeTcs orobpazkenue f: V — {1,... r}.
Packpacka runeprpada B 7 1IBETOB Ha3bIBACTCI NPAGUALHOT, €CTH JJIs JI00O0ro
peGpa e € E cymectByer napa BepIUH v1,v € € Takux, 9ro f(vy) # f(va).
Jpyrumu cjoBaMu, CyIeCTBOBAHWE MPABUIBHON packpacku rureprpada B 7 1Be-
TOB O3HAYAET, YTO €r0 MHOYKECTBO BEDIIUH MOXKHO pa30UTh Ha I MOJIMHOXKECTB,
V=ViuVaU---UV,, tak, 910 HE CyIecTByeT pebpa, sIBJSIONIEr0Cs TOIMHOXKE-
crBoM V;. MunmMabHOE T, IJIT KOTOPOTO CYIIEeCTBYeT MpaBuIbHas r-packpacka H,
HAa3BIBAETCS TPOMAMUYECKUM Yucaom runeprpada H.

BosHukaer ecrecTBeHHBIN BOIPOC, BIiepBbie chopMyIupoBanubiii 1. Dpuémem u
A. Xaitnasnom [67], [68] B 1961 r.: Hafitn HauMenbiee 9ncio pebep B n-0AHOPOIHOM
rutneprpade, He JOIyCKAOIIEeM TPABUIBLHOM pacKpacku B jiBa 1Bera. OHE 2Ke BBEJIN
ob6o3HaueHne m(n) JJist TOH BEJIMINHBI.

TTompobyeM 06bICHUTD, TTOUEMY 9TOT BOIPOC €CTECTBEHEH. B KaKOM-TO CMBIC-
Jile XPOMAaTHIeCKOe YHCJIO SBJISIETCS IOKa3aTeJeM HeTPUBUAJIBLHOCTH THieprpada.
B naspHediieM Mbl yBUMM, YTO 3TO XOPOIIO COIVIACYETCS ¢ TeM (PaKTOM, YTO BCE
[IPUMEDBDI, JTAIOIINE N-OMHOPOAHBIN rureprpad ¢ OOJIBITIM XPOMATHICCKUM THCIOM
U MaJIeHbKUM KOJIMYECTBOM pebep, CTPOATCs ¢ MPUMEHEHHEM BePOSTHOCTHON Tex-
HUKW®; OOJIee TOro, CIoCO0 MOCTPOUTH SIBHO XOTh CKOJIBKO-HUOY/Ib OJIU3KUiT ITpuMep
nosieriicst Tosibko B 2013 1. [81]. Takzke okasbiBaeTcsl, UTO 3a pasmep rumneprpada
OTBEYAET UMEHHO 9nCI0 pebep, a He YUC/IO BepIInH; 6oJjiee TOro, He 09eHb OCMBIC-
JIEHHO PACCMaTPUBATH KOJIMIECTBO BEPIIUH KaK JIOMOJHATEIHHBIN mapaMerp.

Sajaue Idpaénra—XaiiHasa MOCBAINEH pa3iesa 2. B MHOroumcjieHHOI JuTepary-
pe pacKkpalnmBaeMoCTh rureprpada B JBa I[BeTa IacTO Ha3bIBaeTCsl CBOiicTBOM B
(property B). 9ro nazsanue nano D.B. Mujuiepom [126] B uecrs @. Bepureiina,
JloKazaBiiero [33], uro Jsiroboe cUeTHOE CeMEHCTBO GECKOHEYHBIX MHOXKECTB 00JIa-
jaer coiicreoM B. Bajaue Dppéma—XaiiHaiaa u ee 00ODIIEHUsIM IIOCBSIIEH 0030D
A.M. Paiiroposckoro u 1. A. ITla6anosa [132].

Harmr 0630p He Oy1eT KacaThest CJIOXKHOCTHBIX aCIIEKTOB PACKPACOK rutreprpados.
OTMeTuM TOJIBKO, 9TO, B OTJIMYHE OT I'padoB, JlarkKe IIPOBEpKa pacKpalinBaeMOCTH
3-omHopouoro runeprpadga B aBa upera spisgerca NP-nosmoii [59]. g rpados
JKe JOCTATOYHO MOJBECUTDH Ipad 3a MPOU3BOJIBHYIO BEPIIUHY U IMPOBEPSTH, 9TO HA
ypOBHsIX HeT pebep, uro peanusyercs 3a spemst O(|V| + |E|).

Takke Harr 0630p MPpaKTHIECKU He Oy/IeT KacaThCs CTPYKTYPHON TEOPpUH TUIIEP-
rpadoB. 3aMHTEPECOBAHHOMY YHUTATEIO CTOUT ODPATUTHCS K KJIACCHIECKOU KHUTE
K. Bepxka [28] u 6osiee HoBOoMy 0630py A. B. Kocrouku [105].

Pasjiesr 3 nocesiien 00001IeHUsSIM 3a1a41 D P Ienia—XaiiHasia Ha pas3JInIHbe KJIac-
col runeprpados. O6obrienne Ha pocrbie (Win JuHelHbe) rTuneprpadbl pACCMaT-
puBaercs B 1. 3.1. OkasbiBaeTCs, 9TO yCJIOBUE ITPOCTOTHI 3HAYUTETBHO YBEIMINBAET
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MOPSJIOK POCTa MUHUMAJIBHOTO ducia pebep B rumeprpade ¢ JaHHBIM XPOMaTHIe-
CKHUM 9HUCJIOM. Kitace rmepecekaronmmxcst CeMeHCTB MOsBJISIeTC B 1. 3.2. DTOT MyHKT
pruMedaTesieH JIByMs BeraMu. Bo-1epBbIX, OTCYyTCTBYET BO3MOXKHOCTD 3D eKTHB-
HO IPUMEHSITh BEPOSITHOCTHBII MeTOo. BO-BTOPBIX, OKA3bIBAETCS, UTO JiE0O0e 6OJIh-
oe TrepeceKarorieecs: ceMefcTBO KpacuTces B ABa mBera. IIynkT 3.3 mocssamen pac-
CMOTPEHUIO 33J[a9U C 3aMEHON YCJIOBHUS OJTHOPOIHOCTH HA YCJIOBHE O MUHUMAJIHLHOM
pasmepe pebpa. HeokumanHo, OTCyTCTBHE YCJIOBUS OJHOPOJHOCTH CYIIECTBEHHO
YBEJINUUBAET 3a30p MEXK/y JIYUIIUMU HA JIAHHBIH MOMEHT BEPXHUMU W HUZKHUME
OTICHKAMU.

Pasnenbr 4, 5 u 6 moCBsIIEeHbl MOIUMUKAIISAM 331891, BOSHUKAIOIIUM I[P 3a-
MeHe TpeboBaHuii Ha PACKPAcKy. B pasiesie 4 paccMaTpuBaloTCs CIUCOYHbIE (IIpeji-
ncaHHble) packpacku rureprpadon. OKazblBaeTCst, YTO CIHUCOTHOE XPOMATUIECKOE
YUCJIO JIFOOOr0 MPOCTOro rpada pacrer BMECTE C €0 CPeJIHE BEPIITMHHON CTEIEeHbIO.
Pasznen 5 paccmaTpuBaeT cuTyanuio, B HEKOTOPOM CMBIC/IE TPOTHBOIOJIOZKHY O KJIac-
CUYIECKO#, — TOJTHOTIBETHAST pacKpacka TpebyeT, IToOBI KarK1oe pedpo ComepKago
BCe I[BeTa; TAKUM 00pa30M, C POCTOM KOJIMYECTBA IIBETOB YCJIOBHE yCUJINBAETCH, & HE
ocnabmsiercst. Pasznesn 6 mocssimeH oOOOIEeHNsIM U3BeCTHOM Teopembl A. XaitHama
u 9. Cemepesu 0 CripaBeJIUBBIX pacKpackax rpadoB Ha cirydail rumeprpados.

B pasnene 7 peun uger o6 u3BecTHOI 3aa4e 0 pasdpoce. B 3amade Dpaéma—Xaii-
HaJIa MPABUJIBHON SBJISIETCH PacKpacka ¢ pa3dpocom menbire n. Heokunanno, ecian
pedb HOiieT 0 MUHUMAJILHOM (110 KOJIMYeCTBY pebep) n-OHOPOAHOM ruieprpade
C TOJIOZKUATEJIbHBIM Pa3bpocoM, TO BCe OLIEHKHU Ha ero pa3mep Oy/yT 3aBUCETH TOJBKO
OT TEOPETUKO-YUCIOBBIX CBOICTB 7.

B pazznesne 8 cobpanbl siBHbIe KOHCTPYKIIUU ¥ IIPUMEPbI K PA3JUIHBIM YACTSIM
obzopa. Ilo HMOHATHBIM NpUYMHAM B 9TOM K€ PAa3Jiejie PACCMATPUBAIOTCS MAJIbIe
3HAYEHUS 1.

Hakomerr, pasmesn 9 mocBsIeH BHyTPUMATEMATHIECKIM [TPUJIOZKEHUSIM METO/IOB
u TeopeM 13 0030pa. O BHEMATEMATUICCKUX MIPUJIOKEHUIX MOXKHO ITPOYECTh B KHU-
re [40].

Apropsl Gitarogapst Pejopa [lerpoBa 3a HecUeTHOE KOJIMYECTBO BaXKHBIX 3aMe-
vannii. Mbl npusHarenbubl Maprapure AxmvezKaHOBOM, JI06E3HO 03HAKOMUBIIIEH
HAC C PsiIOM WHTEPECHBIX pyKomuceil, npuHaprexkamux mepy Imvurpus [Mlabamo-
Ba U ero y4eHuKoB. MHOrme HeToYHOCTH ObLIU HaiijeHbl AJiekceeM lopieeBbIM,
Maprapuroit Axmemkanopoit, Anarosmem Kysimkobim, vmurpuem ITlabaroBbIM
u Anekcanapom CugopeHKo.

2. 3agaya Idpaénra—XaitHaaa

Hamomaum, uro 3ajiada dpjénia—XaiiHaa 3aKF09aeTCsl B HAXOXKIEHUU Hau-
MEHBIIEro Yucya m(n) Takoro, 4To CyIIECTBYET N-OAHOPOAHbIH runeprpad ¢ m(n)
pebpamu, He JOMyCKAOMIi MPaBuIbHON paCKpPACKH B IBa IBETA.

2.1. Knaccuueckmue oreaku. II. Dpaém u A. Xaitman B 1961 1. mpeioxku-
mu [67] mepByo BepXHIOK OIEHKY Ha m(n), KOTOpasi JOCTUTAeTCsl Ha MHOYKECTBe
BCEX N-3JIEMEHTHBIX MOJMHOKECTB (21 — 1)-3J1IeMEHTHOrO MHOKECTBA:

m(n) < 2"7;1 = (4+o0(1)". (2.1)
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VYxke B 1963 r. II. Dpuénr mosydus nepBble HETPUBUAJIbHBIE OIEHKH BEJNIU-
HBL M(N).

TEOPEMA 2.1.1 (Opaém [63], [64], 1963). Jaa 106020 n > 2 6uinoanAI0OMCA
HEPaGEHCMEa

In2
eln2 ,

2" <m(n) < (1+0(1)) A (2.2)

Huxkuss onenka 6bura npuMepHo B JBa pasa yiaydiena B. M. Ivugarom [141]
B 1964 r. [Ipumedaresnbro, 9T0 00€ ONMEHKN OBLIH TOJIyY€HBI JOBOJIBHO IIPOCTHIM Be-
POATHOCTHBIM METOJOM, B TO BPeMsI KaK JIETePMUHIPOBAHHBIE METO/bI /10 CHX 10D
He JIAIOT Jazke OJIM3KAX Pe3yJIbTaToB B acumnroruke: jminb B 2013 1. X. Tebaysp [81]
[TOCTPOWJIA SIBHBIN IIPUMED N-OTHOPOHOTO rutieprpada ¢ Iucjaiom pedbep gn+0(n*?)
7 XPOMATHIECKUM IUCJIOM 3, JI0 9TOI0 MOMEHTA MUHUMAJIbHBIM OCHOBAHUEM JKCIIO-
HeHTHI 6B110 /7 . DTH IPUMEpEI, KaK I 33/a4a, It MAJIBIX 3HAUCHIH 70, M3/I07KEeHBI

B pazzese 8.

JOKABATEJILCTBO TEOPEMBI 2.1.1. Haunem ¢ 1oKa3aTesibeTBa HUMCHED 0UeH-
xu. Pacemorpum mponssombabiit n-rpad H = (V, E) ¢ |E| < 2"~! u nokaxem, 910
OH 00J1aJTaeT TTPaBUILHON 2-PaCKPACKOii.

OKkazbIBaeTCs, 9TO JOCTATOYHO TOKPACUTD KaXK/IyI0 BEPIIUHY B CHHUN MU KPaC-
HBIT [[BET € BEPOSITHOCTHIO 1/2, HE3aBUCHMO OT OCTAJIbHBIX BepINUH. B aToM ciryvae
BEPOATHOCTB TOTO, UTO PebpO € OTHOIBETHO, paBHsieTcs 21 ™", a BepOATHOCTD CyIIe-
CTBOBaHUsI OJHOIIBETHOT'O pedpa, OUYEBUTHO, HE IIPEBOCXOIUT CyMMBI 10 BCeM pebpam
e € FE BepoaTHOCTelt oqHONBETHOCTH €. ILoCKOILKY pebep Membie, deM 271, sra
CyMMa CTPOrO MEHBIIE eINHUIIBI. TaKuM 00pa30M, ¢ MOJIOKUATEIHHON BEPOSITHOCTHIO
ciydaiinas pacKpacKa fBJISeTCH MIPABUIBLHOI, ITO IOKA3BIBAET CYIIEeCTBOBAHIE IPa-
BUJIbHOII paCKpaCKU.

Bepxhnas ouenka He CTOIb TpUBHAJIbHA. B0 m3bexKamme HEOOXOIMMOCTH OKPYT-
JIATH B BBIYUCJIEHUAX Oy/eM CUHUTATh, YTO N YeTHO. PaccMOTpuM MHOXKECTBO Bep-
IMMH MOIHOCTH v = n?/2 U PABHOMEPHO W HE3aBUCHMO BBIOEDEM 1M CJIydaitHBIX
pebep; TUCI0 M ONPEJICINM TO3Ke.

HecitoxxHbIi 110/1CU€T TTOKA3BIBAET, UTO st JiF000it huKcupoBanHoii packpacku C
BEPOSITHOCTH TOT'0, UTO CJIydYaifHO BHIOpaHHOE PeOPO OJIHOIBETHO, PABHA

)

re v U U9 — KOJUYIECTBa BEPIIUH [IEPBOIO M BTOPOro IBeTa coorBercTBeHHO. Cire-
JIOBATEJILHO, TIOCKOJIBKY pebpa BLIOMPAIUCH HE3ABUCHMO, BEPOSITHOCTH PAaCKPAC-
ku C' 0OKa3aTbCd UPABUIBHONM IOCJE€ BBIOOpA M CIyYalHbIX HE3ABUCUMBIX Debep
pasua (1 — p)™. Ilonoxkum

v/2 n?/4
q:= : <(Un>> —2 E”:ﬂ; — (1+0(1)) 2

27L
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v
3aMeruM, 4TO P > ¢ B CHJLY BBIIYKJIOCTH I0CJI€I0BATETEHOCTH {( )} . Ilo-
5 v=20
CKOJIBKY BCEr0 PacKpacok 2" /2. HaM J0CTATOYHO TIPOBEPUTEH HEPABEHCTBO

2 2
on /2(1 q)m < eln2~n /2—qm < 17 (23)
a OHO BBIIIOJIHAETCA ITPU IMOAXO/ILAIIEM 171 BHUJIa

eln?2

m = (1+o(1)) n?. 2" (2.4)
Wrax, mpu BBIOPAHHOM M C TOJOXKHUTEJIHHON BEPOSTHOCTHIO HU OJIHA U3 Pac-

KpPaCOK He dABJIAeTCA HpaBHHLHOﬁ. Taxum O6paSOM, MbI IIOKa3aJIin CyHieCTBOBaHUE

FI/IHepra(ba C YKa3aHHbIM 9HCJIOM pe6ep n XpOMaTU4I€CKUM YUCJIOM HE MeHee 3.

Bosee Toro, npuBesieHHBIE PACCYZKJICHUS MOKA3BIBAIOT, UTO CAyYailHbIA TUIIEp-
rpad Ha m pebpax nouwmu Haseproe He KPACUTCS B JIBA IIBETA, €CJIM BBHIOPATH M
B coorBercTBuu ¢ (2.4), HO ¢ HpyruM BbIGOpPOM 0(1).

Takast KOHIIEHTPAINST BEPOSATHOCTH ABJISETCS OJTHON U3 MPUINH, TIOYEMY BEPXHSIS
orieHKa, It (PUKCHPOBAHHOTO KOJUYIECTBA I[BETOB JIO CUX TIOP HE YJIydIleHa; JayKe
€CJIM PACCMOTPETh HEKOTOPBIE ocaabieHns 3a1aun (HapuMep, ¢M. 11. 3.3), y Hac Bce
PABHO He TOSIBJISIETCS JAPYTUX CIIOCODOB JIOKA3bIBATH BepxHUE OoreHKH. COBEPIIEHHO
[I0-JIPYTOMY OOCTOUT JIEJIO ¢ HUZKHUMU OICHKAMHU.

2.2. Vayumenus HukHeil omenku. B 1973 r. B smamenuroii pabore [70]
II. Opaémr u JI. JloBac peaoI0KuIin, ITo

m(n)

— OQ.

B 1970-x rosax rumoresa Oblia JoKasaHa B cepun pabor k. Beka [23], [24]
n JIzx. Crencepa [160], koropsiit npusest Boikiaakn JIx. Beka B onrnMaiabHbIHR
Bu. B aTnx paborax jlokazana cje/lyiomas OlNeHKa:

m(n) > c( " >1/3 Lo,

Inn

SaMernmM, 9TO HUXKHsIS OlleHKa B Teopeme 2.1.1 noKasbiBajIach HOACTAHOBKON CJIy-
JaifHOIl pacKpacKu, KOTOpas HUKAK He 3aBUCHUT OT runeprpada. B Beimeynomsany-
ThIX paboTax 3ra mpobjeMa ObLIa PelleHa ¢ MOMOIIbI Memoda NepexpauLueaHUA.
BkpaTiie, OH 3aK/II0YAETC B CJAEIYIOMEM: IIycTh runeprpad comep:xkut k - 2"~ ! pe-
6ep, TOra P CIIYYaifHON pACKpPACKe B CpeIHEM k pebep sIBJISTFOTCS OJHOI[BETHBIMU.
Ecnm nocste aToro mMer 6yeM crydaiiHO epeKpamBaTh BEPIIUHBL U3 OHOIBETHBIX
pebep, TO MBI MOYKeM JOOUThCsT yerexa yuke u npu k > 1.

B 2000 r. Ix. Pagxakpumnan u A. Cpunusacan [131] ycosepiiencrsoBasiu MeTot
nepekpamnBanus Beka—Crencepa u nokazasu, aro m(n) > cy/n/Inn-2". B 2009 r.
A. Tlnyxap [130] npemmosKui 09MeHb MpOCTOi U COBEPIIEHHO HOBBIH K& THBIH MeTOJ,
KOTOpBIii maet HepaserncTo m(n) > cn'/*-2", yerynaormee, oiHaKo, jake ONEHKaM
Beka—Cuencepa, Ho 3ameuareibioe csoeii nmpocroroii. Hakomerr, B8 2015 r. 4. Kosuk
u JI. I. Yepkamun yupoctuian [50] paccyxiaenusi Pajgxakpurinana—CpruHuBacaHa,
onupasich Ha ujgen A. ITnyxapa. VX MBI 1 U3JI0XKUM B CJICIYIONIEM IIyHKTE.
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2.2.1. 2Kauaubiit nogxon. Apryment Ilnyxapa [130] 3akmmodaercst B Coreayomem.
BuMecTo ciryvaiiHol packpacKn pacCMOTPHUM CJIyvaiiHbIil Opsiiok BepinuH (0603HA~
UM €ro 7).

ONPEAEJIEHUE 2.2.1. YnopsmouenHasi apa pebep Ha3blBaCTCs 2-Uenbio, ecjin
9T pebpa IIepeceKaloTcsi POBHO 110 OIHON BepiuHe. 2-1eb (€1, es) HA3BIBAETCS
YNopadouerHot OTHOCUTEBHO MOPSIJIKA TT, €CJIN JIJIsl JIIOOBIX BEPIUH V1 € €1, Vg € €3
BBINIOJTHSIETCST HEpaBeHCTBO 7(v1) < m(vg).

JIEMMA 2.2.2 (Ilimyxap [130], 2009). Iunepzpag obaadaem npasuavrol packpac-
Kol 6 068G UBEMA, ECAU U MOADKO €CAU CYUECMBYEM NoPAJoK Ha epuunar T 6es3
ynopadouennvx 2-yened.

JOKABATEJLCTBO. Eciu cymecTByer npaBuiibHas AByXIBETHAS PACKPacKa, TO
JII00OI TIOP#AJIOK, B KOTOPOM BCE BEPIIHUHBI IIEPBOIO IIBETA WJIyT PaHBINE BEPIIHH
BTOPOI'0, OYEBHUJIHO, HE COJIEPKUT YIOPSTOYEHHBIX 2-TIeleil.

[IycTh cyrmiecTByeT MOpPsIOK T Ha BepIIHHAaX 0e3 yIopsIovueHHbIX 2-1ierneil. Pac-
CMaTpUBasg BEPIIMHBI 110 MOPSJIKY 7, KPACUM BEPIINHY B MUHUMAJIbHBIN IIBET, KO-
TOPBIIl He 0Opa3yeT OIHOIBETHBIX pebep Ha yrKe MOKPAIIEeHHBIX BeprinHax. Kcim
MBI HE MOXKEM MTOKPACUTh HEKOTOPYIO BEPIINHY U, 3HAYAT CYIIECTBYET Pedpo es D v,
B KOTOPOM BC€ OCTABIIINECH BEPIIUHBI Y2K€ UMEIOT 1BeT 2. PaccMoTpum 7m-HaMMeHb-
IIyI0 BEPIUHY W € eg. IlOCKOJIBKY MBI HE MOIVIM IOKPACUTH W B HEPBLIM IBET,
cymiecTByeT pedpo e; 2 w, B KOTOPOM BCE OCTAJIbHBIE BEPIINUHBI yKe IIOKpAaIlle-
HBI B 1IepBbIi 11BeT. [IporuBopeune, tak Kak (€1, €s) €CTh T-yIOpsiIOIeHHAsl 2-TIeTIb.
3HaYNT, MBI MOYKEM TaK MOKPACUTH KAaXKJLyI0 BEPIINUHY, a 10 IOCTPOEHUIO PACKPACKA
npaBuibHas. JlemMMa moka3aHa.

3AMEYAHUE 2.2.3. Cymecryer u 60Jiee IpocToii crocod JT0Ka3aTh YacTh “ecn’
(o on me obobriaercss Ha GoJibliee KOJIMYIeCTBO 1BeToB). Ilokpacum B KaxKI0oM
pebpe T-HAUMEHBIIYIO BEPIINHY B IIEPBbI IBET, a T-HanbOJIBIIYI0 BO BTOPOIl I[BET.
3amMeTnM, UTO HUKaKasl BEPIINHA He OKPallleHa B 00a I1BeTa, IOCKOIbKY ruteprpad
HE COIEPXKUT T-yIIOPSTOUEHHBIX 2-TIelIelt.

Teneps paccMoTpuM CirydaitHblil TOPsI0K. BeposiTHOCTH TOrO, 9YTO (PUKCHPOBAaH-
Has 2-TeNb SABJISIeTCs YIOPSIOUEeHHOM, paBHA

=P
(2n —1)!

Bamerum, uro 2-memneii e Gosbime wem |E|?, a smauwur, npu p|E|? < 1 rumep-
rpad KpacuTcs B IBa [[BETa ¢ HOJIOKUTEIBHON BepOSTHOCTBIO. [IpuMeHsas hopMyry
Crupymnra, Hoay9aeM CICAYIONLYIO TEOPEMY.

TEOPEMA 2.2.4 (TLmyxap [130], 2009). Cywecmsyem xoncmarwma ¢ > 0 maxas,
4mo 0as 1106020 T EHIMOAHACTNCA HEPAGEHCTNEO

m(n) = ent/*. 2",

B gactrocTn, temMma 2.2.2 MOKA3bIBAET, ITO B runieprpade ¢ XpoOMaTHIECKUM THC-
JIOM, DOJIBIINM T, JOJIZKHO CYIIIECTBOBATh MHOIO 7-Ileleil; NHOTIa 3TO HabJIIo/IeHIe
Ha3bIBaIOT KpurepueM JloBaca, JabHEHINE UCCTACTOBAHUS JIJIsT I = 2 NPUBEJICHBI

B [73].
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3AMEYAHUE 2.2.5. IIpumenss momoOHBIN »KaIHBIA TOIX0I, MOXKHO TaKKe IT0-
ayunth onenky Kapo-Tyssl [44] Ha gucio HesaBucumoctu. Ilycrs H = (V) E) —

n-rpad, Torma
deg(v) +1/(n—1) !
alH) > E ,
veV ( deg(v) )

rue deg(v) — crenenb BepIIUHbI V.

2.2.2. Cwmemannpiii noaxoa. Jas madana mpuegeM ajaropuTy PajaxakpuinHa-
na—CpuHuBacaHa, JAIOIINIA OIEHKY

m(n) = cy/ & A (2.5)

Ha mepBoM miare Mbl KpacHM BCE BEPIIMHBI HE3ABHCUMO B KAZKJIBII U3 IIBETOB C BE-
poATHOCTBIO 1/2. 3areM Mbl BBIOHpAEM CJIy<ailHblil OPSIO0K BEPIIHH U PACCMATPU-
BAEM BEPIIUHBL B COOTBETCTBHU C 9THM HOPAAKOM. IlycTh paccmarpusaeMast Bep-
[IMHA U BXOJAUT B OJIHOIBETHOE (IOCJIe TIEPBOi packpacKu) pebpo e, TIpH 9TOM Hi-
Kakme BepIIUHBI pefpa e JI0 9TOr0 He IEePEeKPAIMBAINCE. Torja ¢ BEPOSITHOCTHIO
p:= (Inn)/(2n) MbI MeHsieM IBET BEPIIUHBI V.

B ciejyromem IyHKTe Mbl IIPHBEJEM JIOKA3ATEJbCTBO KOPPEKTHOCTH AJITOPUT-
ma Kosnka—YepkaimHa, JaiIero B cydae JByX [BETOB pe3yabrar (2.5), npuaeM
¢ TOIt 2Ke KOHCTAHTOI ¢. DTOT aJIFOPUTM Ha [IEPBOM IIare KPacHT KarKyio BEpPIIU-
HY HE3aBUCUMO C BepoATHOCTBIO (1 — p)/2 B KaxkIplil U3 UBeTOB (COOTBETCTBEHHO,
C BEPOATHOCTBHIO P BEpHIMHA OcTaeTcs GecrperHoil). Ha Bropom mare ocrasmmecs
BEPIIMHBI KPACATCS B COOTBETCTBHU ¢ ajaropurMoM lLiryxapa.

3aBepIiM 9TOT IIYHKT HPEJIHOIOKEHIEM DPAEIIa O IPABHILHOM HOPS/IKE POCTa
BeJIUIUHbL M (N).

T'unoTe3A 2.2.6 (Opaém [64], 1964).
m(n) = (1+o(1))n-2".

2.3. Caywuaii r > 2 nBeToB. 3ajada 0 HAXOXKJIEHUM HAMMEHBIIETO 9YHUCIIa Pe-
6ep B m-omHOpOAHOM TrHIeprpade 6e3 mpaBUiIbHON PACKPackKd B 7" I[BETOB ObLIa
npeiozkea M. Xeprorom u W. ITTéuxaiimom [93] (o6o3HAUNM 3Ty BeJINYIMHY e~
pe3 m(n,r)). Ounu ke npuseau npsmbie 0b6o0menus Teopembl 2.1.1 u HEKOTOPDBIE
HecJI0y)KHbIe Habronennsi. Hamnpumep, HepaBeHncTBa Teopembl 2.1.1 mpeBparmaiorcs
B HEPABEHCTBA

ot <) < (1+0( 1) )5 tmrye - e (26)

B sToMm mynkTe MBI paccMOTpHUM CiIydail (hPUKCUPOBAHHOTO 7" U pacTyiiero n. B Ta-
KOM CJIy4ae TAKyKe HE U3BECTHbI HUKAKUE BEpXHUE OLEHKH, Jjrydime deM (2.6).

Huknsas ornenka, B CBOIO odepesb, HEOJHOKPATHO yiydriagach yxke B XXI B.
Haunewm ¢ anropurma A. B. Kocroukn [104], KOTODBIH JaeT CireLyomui pe3yJIbTar.
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1.1
TeOPEMA 2.3.1 (Kocrouka [104], 2004). Ecau r < §IH¥’ mo npu a =

[log, 1] 6vinoansemes nepasencmeso

a/(a+1)
— 472 n n
,T) > .
m(n,r) > e <1nn) r

Temnepn mpuBeem obobIIeHue anropurma [Lyxapa.

TEOPEMA 2.3.2 (TLmyxap [130], [lTa6anos [148], 2009). JTas aobwxn > 2,1 = 2
BUINONHAETNCA HEPABEHCTNEO

m(n,r) = ent/2=1/@r)pn

JOKABATEJNBLCTBO. IlocienoBarenbHOCTh pebep ai,...,a, HABOBEM T-Uenbio,
ecma |la; Naj| =1 gna |[i —j| = 1 u a; Na; = & B IPOTUBHOM CJIydae; T-IENb
HA3BIBACTCA YNOPAJOUEHHOT T-Uenvlo, ecau U3 i < j cjejyer, 9To Jrobas BepIiu-
Ha a; He Ooible 060 BepIINHLI @; (OTHOCHTENHHO (DUKCUPOBAHIOIO JIHHEHHOTrO
nopsijika Ha V).

Teopema Ilmyxapa [130] yTBepKaer, 9To CyIEeCTBOBAHUE JIMHEHHOTO MOPSIIKA
na V' 6e3 yHopsiIo9eHHBIX r-Ielell PABHOCUIBLHO T-PACKPAITUBAEMOCTH THIIEPIPa-
da H = (V, E) (dopMmynmupoBka u JOKA3aTEIbCTBO TIOJHOCTHIO AHAJOIMIHBI JIEM-
me 2.2.2). PaceMoTpuM CirydaiiHblil MOPAIOK Ha MHOXKeCTBE BepimH V. 3amernm,
9TO BEPOSITHOCTD JIOOOI 7-11enn OBITh YIIOPsiIOYeHHOI paBHA

[(n = DP[(n —2)]"2
(n—1r+1)!

C npyroit CTOPOHBI, KOJIUIeCTBO T-Tieneil He npesocxomut 2|E|" /r! (sro6oe MHOKe-
CTBO U3 1 pebep reHepupyer He Gosee nByx r-neneii). IloaToMy HepaBeHCTBO

LB [0 = D1P[(n — 272

N (( S

rapaHTHUPYeT CyIIeCTBOBaHUE HpaBH.HLHOfI r-paCKpacCKu H. Texuuueckue BBIKJIQJIKH
3aBepPIIAIOT JOKa3aTC/JIbLCTBO TCOPEMDI.

Tlepeitmem K obeIaHHBIM B IPEILIAYIEM MyHKTe obobmennsam. I[Ipexae Bcero,
o6o6menne anropurMa Pagxakpumuana—Cpunnsacana (/1. A. IlTa6anos [147]) qaer
OIIEHKY

n

m(n,r) = c wn”

n—1

JUIst BeeX n, T > 2. YUepes Tpu rojia 9TOT Pe3ysbTaT ObLI HEMHOTO YJIYUIIEH.

TEOPEMA 2.3.3 (IITaGanos [151], 2012). Jas aobwxn > 3,1 = 3 6bnoanaemcs
HEPAGEHCMEO

1
m(n,r) > 5\/737“”_1.

B obmem ciyuae pesynabrar 4. Kozuka un /1. JI. Yepkamuua BBITJISIAT CIETYIO-
UM 00Pa30M.
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TEOPEMA 2.3.4 (Kosuk—Yeprammun [50], 2015). Jas arwboz0 durcuposantozo
r > 2 6epHO HEPaGeHCME0

Inn

n (r=1)/r
() e o

JIOKABATE/IBCTBO. Ilycrs (V, E) — n-omnopomasrii runeprpad ¢ kr™~2 pebpa-
MH, k MbI BbIOepeM mo3Hee. [IpucBonM Kaxkji0it BepIuHe Bec — CJIydaiiHoe Bere-
crBeHHOe Yncsio MexK Ly 0 1 1 (paBHOMEPHO U HE3ABUCHMO BBIOPAHHOE) M 0BGO3HAUNM
ero 6yksoii w. ITomoxum p := (2lnn)/n u HA30BeM pPeGPO KOpOMKUM, €CIH Beca
BCEX ero BEPIIUH COIEP:KaTca B oTpeske Jymubl Menee (1 — p)/r. Maremarudeckoe
OKIJAHNEe KOJUIEeCTBA KOPOTKUX pebep He IPeBOCXOIHT

—1
kr"—2n 1-p ' ~ L
r rm’

MOCKOJIBKY MBI CKJIQJIBIBAEM MATOXKUJIAHUS MHIANKATOPOB coObITuit A(e, v), 3aKto-
YaloIUXCA B TOM, 9TO PeOPO € KOPOTKOe, a BEPIINHA v € € UMeeT HAauMEHBIIN B €
BeC, 10 BCEM € U .

OnenuM BEpOSITHOCTD TOABJICHHs yIIOPSIOYEHHOM T-1enn 6e3 KOPOTKUX pebep.
ITycrb pebpa ey, ..., e, 06pasyoT 06CyKIAaeMyo T-Ielb, pudeM e; N e; 11 = {v;}.
Tora, HOCKOJILKY B Ll HeT KOpOoTKux pebep, kaxmoe w(v;) (1 <i < r — 1) npu-

i—ip i+ (r—ip
=

HaIJIC?KAT UHTEPBaJLy (uHAYE KAKOE-TO U3 OCTABINUXCS pebep

r
[eny He MOMECTUTCSI CJIeBa WJIA ClIpaBa). BeposiTHOCTh, ITO BCe w; TONAJN B Tpe-
GyeMble MHTEPBAJILI, PaBHA P’ !, MOCKOIBKY KayKIbIl HHTEPBAJ HMEET JJIHHY P.
Tonoxum wp := 0, w, := 1 u w; = w(v;), TOrAA BCe OCTATBHbIE BEPIIUHBI pebpa €;
JIOJZKHBI TI0IIACTh B MHTEpBAaJ [w;_1, w;]. BeposTHOCTH 9TOro paBHa

r—1

H(wi+1 o wi)n72 < ,r,fr(n72)7
1=0

IJe OlleHKa BepHa BBU/Ly HEPABEHCTBA MEXKJY CPEJIHUM apudMETHYEeCKUM U CPe/I-
HuM reomerpudeckumM. COOTBETCTBEHHO, MaTEMaTUIECKOE OXKUJIAHUE KOJIMIECTBA
00Cy K 1aeMbIX Ieleil He TPEeBOCXOUT

r r—1
2|E| pr—lr—r(n—2) _ z kr(21nn) )

r! r! n

(r=1)/r
k< cr< i )
Inn

PARIT

MaTeMaTHIecKoe OKUIaHIe MeHbIe 1 /2 npu nojxosiieil Koncraute ¢ > 0. Do xe
yCJ0BUE Ha, k SBJISIETCS JOCTATOYMHBIM JIJIsT TOTO, 9TOOBI MATEMATUYIECKOE OKUTAHNE
KOJINYECTBA KOPOTKHUX pebep CTpeMujioch K Hy/o ¢ pocroMm n. ClieioBaTesbHO,
C TIOJIOYKUTEIHLHON BEPOSITHOCTHIO aJITOPUTM BO3BPAIAET MPABUIBHYIO PACKPACKY
rpacda. Teopema mokazana.
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2.4. Coay4ail 60JBHIOr0 YKCJa I[BETOB. PaccMoTpuM cirydail, KOTJa KOJIH-
9eCcTBO I[BETOB 1" HAMHOTO Oouibiite n. [ljis rpadoB 3a7adua oueBUIHA, TaK KaK IPU
J060it mokpacke sepriut rpada G B X(G) 1BeToB MEXK/LY JIOOBIME JIBYMsl IIBETAMU
JIOJIZKHO OBITH XOTsI OBI OHO pedpo; TaKUM 0O6pa3oM,

m(2,r) > (7”31).

C npyroit croponbl, moiHbI rpad Ha r + 1 BepmmuHe HE KPACHTCA B ' IIBETOB,
r+1
nosromy m(2,r) = 5 |

2.4.1. Bepxume ornenkn. AHAJOIMYHO, TOJHBIA N-OJHOPOJAHBLIN runeprpad Ha
r(n — 1) + 1 BepmmHe He KpPacuTCs B T IIBETOB HPaBWILHBIM obpasom. Ciiemo-

BATEJILHO,
m(n,r) < (r(n —nl) + 1) .

SameTnM, YTO HpU OOJIBIIUX 7 ITOT HPUMED yrKe JIydllle OCHOBHOW BEPOSITHOCT-
Hoit onenku (2.6). Dpzuém BbicKazas runoresy [66], 4ro myis m060ro n CymecTsy-
er ro(n) Takoe, 4TO UPH T > 1y HAWIYUNIAM IPUMEPOM SIBJIAETCs HOJIHBIA TUIep-
rpad Ha 7(n — 1) + 1 BepuHe, MHBIMU CIIOBAMH,

r(n—1)+1
n

m(n,r) = <

) Ipua r > rg.

Ara runoresa Gblia onposeprayTa H. Asoom [10], KOTOPBIH HCIOIB30BAT YnCIA
Typana. Yucao Typana T(v,b,n) — 9T0 MEHIMATIBLHOE THCJIO pebep B N-0QHOPOIHOM
runeprpade Ha v BEPIIUHAX TAKOM, 4TO JI000e D-371eMEeHTHOe IIOIMHOMKECTBO Bep-
muH colep:KuT pebpo runeprpada. 113 npunnuna Jupuxie ciefyer odeBuIHAs
OLICHKA

m(n,r) <minT(r(b—1) + 1,b,n).

b>n

C momotnpio 3Toro HepaBercTBa H. AJIOH TIOJTYydrIT ONEHKH

m(n, 1) < (rn) Inn 1

n)Ilnn—1|n/lnn]

m(n,r) < en?(Inn) (16) r’.

Samerum, 9TO 1IpH 1. > 13 1epBast U3 OIeHOK AJIOHA OIpOBEpraeT ruIoTe3y DPJIEia
(pu n > 4 nojcTaHOBKA JIPYTUX ONEHOK umnces TypaHa Tak»Ke OIpPOBEPraeT TUIIo-
re3y). IoxpoGree o unciaax Typana MozKHO povects B 0630pe A. Cuyoperko [158]
(0630p Gostee obrmedt 3aaamn Typana jgan B [97]).

Taxxke Ao npeanonoxui [10], aTo jyist 006010 N MOCIEI0BATENBHOCTD dyy =
m(n,r)/r™ umeer npeses. Jry runoresy jgokasanu . Yepkarmun u @. Ilerpos [52].
Mper mpuBejieM HAOPOCOK JTOKa3aTeIbCTBA B 1. 2.4.3.
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Ucnonbayst jiyunue otenku Ha unciaa Typana uz [159] aist b = n? (crour orme-
TuTh, 9T0 Ason nopcrasiaan b =n+ 1 u b = 1.5n), U. Akosnbzun u /1. [ITabanos
nosynim |9] HAMIY9IIy10 HA CErOHANIHAIT IeHb BEPXHIOIO ONEHKY

m(n,r) <cn®-Inn-r".

Hamnocseok ormMernm, 9T0 runoreda IpJEnia UIpu 1 = 3 0CTAETCsS OTKPBITOI,
9TOT cirydail Mbl 0Ocy UM B 1. 2.4.4.

2.4.2. Huxnne onenku. H. Ajon [10] npuaymai cieayionmii TPIOK, HCIIOIb3YIO-
i TaK Ha3bIBACMBbI MeTO Masbix Bapuanuii (alterations method, em. [15; rir. 3]):
opobyeM MoKpacuTh n-rpad B a < 7 MBETOB CJIyYailHBIM 00pPa30M, a 3aTeM Iepe-
KpacuTh omacHble pebpa. Maremarudeckoe OXKHUIAHNE KOJNIECTBA OIMACHBIX pedep
paBHO

|E| . al—n.

3aMernM, UTO y HAC OCTAJIOCh I — (, HEHUCIIOJIb30BAHHBIX I[BETOB M MBI MOXKEM I10-
KPaCHUTh B KaXKIbIil I[BeT JI000#1 HAOOp u3 He Gojiee ueM n — 1 BepIIUHBI, TaK ITO
OJTHOIIBETHBIX pebep He MosiBUTCsI. TakuM 0O6pa3oM, mpu

|E| < a" ' (r—a)(n—1)

n—1

runeprpad npaBUIbHO KpacuTcs B r 1BeroB. llojcraBus a = { TJ , HoJIy4aeM

m(n,r) > (n— 1) Ww {” — 17~J o (2.8)

n n

BameruMm, uro Teopema 2.3.2 B HAIleM Coydae JaeT OLEHKY Buia m(n,r) =
cy/nr™. Kombunupys merompl Asiona n Kosuka—Yepkammuna, V. Axosb3un u
. ITa6anos [9] mosyamim HEpaBEHCTEO

n
m(n,r) = c—r".
Inn
DToT pe3yabrar MoTpedboBaJ YTOYHEHUsI OleHKH B Teopeme 2.3.4 j10 7" npu 00Jib-
X 7, 9TO JOCTUTAETCS MOCPEICTBOM 3aMEHBI HEPABEHCTBA O CPEIHUX B JIOKa3a-
TeJbCTBE D0JIee AKKYPATHBIM AHAJII30M.

2.4.3. PeryasspHOCTH XpOMATHIECKOTO YHCJIa. B 9TOM IYHKTE MBI IIPUBEIEM Ha-
OPOCOK JIOKA3aTEbCTBA TUMIOTE3bI AJTOHA.

TEOPEMA 2.4.1 (Yepkammu—Ilerpos [52], 2018). /as arwbozo durcuposarto-
20 n nocaedosamenvrnocms a, := m(n,r)/r" umeem npedea.

OcHoBHasT uiest JOKA3aTEIbCTBA — PACCMATPUBATH OOPATHYIO (DYHKIIUIO, [TOC/IE
Yero MoJib30BaThCsl HepaBeHcTBaMu Tuna cydaaaurusaocru. [ycrs f(IN) obo3naua-
€T MaKCUMAJIbHOE XPOMATHIECKOE UHCJIO N-0iHOPoaHOr0 rureprpada ¢ N pedbpamu
(moompenesum Takzxke f(0) :=1). OgeBugno, 4ro f HECTPOro BO3pacTaer u

m(n,r) =min{N | f(N) > r}. (2.9)

ostomy m(n,r) ~ Cr™ pasrocuasao f(N) ~ (N/C)Y/™.
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JIEMMA 2.4.2. Jlaa aw60e0 N > 0 u 1106020 HamypasvHo2o P GbNOAHACTCA
HEPABEHCTMEO

f(N) < a1+a2+..-n—i}2§§N/Pn—l(f(al) + f(az) +ot f(ap)>

JIOKA3BATEJIBCTBO. Ilycrs H = (V, E) — n-opnopouustit runeprpad ¢ F = N.
TTokpacum BepimHbl Tuneprpada Bo Benomoraresbuble nsera n(v) € {1,2,...,p}
cryuaitno u Hezasucumo; obosnaunm V; = 7~ 1({i}), mycrs H; — runeprpad, umy-
nuposanubiii runeprpadom H wa V. Ilycrs H; umeer a; pebep. Maremaruaeckoe
OXKUJAHUE CyMMBI Zai pasro |E|/p"~! (mockombKy Kaxkmoe pebpo e € E mpn-

K3
HaJyIeKuT Kaxkiaomy H; ¢ BeposthocTbio 1/p™). TlosroMy CymiecTByeT BCIIOMOIa-

N
TeJIbHAsl PACKPACKA 7] TaKasi, 9TO g a; < e Sadurcupyem 717 u mokpacum H;,
ucnosb3ys f(a;) UBETOB, IPUYEM IIBETA HE [IEPECEKAIOTCs JIJIst PA3HbIX 1. BCero Mbl
HCIIOTH30BAJIH E f(a;) useros, u H packparien npasusibho. Jlemma jokazana.

Paznuamble 3aja9m U pe3yabTaThl TAKOrO TUIA PACCMATPUBAIOTCI B 0O30pPHOIA
crarse [39].

OcraBrasicst 9acTh JIOKa3aTeIbCTBA SIBJISIETCST YHCTO AHAJIMTHYIECKON: B HEl MMOKa-
3BIBAETCH, ITO i Jjiioboit dyukuuu f(N), yaosiaersopsmomeii gemme 2.4.2, byHK-
nus g(N) := f(N)N~'/™ umeer npegen mpu N — oo.

Ocraercs OTKPBITBIM BOIIPOC O PEryJIFPHOCTU Mm(n,T) 10 HepBOii IIepeMeHHOIl:

BEPHO JIH, 9TO
i ML),
w5 m(n, )

2.4.4. Cuayuaii 3-rpagos. Hac OyayT mHTEpecoBaTb OIEHKH Ha IIPEJIET OTHOIIe-
s m(3,7)/r%; B IpeABIIyIIeM TyHKTEe Mbl TIOKa3aam, 970 OH cymiecTsyeT. O6o-
3Ha9IuM ero OyKBoit L.

CpaBHUM TIpeBIIyIIIe METO/IbI B 9TOM ciiydae. [Ipexjie Bcero orMernm, 9To u3
runoressl Dpadma cieayer, aro L = 4/3, npumep nosHoro 3-rpada Jaer oneHky
L <4/3.

IMepeiiieM K HUKHUM OIleHKaM. IIpexJie Bcero, oneHka Ajiona (2.8) Bieder
L > 8/27 = 0.296... . Merog Ilinyxapa B 9TOM cilydae jgaerT oneHky L > 4/e3 =
0.199... . 1. Akonwzun u /1. [1labanoB He npuBen KOHKPETHBIX BHIYUCIEHUN KOH-
CTaHT, HO UX MeToJ gaeT onenky L > 0.205. .., uro 6buio nmokasano B [49].

Pasencrso (2.9) mokasbiBaer PaBHOCHJIBHOCTH ACUMITOTHYECKUX BEPXHUX OIle-
Hok Ha f(N) n HmkHnx onenok Ha L. B crarwe [52] mokasana caemyomas gemma.

JIEMMA 2.4.3. IIpu c, := [(1—2Y""1H""] 4 mobvir N > M > 0 evnoansemca
HEPABEHCNEO
f(N) < NY™ max  fla)a™ /™.

M<a<c, M
Mssectro, uro f(0) =1, f(1) = --- = f(6) = 2 (310 Oyger nokazano B 1. 8.1),
f(7)=---= f(26) = 3 (cm. [8]). Ucnonb3ys memmbl 2.4.2, 2.4.3 1 KOMIBIOTEPHbIE

BbIYIUCJICHUA, MBI IIOJIyIaeM HEPaBEHCTBO
m(3,7) > 0.324--- -3

Opu yCJIOBUU T > Tg.
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HaxkoHer, 3aMeTHM, 9TO KOJIMIECTBO T-lieneil B rpade MOXKHO OIEHUTh TOYHee,
gem |E|" /7.

YTBEPXKAEHUE 2.4.4 (Yepkammun [49], 2019). Tunepepagp H = (V, E) codep-

orcum He boaee )
|E[( |E]
2 \r—1

JlokazaTebCTBO OCHOBAHO HA PACCMOTPEHNUN WH/LyTMPOBAHHBIX I'-IIyTel BO BCITO-
moraresbioM rpade G = (E, F). Bepumnamu rpada G ciayzxkar pebpa HCXOIHOIO
runieprpada H; napa (e1,es) € E x E Bepun rpada G coemunena B G pebpom,
ecan |eq Nes| = 1. IlonarHo, 4ro KosmuecTBo r-rieneil B H OIEHUBAETCS CBEPXY
KOJIMYeCTBOM r-1iyTeil B G.

r-yenet.

Hanee npumensiercs onenka H. ITunmenrepa u M. 9. Tonambuka [129] xommde-
CTBa TaKMX IIyTell. DTO 1103BOJIsIeT yaydnuTh oneHky Ilmyxapa g0 L > 0.54... .

2.5. JlokanbHas gemMma JloBaca. Xopormo m3BecTHas Teopema bpykca yT-
BEPKAET, UTO eCJIU CBA3HBIN rpad co crenersaMu He 6oiee d He SIBIAETCS HEIeTHBIM
MIUKJIOM HJIA TIOJTHBIM T'padOoM, TO OH TPABUILHO KPACUTCS B d IBETOB.

B mporiecce periennsi aHAJIOTUYTHON JIOKAJIBHOM 3a/1a49u JJIst TuieprpadoB ObLia
npujyMaHa JioKajibHas jieMMa JloBaca. DTa jeMMa MIMPOKO IPUMEHSIETCS B CAMbIX
Pa3HBIX 00JIACTIX MATEMATUKH, OT KOMOMHATOPUKHU U TEOPUH BEPOSTHOCTEI J10 1O~
baHTOBBIX MPUOINKEHNIT U aHAJIUTHIECKON TEOPUH UUCEI. DTO OJUH U3 HEMHOTUX
001X CI10cO0O0B MEPEXOIUTh OT JIOKAJBHBIX YTBEPKICHUI K TUIOOATHHBIM.

TEOPEMA 2.5.1 (Oppaém—Jlosac [70], 1973). Tycmo Ay, ..., Ay — 2mo cobumus
6 nexomopom eeposmmocmuom npocmpancmee, J(1),...,J(m) — amo nodmmnooice-
emea mnoorcecmsa {1, ..., m} makue, wmo i ¢ J(i). Iycmo danw seusecmeentivie
yueaa 0 < x; < 1,1 < i < m. [pednoaosicum, wmo 6unosnenv, caedyrougue ycio-
BUA:

(a) dan kaorcdozo i cobvimue A; ne 3asucum om anz2ebpovi, NOPoHcOEHHOT cObvL-
muaw { Az, ¢ JG) U {i});

(b) das Kaoicdozo i vIMOANAETC HEPABEHCMBO

Pr(4;) <a; [[ (1-2y),

JEJ(3)

20e Pr(A;) — sepoammocmsv cobvimus A;. Tozda ¢ noroscumesvroll 6eposmHocmvro
HU 00HO U3 cobwmutl A; He GbNONHACNCA.

Wuorma ucroib3yercst IMEHHO TaKast BepPCHsl JIOKAJILHOI JieMMbl. B ciytae, Korma
OIIEHKHU BEPOSTHOCTEH BCeX COOBITHI COBIAIAIOT, TOJIyIaeM CJEIYIONee YTBEPK Ie-
Hue.

TEOPEMA 2.5.2 (cuMMeTpuuHasi BepCUsl JIOKAJIbHON sieMMbl). ITpednosostcum,
wmo ep(d+1) < 1, kaorcdoe cobvimue A; npoucrodum ¢ 6epoAMHOCMVBIO He bosbwe,
wem p, u | J(7)| < d dan ecex i. Tozda ¢ noroocumesvHol 6EPOAMHOCTNGIO HU 00HO
u3 cobwmutll A; ne mpoucrodum.
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JIOKABATEJIbCTBO. Buibepem z; = o = 1/(d + 1). Torma (1 —z)¢ > 1/e — sto
cyleJTyeT, HanpuMep, U3 onpeestenns wnciaa e. Cremosarensho, p < z(1 — x)¢, Tax
9TO BBINOJHAIOTCS YCJIOBUSA JIOKAJILHON JIEMMBI.

W3 reopembr 2.5.2 HEMEJIEHHO BBITEKAET CJIEAYIONAs HETPUBUHAJILHAS TEOPEMA.

TEOPEMA 2.5.3 (Opaém—Jlosac [70], 1973). Ecau arboe pebpo 6 n-00rnopodrom
eunepepagpe nepecexaem ne boaee 2" /n dpyeux pebep, mo 2pad kpacumca 6 dea
u6ema NPAGUALHHLM 06PA3OM.

Crenyromas Bepcus J0oKaJIbHOI teMMbl 6blta nostydena 2. Kosukom [113]. Met
OymeM ucmonb3osarh ee B I. 3.1. Bosee wacTHble Bepenu ucnoib3osaiuch V. Be-

koM [25] u 3. Cabo [162].

JIEMMA 2.5.4. ITyemo X1, ..., X, — HE3068UCUMDIE CAYUATIHBLE BEAUNUNDL U A —
MHOIHCECTNBO cOOLIMULL, Onpedesaemvls amumy sesuvunamy. Jas A € o 0603na-
wum wepes vbl(A) murumanvroe mHodcecmso nepemennuir, sadaowuxr A. s
Kxaotcdozo X; onpedesum MHO204AEH

wx, (2) = Z Pr(A)zVPIAI
Aeco/:X;€vbl(A)

ITpednonosicum, wmo cywecmeyem dyrryus w(z) makas, wmo das mobozo z > 1
U 2106020 X; 6VNOAHAECMCA HEPABEHCTNEO

w(z) > wx, ().

Tozda ecau cywecmeyem maxoe T € (0,1), wmo

1 <
w S
1—7

mo ¢ NOAOHCUMENDHOT GEPOAITMHOCTNBIO HE BBINOAHAEINCA HU 00n0 u3 cobvimuil < .

JITOKABATEJIBCTBO. IIpumenum jgemmy 2.5.1 ¢ mapamerpamu

u ;o= (1 —7)"VPIADI Pr(4;). Ocramocs TommKo IpoBepuTh yemosue:

i [ G-ap)za ] II a-=)

AjeJ (1) Xevbl(A;) j:Xevbl(Aj)
2o I (15 X w)
Xevbl(A;) J:XEvbl(A;)
1
> X 1-—
o A (mn(575))
Xevbl(A;)

1 | vbI(As)]
2;101-(1—111( )> = Pr(4;).
1—71
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JlokanmpHast Bepcust Teopembr 2.3.1 nomyuena A. B. Kocroukoit, M. Kym6xarom
u B. Péagiem [111]. Jlokanbubie Bepcun reopem 2.2.4, 2.3.3, 2.3.4, a TakKe OLECHKU
Paaxakpumnana—CpuHuBacana II0JIy9eHbl B T€X YK€ CTaThAX, 9TO U CAMU TEOPEMbI.
Ouenka (2.8) He JOIIyCKAET JIOKATIBHOI BEPCHHL.

O panbHeiiieM pa3BuTuu KOMOMHATOPHON JIOKAJIBHONW TEOPUH MOXKHO Y3HATD,
Hanpumep, u3 crarbu [31].

2.6. Kpurnueckue runeprpadsbl. ['uneprpad HazbBaeTCst Kpumuueckum
(pebepro-kpumuseckum), ecan yaajaenue Joboro pedpa yMEeHbIIACT XPOMATHIECKOe
qucyo. Cremyomast TeopeMa OKa3aIach JIOCTATOYHO BAXKHOI, O 9€M CBUIETE/IHLCTBY-
€T ee IMOABJICHNE B PA3JIMIHBIX 00JIACTAX KOMOMHATOPUKH.

TEOPEMA 2.6.1 (JIosac [119], 1970; Bymamn [168], 1972; Ceitmyp [143], 1974;
Bypurreita [43], 1976). Kpumuueckuii eunepepadp H = (V, E) e3 sepwun nyaeol
CTNENEHU U C TPOMAMUMECKUM HUCAOM boaee 08YT YIOGACTNGOPALTN HEPAGEHCMEY
[E| = |V].

Crour OTMETHTBH, YTO JOBOJBHO YACTO ITA TEOPEMa IIPUBOAUTCH 0e3 yCIOBUA
pebepmoit kpuruanocT. Takas (GOpPMyIHPOBKA, OUIEBUIHO, OMMOOTHA, TOCKOILKY
MOYKHO B34Tb JI0001 THIEprpad ¢ XpoMaTHIECCKUM TUCIOM OOJIBINE IBYX M 1004~
BUTH K HEMY JIOCTATOYHO OOJIBITIOE PedPO.

ITogpobuee o Kpuruyeckux runeprpadax MoxKHO npouecTbh B 0030pe A.B. Ko-
croukn [105].

3. Hpyrue kjaaccel rurieprpadon

3.1. IIpocteie (qmHeliHbIe) U b-ipocThie runeprpadbl. 'nneprpad Ha3HI-
BAETCsT NPOCMbLM (& MHOTIA AUHEHbIM ), eCITN JTIOOBIE IBa ero PebpPa IepeceKarTest
He Gostee yeM 110 oziHOI BepimHe. Ilo aHasjorum ¢ BeJUdUHON m(n, ) OUpesesnm
Besmauny $(n, 1) KAK MUHEMAJIBHOE YUCJIO pebep B IIPOCTOM n-rpade, He HMEoIeM
IPABWILHOM 7'-PACKPACKH; COOTBETCTBEHHO, JIOKAJILHYIO BEPCHIO (OTHOCUTEILHO pe-
beproti crenenn) obozHaUNM depes d(n,r).

3.1.1. Huwxknue onenku. Ilpexkje Bcero mokaykeM, YTO M3 JIOKAJILHONI BepCUH
HU2KHEH OIEHKH JjIs MPOCTOro rureprpada cieayeT 3HAYUTEeJILHO 6ojiee CUIbHAS
OIIEHKA Ha 49ucjio pebep; 3To paccyzxkiaenue npunaiexut [1. Dpaémy u JI. Jlo-
Bacy [70]. Paccmorpum n-ommopoausiii upocroii runeprpad H = (V, E), ue mno-
IYCKAIONMH MpaBMJILHON pacKpacku B T IBETOB. 'Tenepb yIATHM M3 KazKJOro
pebpa BepHIHMHY MaKCAMAJbHON CTEIeHH, TaKuM O00Pa3soM MBI IOJyYHM IIPOCTOL
(n — 1)-rpad Hy = (V1, E1) (on nassBaercs xkynuposaruem rpada H). fcuo, aro
OH TIO-TIpEZKHeMY He Kpacurest B r netoB. Coenosarensho, d(Hy) > d(n—1,7), 1. e.
Hafijercst BepmHa v € Vi crenenu He menee d(n — 1,r)/n. Ho kaxoe u3 pebep
e1,...,et € By (t > d(n—1,r)/n), conepzxamux v, GbLIO TIOJYIEHO yIAICHUEM Bep-
muabt v; € V(1 = 1,...,t) GoJbImelt cTenenu, IpuaeM U3-3a TMPOCTOTH H Bee aTn
BEPIIMHBLI PA3JUYHBL. 3aMETHUM, YTO, CJIOYKHB CTENEHU BEPIIUH Uj, MBI IIOCIHTAEM
KaxKJioe U3 pebep He 6osee 1 pas, 9To HEMEIJICHHO BeYeT HEPABEHCTBO

dn— 1.0

s(n,r) > 3
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Bce mamrydimnme acHUMITOTHYECKNE HIZKHIE OIEHKU BEJMYUHBI S(N,T) npHu QUKCH-
POBAHHOM 7" TIOJTy9alOTCsI KaK €0 CJICJICTBHE; B CBSI3U C 9TUM B JIAHHOM pa3/iesie Mbl
OyJleM OLEHUBATH TOJBKO Beaumauny d(n,r).

A.B. Kocrouka [105] nokazaj, Kak yaydiluTh PacCyzKICHHUE C KYIHPOBAHUEM.
Boie Mbl Bugienn, uro B ipoctom n-rpadbe H = (V) E) ¢ XpoMaTHIeCKuM YUCIOM,
GostbIM 1, Haiiercs xors 06l d(n—1,7)/n BepiuH crenenn ze Meree d(n—1,7)/n.
Vuopsmounm BepinuHbl H 110 yOBIBAHUIO CTEIEHEll; OyIeM yAaasiTh BEPIIHHBI 110 10~
PANKY; yIaJisis BEPIIUHY, Mbl TaKKe y/ajisdeM Bce cojepzkaiiue ee pebpa. 3 mpo-
cToTHI Tpada CJIelyer, 9To BMECTe ¢ BEPIINHON v; MBI yaassieM He meree deg(v;) —
(i — 1) pebep. 3uaunt, 3a nepseie |d(n — 1,7)/n] maros Mbl yaagnM He MeHee

V(n—m)J N V(n—l,r) d(n—1,r)J2

n n n

—1J+--~+120{

pebep, ITO JaeT ONEeHKY

dn—1,1))>

s(n,r) = ¢ 5

n

B paborax 3. Cabo [162], A.B. Kocroukn u M. Kym6xara [106], 1. A. ITTa6ano-
Ba [152], 1. Kosuka [113], A. Kynasckoro u JI. A. ITTa6axosa [115] Gbln oty deHb!
mKane onenku Bupa d(n,r) > en' =M=l ¢ pasmrameivg bymxmmavm £(n),
crpemsiimumucs K mymo. Hakowner, 1. Kozuk u /1. A. IllabaHoB moJry9Iuyiv OneHKY
6es e(n).

TeEOPEMA 3.1.1 (Kosuxk—Ila6anos [114], 2016). Jas awobvx r = 2, n > 3 6u-
NOAHAEMCA HEPABEHCTNGO
d(n,r) = cnr™ L,

IIpuseem HAGPOCOK JIOKA3aTEILCTBA 3TOI TeopeMbl. AJIFOPUTM paCKPacKu y/Iu-
BUTENBHO TpocT. 3adukcupyeMm napamerp p € [0,1] 1 HEKOTOPBIH MUKINIECKUH
HOPsIZIOK HA T IBeTax. PaccMoTpuM ciiydaiinyio (PaBHOMEPHYIO U HE3aBUCUMYIO)
pPACKpacKy BEPIIVH B 7 [[BETOB U NPUCBOMM KaXKJI0il BEPIIUHE BEC — CJydaitHo (pas-
HOMEDHO U He3aBUCUMO) BbOpanHoe 4ucio u3 orpeska [0,1]. o mex mop, moka
CYIECTBYIOT OJIHOIBETHBIE pebpa, MbI MEPEKPAITNBAEM CAMYIO JIETKYIO BEPINUHY,
KOTOpasi He MEePEKPAIIUBAIACEH J0 ITOTO, B CJAEAYIOMUNA 110 TOPSIKY IIBET, €CJIN €e
BeC MeHbIle P (BepIIMHA ¢ TAKUM BECOM Ha3bIBAECTCHA €60000H0T).

ITockobKy Kaskjiasi BepINUHA TI€PEKpaIlMBaeTcs He DOJiee OJIHOrO pasa, aJjiro-
PUTM 3aKaHUYHBaeT pabory.

Teneps npuBeeM KpaTKylo CXeMy JOKa3aTeJbCTBa TOrO, YTO BEPOATHOCTH IIpa-
BIJILHOI PaCKpacK! Ha BBIXOJIE pabOThI aJTOPHTMa MOJIOKHATEIbHA. HazoseM pedbpo
BLIPOCIEHHBIM, €CTU B HEM XOTs Obl 1/2 CBOOOMHBIX BEPIIUH, U ONACHbLM — €CJII
MOCJIe TIEPBOHAYAIBHON PACKPACKH M BHIOOPA BECOB Y HETO €CTh BO3MOMKHOCTH OKa-
3aThCsl OIHOIBETHBIM (T. €. BCe HECBOOOJHBIE BEPIIUHLI UMEIOT IBET i, B TO BPEMs
KaK CBODOJHbBIC UMEIOT IBeT § Wi i — 1).

Ecau npu 9T0M aaroput™ He paboTaeT, TO IPU TUX OPSIIKE U IPEIPACKPACKE
CYIIECTBYeT CTPYKTYDa IOJTHUIEPIEPEBa C ONPEeIeJIeHHbIMEI cBoiicTBaMu (dopmy-
JINPOBKH CBOMCTB J0OBOJLHO I'POMO3/IKH, & J0KA3aTebCTBa MPAKTUIECKH TaBTOJIO-
rugnbl). [loxcranoska p := (5lnn)/n n npumeHeHne JokaabHON JiemMbl JloBaca
B dopme jemMmbl 2.5.4 3aBepIaKT JI0Ka3aTe/IbCTBO.
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3.1.2. b-upocrbie runeprpagbl u BepxHHe oneHkn. [lpexe Bcero u3 obieir Teo-
pembl 3.1.4 caemyeT orenka

s5(n, ) < 1600n*r2+1),

OkasbIBaeTCs, 9TO JajbHeiIe BepXHne OMeHKN B OCHOBHOM MOKHO JIOKa3aTh CPa-
3y B OOJIbINEH OOITHOCTH.

T'uneprpad HazbiBaeTcst b-npocmoim, eciiu JioOble JBa ero pebpa ImepecekarTcst
He Gostee yeM 1o b BepimmHam. MHorga [128], [133], [109] b-nipoctoii n-rpad HasbiBa-
erca wacmuyunol (n,b + 1)-cucmemoti IlImedinepa. Ciyuait b = 1 paccmarpusasics
B IPEABIIYINEM IIyHKTE, ceiffdac Mbl PACCMOTPUM CJIyvail mpou3BosbHOTO b. Besn-
qunbl s(n,r,b), d(n,r,b) oupenensaorca anajorndno BeamaunaMm s(n, r), d(n,r).

Huxuue onenku Kocrouku—Kymoxara [106] monyckaior o6obiienue Ha b-1po-
creie runeprpadbl.  Obobierne Teopembr 3.1.1 Ha b-mipocthie Tuneprpadbl OBLIO
nosryaeno M. B. Axmezkanosoit u . A. ITlabaHoBbIM.

TEOPEMA 3.1.2 (Axmemxkanosa—Ila6anos [5], 2017, [6], 2019). [las arobwix
b>1,r>2,n> no(b) BHINOAHACTNCA HEPABEHCINEO

1 —b

d(n,r,b) > Toot nr’ 7.
A.B. Kocrouka u M. Kym6xar [106] B 2009 1. 10os1yunin BepXHIOIO OIEHKY BeJIn-
quHbl $(n,T,b), KoTopas depes roj Obuta yayumena A. B. Kocroukoit u B. Péajem.

TEOPEMA 3.1.3 (Kocrouka—Péms [110], 2010). Jas amobvix > 2,b > 1 u do-
CMamouno 60ALW020 N BUNONHAETNCA HEPLBEHCNEO

s(n,r,b) < (4€")’(nlnr)tTL/opntn/b,

3.1.3. T'uneprpacppr ¢ 60sbuM obxBaroM. Iuksom daurv, s B runieprpade H =
(V, F) Ha3blBaeTcs MoC/IeA0BaTe/IbHOCTD

(Ao,vo, cee 7As—17Us—17As)v

e Ag, ..., As_1 — pazmuanbie pebpa H, pebpo Ay coBmagaer ¢ Ag, a vg, ..., 051 —
pasnmgnble Beprwabl H, npudem v; € A; N A;pq ayist Beex @ = 0,1,...,s — 1.
Ob6xeamom runeprpada H naspiBaerca miuuHa ¢(H) ero MUHUMAJIBHOIO IHUKJIA.
3aMeTuM, YTO MPOCTBIMU runeprpadaMu IPH TAKOM OIPEJIEJCHIN OKA3bIBAIOTCS
runeprpadst ¢ g(H) > 2.

IT. Dpuém u JI. Jloac mmpoko oGOOIMIN M3BECTHYIO TeopeMy dpémia [62]
0 CYIIECTBOBAHUY I'PadOB C MIPOU3BOJIBHO OOJIBITAMEA XPOMATHIECKUM IUCJIOM U 00-
XBaTOM.

TeOPEMA 3.1.4 (Qpuém—Jlosac [70], 1973). Jas 4066 namypaiviox wucen
$=22,n>=2,1r>2 onpedesum 6EAUMUHDL

vi= 42057 st gy — 4. 205035 2D g = 90p2pn L

Tozda cywecmeyem n-o0HopodHwil 2unepepad H Ha v eepuunar ¢ me boaee wem m
pebpamu u cmenenamu eepwur ne 6oaee d maxot, wmo g(H) > s, x(H) > r.
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ITycrs A(n,r, g) o6o3HAUAET MUHUMAIBHOE d, JJIsl KOTOPOT'O CYIIECTBYET N-0JHO-
pomHbIi TUnEprpad ¢ XpOMATUIECKUM TUCJOM Oojiee 1, OOXBATOM ¢ U MAKCUMAaJIb-
HO#1 BepinHHO#I crenenbio d. V3 Teopemsbr 3.1.4 myist g > 3 ciemyer oneHKa

A(n,r,g) < 20n2rm T,

D10 HepasencTBo Obuto yiaydamero A. B. Kocroukoit u B. Pémem.

TEOPEMA 3.1.5 (Kocrouka—Pémns [110], 2010). Jasa scex n,r > 2 u g > 3
EHINOAHACTNCA HEPAGEHCTNEO

A(n,r,g) <nr" tinr

Kparko ommmenm nssectHble pesysibrarsl s rpados. Jx. X. Kuv [100] moka-
zai, uro A(2,7,5) > (r+o(r)) Inr msa gocrarouno Gosabiux r. C Apyroii cTOpOHbI,
A.B. Kocrouxa u H.II. Masyposa [107], a Taxxke B. Bosutobam [38] mokasasu, 1ro
A(2,r,9) < 2rlnr pus Beex g. B. A. Tamxuuos [163] gokaszan, uro A(2,3,9) < 6
JLJISL BCEX ¢.

M. Amxrait, 1. Komtom, 4. Tunn, Tx. Cuencep u 9. Cemepenu [4] mokazanu,
qT0 n-oxuopouusiii ruteprpad H = (V) E) ¢ o6xBarom X0Ts Obl 5 U MAKCUMAJILHO
CTEINEHBIO BEPIIUHBI d CONEPKAT HE3aBHCHMOE MHOXKECTBO pasMepa He MeHee

lnd 1/(n—1)
v =Z .
| |( d)

CrieHcep IPEIIIONIOKUI, 9TO JOCTATOYHO TpeboBaTh OT rumeprpada TOIBKO MPO-
croTy, uro 6610 mokazano P. A. Trokom, X. Jlebmannom n B. Pémem [60]. 1. My-
6an u A. Opus ycusimiu TeopemMy, IoKa3aBs, U4TO He IPOCTO HaiiJleTcs He3aBUCHMOe
MHOZKECTBO yKa3aHHOIO pasMepa (cKaxkeM, ), a runeprpad J0MycKaeT packpacKy

B O(|V|/a) uperos.

TEOPEMA 3.1.6 (My6au—Dpus [80], 2013). ITycmo H — n-o0dnopodrviii npocmot
aunepzpad ¢ Maxcumasvrot cmenenvio eepwunv, d. Tozda

(H)< i 1/(n—1)
XIS \nd '

B kadecrBe HeMemIEHHOTO CJIEICTBUS TOJIyYIaEM, 9TO JIOOOH N-0IHOPOIHBINA TH-
reprpad Co CTENeHsIMA BEPITUH He OoJsee

c(n)r" tinr

KpacuTcs B 7" IIBETOB.

3.1.4. Cuyuait 6o/bIIOro 4uc/Ia IBETOB. B 3TOM IIyHKTE pedb 110ii1eT 06 OleHKax
B CHTyallud, KOIJIa T HAMHOIO OoJiblie, deM n. Vcrmoab3ys ciaydaiiHble Ju3aiiHbI,
J.A. Tpeitbn, B. Péuabs u K. T. @ennc [84] yuyunmm onenky Dpaénia—/losaca.
Onu nokaszajiu, 9To fyist GeCKOHETHO MHOTUX T, TIOIIUHSIONIUXCS YCJIOBUIO T > 1o(n),
BBITIOJTHAETCST HEPABEHCTBO

s(n,r) < c-4"n* 2 1n?r,



114 A.M. PAUTOPOJICKNI, ./. YEPKAIIINH

A.B. Kocrouka, 1. My6au, B. Pémie u II. Terann [108] nomyunsn ciemyrormme
OIIEHKHM JIJTsi KJIacca b-IpoCThiX TueprpadoB: Ipu (PUKCUPOBAHHBIX 7L U b

c(n, b) (" n ) < s(n, k) < C(ny b) (P Hnr) 1P, (3.1)

6ouiee Toro, npu duxcuposannoM b koucranta C(n,b) moJMHOMUATIBHA 110 7.
Jnst weTHBIX 7 B TOI 2Ke craThe [108] ObLia mosryueHa OleHKa

n—>a 1
(n—=1)(b+1)/b
s(n,r,b) > W @ Tne) /D r )

B caygae mpocTeix runeprpadoB moce I HsIsT ONeHKa, ObLIa, yCuIeHa.

TEOPEMA 3.1.7 (Iabauos [152], 2012). Jas n > 3 u wemnoeo r = 4 sunoana-
eMmCA HEPABEHCTNGO

n
2n—2
s(n,r,b) >cn2’22nr .

3.1.5. F-cBobomusie rumeprpacpr. Ilycrs # — dukcupoBannoe ceMeicTBO
n-rpacdos. Oupezpesum Beauuauny m(r, %) Kak MUHUMAJbLHOE KOJIXYECTBO pebep
B n-rpade, He comepkaiem HuKakoro n-rpada F € .F B kauectse noarpada u nMe-
IOIEM XpOMaTHIecKoe 9nucio He menee r + 1. OueBHHO, UTO KJracc b-IPOCTHIX
n-rpados 1oxyvaercst sanpemerneM (n — b — 1)-ro n-rpada. Iloab3ysick aTnm,
T. Boxman, A. ®pus u JI. My6Gan [37] ycwrmin HuXKHIO0 onenky (3.1) Besmdn-
Hbl (1,1, b).

Ve juist TpadOB 1 BeChbMa IPOCTHIX ceMeficTB F' 3ajiada sBJISIETCS JIOCTATOYHO
cnoxkuoit. JIxx. T'mv6Gesr u K. Tomaccer [82] mokaszamnm, 9To MUHAMAJIBHOE KOIHIe-
cTBO pebep B rpade 6e3 TPEyroIbHUKOB U ¢ XPOMATUIECKUM 9HUCJIOM " IMEET [OPsi-
1ok pocra 7 log? 7. B T0 2Ke BpeMsi ACHMITOTHKI IIPU 3alpeTe MoaHoro rpada Ha
YeThIpeX BepIINHAX WM IUKJA Ha YeThIPeX BepIInHax He um3BecTHbl. 1. Boxwmam,
A. ©pu3s u . Mybau nokasaju, 4To cjiydau rpados u runeprpadoB CyIeCTBEHHO
PA3THIAIOTCS.

TEOPEMA 3.1.8 (Boxman—®pusz-Mybau [37], 2010). ITycmo k > n > 3. Tozda
MUHUMAALHOE Koauvecmeo pebep 6 K['-ce0600nom eunepzpade ¢ Tpomamuyeckum
MUCAOM T UMEET. NOPAIOK POCMa

,r,nJro(l)7

20e K} — noanwiti n-epag na k sepwunax. C dpyzoti cmoponsi, 0aa 1106020 s = 3 cy-
wecmeyem €(s) > 0 maxoe, wmo munumasvroe Koauvecmso pebep 6 Kg-c60600nom
epaghe ¢ TPOMAMUMECKUM “UCAOM T uMeem Nopadok pocma we menvuse 727¢

TunoTe3A 3.1.9 (Boxman—®@pus-My6an [37], 2010). Cywecmsyem npocmot
3-epap H, dan womopozo munumasvhoe xoauuecmeo pebep 6 H-ceobodnom eunep-
2pagpe ¢ TPOMAMUMECKUM HUCAOM T UMEET NOPAJOK Pocma

7"3+0(1) )

B roit ke crarbe ObLIa HOCTaBJIEHA 3a/1a4va 00 OIHMCAHUN KJIACCa TaKUX 3—Fpa—

doB H, j1ijist KOTOPBIX MUHUMAJIbHOE KOJIMIeCTBO pebep B H-cB0oOOIHOM rurieprpade

C XpOMATHUYICCKHUM YHCJIOM 7" pacTeT KaK T3+0(1).
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T. Boxman, A. @pus u /1. Myban [37] nokazasm, 9to n-rpad ¢ XpoMaTHIeCKAM
qucsiom He Meree 2(n — 1)(t — 1) 4+ 2 comepkuT Komuto JT060ro n-gepesa ¢ t ped-
pamu. OHU 2Ke IPeJIITOJIOXKIIN, 9TO YTBEPXKIEHNE JTAJIEKO OT ONTUMAJIBHOIO, 9TO 1
nokaszaJ I1.-111. JIox.

TEOPEMA 3.1.10 (JIox [118], 2009). Hycms» H = (V, E) — n-odnopodnuii eunep-
epag ¢ xpomamuueckum wucaom, borvwum r. Toeda H codeporcum xonuro a106020
n-00HOpoOH020 2unepdepesa ¢ r peopam.

Barem A. [pspdac n U. Jlexen [87] nokasaiu, 4ro 3ra TeOpeMa sIBISETCS Mpsi-
MBIM CJIEJICTBAEM YKaJJHOrO Moaxoaa ILiryxapa.

3.1.6. Cucremnpr IIreiinepa. Cucmema Imetinepa ¢ napamerpamu (v, n,l) —3ro
n-rpad Ha v BepiIuHAX, JIOObIE | BEpIIMH KOTOPOIrO cojep:KaTcs (Kak MOJMHOZKe-
CTBO) POBHO B OJIHOM peGpe.

B patorax [I. A. Tpeiibma, K. T. ®esnca u B. Pémus [84] u K. T. @esmca u B. Pén-
a1 [128] Gbuia HalijeHa acUMOTOTHKA (C TOYHOCTBHIO JIO MYyJIBTUILIMKATHBHOMN KOH-
CTAHTBI) MUHMMAJIBHOIO 4HCJIa Hesasucumoctu (n, k,2)- u (n, k, 3)-cucrem lrei-
Hepa npu GUKCUPOBAHHOM k U M, CTpeMsiIeMcs K 6beckonednoctu. V3 3Toro ¢ mo-
Mmorpio Hepasencersa x(H) > |V(H)|/a(H), tne H = (V, E), ciieyloT u ONEHKH
COOTBETCTBYIONIMX XPOMATHIECKUX UUCEJT.

Xpomarungeckue aucia cucrem lllTefinepa n3ydaanch u B cjiydae MaJibIX mapa-
merpos. Hanpuwmep, IT. Xopaxk [96] nmokaszas, uro jmobas (25, 3, 2)-cucrema lreiine-
pa umeeT XpoMaTuieckoe 4ucjo 3 win 4; B crarbe [55] KOJLIEKTUB aBTOPOB U3y Jal
pa3JInYHbIe CBOMCTBA BEPIIMHHBIX U pebepHbIX packpacok (19,3, 2)-cucrem.

3.2. Ilepecekamwuuecsi (runeprpadbl-KJINKN) U HaKPECT-IIEPECEKAIO-
mpecss ceMercrBa. B 3ToM 1myHKTe OyIeT pOJeMOHCTPUPOBAHO, ITO IIPU OTCYT-
CTBUM BO3MOYKHOCTH MPUMEHEHHS BEPOSTHOCTHOIO METO/Ia 3a30D MEXKJy BEPXHUMHE
U HUZKHEMH OIHEHKAMH OIIYTHMO PACTET.

ONPEJEJEHUE 3.2.1. Tlepecekaromeecs cemeiictBo — 1o runeprpad H = (V) E)
Takoii, uro e N f # & nans mobwix e, f € E.

ITepecekaroruecst ceMeiicTBa MOSBUINCH B KOMOMHATOpUKE B cTtarhe 11. Dpuaéma,
Y. Ko u P. Payio [69], B KOTOPOii HAXOAUTCS MAKCHMAJIBHOE KOJIMYECTBO 3JIEMEHTOB
B N-OIHOPOIHOM IIepeceKalomeMcs ceMelCTBe Ha JaHHOM MHOXKECTBE BEPIIUH.

ONPEIEJIEHUE 3.2.2. Hakxpecm-nepecexaroweecsa cemeiicmeo — 310 rumeprpad
H = (V,E), cnabxeHHBII (He 0653aTEIBHO HEIEPECEKAIONMINMCS) TOKphITHeM F =
AU B menycrbiMu MHOXKecTBaMu pebep A u B TtakuMm, aTo j11060e a € A nepecekaer
gaoboe b € B. Houyckas mebosbIiiine HaApyIIeHns 0003HaAYeHMi, MbI Oy/IeM IHICaTh

kak H = (V, E), tax u H = (V, A, B).

Haxkpecr-tiepecekarornuecst ceMeiicTBa MOSBUIUCH [IPU U3YIEHUN MAKCUMAJIbHBIX
U MIOYTH MAKCHMAJIHHBIX TIEPECEKAIOIIIXCST CeMeficTB (0003HaueHnst osIBINCE B [125]).
Teopema Xunrona—MuuHepa [95] ncrosb3yer 9T0 MOHATHE JJIsl ONPEETeHNsT MaK-
CUMAJIBHOTO YHCJIA PEOEp B N-OJHOPOIHOM IEPECEKAIONIEMCS CEMEHCTBE C IIyCThIM
nepecevyeHneM Ha JAHHOM MHOXKecTBe BepmuH. Teopema ®Ppankia [75] yTouHs-
er Teopemy XwuroHa-MusHepa B ciiydae, KOrJa MAKCUMAJIbHAS CTEIEHb BEPITUHBI
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orpanndena. HemaBuo obmuii moaxo K YIOMAHYTHIM IPOGIeMaM ObLI HPEJIOKEH
A. Kynasckum n 1. 3axaposeiM [116] (auraresb MOXKeT Tak:Ke HCIOIB30BATH TY
pabory kak 0630p). Eire 6osbimii CclieKTp CBI3aHHBIX 33129 OCBelleH B 0630pe [79).

I1. Dpuém u JI. Jlosac [70] uepenecsiu Kiaccudeckue 3ajadu O PACKpacKax I'd-
neprpadoB Ha IOJKJIACC IepeceKaromuxcs cemeiicrs (“rumeprpadbl-kianku’ B uX
repMunosiorun). K coxKasieHuio, Ha JAHHBII MOMEHT He M3BECTHBI BEPOSTHOCTHBIE
METOJIBI, TI03BOJIAomUe 3P PEKTUBHO MOCTPOUTD MEPECEKAIONIEECs CeMEHCTBO; Ha-
pUMep, HOCTPOUTH BEPOATHOCTHYIO BEPXHIOIO OLEHKY B Cllydae CrelnupudecKux
KJ1aCcCOB ruteprpadoB 3HAYUTEILHO TPY/IHEE, YeM B 00IIeM Ciiydae.

HeckoJIbKO IpolIe OKa3bIBAETCH PEIIATh ITU YKEe CaMble 3aa9u JIjisl HAKPeCT-11e-
pecekaronuxca cemeiicrs, Kak nokaszan 1. 1. Yepkamun B [47].

3.2.1. Xpomarmieckoe ancio. [lpusenem oueBmmnoe ciaenacrsue aaroputma [Lry-
xapa (9T0 yTBEPKJIEHNE HECJIOKHO TIOJIyIUTh U HAIPIMYIO).

CnEnCTBUE 3.2.3. ITycmv H = (V, E) — nepecexatoweecs cemeticmeo. Tozda:

(i) dasn mpouseoavrol sepwunv, v € V. cywecmeyem npasusvhas packpacka H
6 MPU UBEMA MAKAA, YMO 00UH U3 UBETMOE COCTNOUT MOALKO U3 BEPULUHDL U

(ii) ecau moboie dea pebpa nepecexaromes xoms 6vw no deym eepuwunam, mo H
NPAGUALHO KPACUMNCSA 6 06aG U6EMA.

Huzke Mbl yBUIMM, 9TO TIEPECEKAIONINECS CeMeHCTBA B HEKOTOPOM CMBICJIE Pa3-
OMBAIOTCS Ha “IIPOCTHIE”, T. €. KPACAIIUECs B JBa IIBeTa, U “CJIOXKHBIE , T. €. ¢ XpOMa-
TUYECKUM YHCJIOM TPH.

C HaKpecT-TiepeceKarImMucs ceMeiictBaMu Jeia 0ocrosT bostee uarepecHo. CHa-
Jajia 3aMeTHM, ITO (pOPMAIbHO HAKPECT-IIEPECEKAIOIIEECs CeMECTBO MOYKET UMETh
MIPOM3BOJILHO OOJBITOE XPOMATHIECCKOE UNCI0. B0o3bMeM MpPOM3BOILHOE HATYpAIb-
noe r > 1. Pacemorpum runeprpad Hy = (Vp, Ep) ¢ XpOMaTHIECKUM YUCIOM 7.
Ionoxum A := Ey, B := {V,}. Ouesugno, uro H := (Vp, A, B) — nakpecr-iepe-
CeKaroleecst CeMefcTBO ¢ XpoMarndeckuM ducjoM 7. OJHAKO IpU eCTeCTBEHHBIX
yCIIoBUAX (KOTOPbIE, OYEBUIHO, BBINOJIHSIIOTCSI JJIsl N-OJHOPOJHBIX runeprpados)
XPOMaTHIECKOE YHCJIO0 HAKPECT-TIEPECEKAIOIIErOCs CeMefiCTBa OIPaHUIEHO.

VTBEPXKAEHUE 3.2.4. ITycmv H = (V, A, B) — nakpecm-nepecexaoweecs ce-
meticmeo. Ipednonoorcum, wmo A u B oba codeporcam munumasvrvie asemermo,
m.e. natidymes a € A, b € B, ne codepotcauyue nodpebep H. Tozda x(H) < 4.

JIOKA3ATEJBLCTBO. ITokpacum aNb B ipser 1, a\b B 1per 2, b\ a B 1iger 3, a Bee
ocrajibHble Bepmuubl B 1BeT 4. HerpymHo BujerTh, 9TO packpacka MPaBUIbHAS,
ITOCKOJIBKY @ U b He cojiepzkaT momapedep. Y TBepKIeHne TOKA3AHO.

OkasbIBaeTCs, YTO €CJIU He HalijleTcsl TaKoil maphl pedep e1,es € E, aro e C e,
n m0boe pedbpo mMeeT pasMep XOTs Obl 3, TO HaKPECT-IIEPECEKAIOIIEecs: CeMeHcTBO
MOXKET UMEeTh XPOMATHIECKOE UHCJIO TOJBKO 2 uiu 3. BoJiee TOro, BepHa CJie Iy rorast
TeopeMma.

TEOPEMA 3.2.5 (Yepkamun [47], 2018). IIyemv H = (V, A, B) — naxpecm-ne-
peceraouseecs cemelicmeo 6es napwvs pebep ey, ea € AUB makoti, wmo e; C ez (m.e.
(V,E) — cucmema Ilneprepa). Tozda x(H) < 3 aubo V = {v1,...,0m,u1,...,u},
B={{v1,...,om}, {w,...,w}}, A={{vi,u;} dan scexi,j} (no modymo A-B-cum-
mempu), 2de myl = 2.
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MpgI qoKazkeM Takoe CJIeJICTBHUE.

CJHEONCTBUE 3.2.6. IIycmv H ydosaemsopsaem ycaosuio meopemvs 3.2.5 u 6vi-
noaneno nepaserncmeo min(|A|, |B|) = 3. Toeda x(H) < 3.

JIOKABATEJILCTBO. Paccmorpum napy a € A, b € B, KoTopasi peajn3yer MUHU-
MyM |aUb|. Boibepem npousBosibHbIe Bepuubl v, € a\bu vy € b\ a. [lokpacum v,
uwvy Buser 1, aUb\ {vg,vp} B uBer 2, a ocraBiinecs BepIIUHbL B IBET 3.

ITokazkem, 9To 9Ta packpacka mpasuibHad. llockosbKy J1060e pedbpo mmeer
pasmep He MeHee 3, y Hac HeT pebep mBera 1. Jlioboe pebpo nepecekaer a wiu b,
T.e. HeT u pebep nsera 3. Ilpeamonoxkum, uro ecth pedpo e mBera 2. He ymamsas
obiaoctn, cantaeM, 9o e € A. Torma e C |[aUb\ {v,}|, a 3naunt, e Ub| < [aUD|,
nporuBopeune. CjielIcTBUE JIOKA3AHO.

3.2.2. Makcumasbaoe 4ucsao pebep. s Takmx KiraccoB rureprpadoB HEOXKU-
JIAHHO OKa3bIBAETCsI MHTEPECHON U 3a/1a19a, B HEKOTOPOM CMBICJIE TIPOTUBOTIOIOXKHAST
10 TTOCTAHOBKE OOJIBITUHCTBY 3aJ1ad U3 9TOro 0030pa: HANTH MAKCUMAAbHOE KO-
1ecTBO pebep B “HeTpuBmabHOM THEprpade. I nepecekarommxcst ceMeificTB cy-
IIECTBYET J[Ba, KJIACCHYECKHUX Crocoba (hopMajm30BaTh MOHITHE “HETPUBUAIBHBIN,
CBSI3AHHBIX ¢ pacKkpackamu rureprpados. [lepsbiit u3 HUX — CYUTATH HETPUBUAIb-
ubiM runeprpad, st koroporo X(H) > 3 (coorBercTByiomuii MakcumyM 0GO3HA-
qum 4epe3 M(n)). Bropoii ciiocob nogpasymesaer, uro H HeTPUBUAIBHBII TOTIA
u ToJbKO Torja, Korga T(H) = n (COOTBETCTBYIONMI MAKCHMyM OOO3HAYNM te-

pe3 r(n)), rue 7(H) oupeeieHo HuXKe.

OnPEJAEJEHUE 3.2.7. Ilycte H = (V, E) — runeprpad. Hazosem nokpusaio-
wyum wucaom 7(H) (TakzKe UCHONB3YIOTCS TEPMUHBL MPAHCEEPCANDHOE YUCAO U A0~
Kupyrowee wucao) runeprpada H pazmep nHaumenbuiero muoxecrsa A C V' rakoro,
qaro Jioboe e € E nepecekaer A.

Xorst 3T0T CHOCOO HE CBsI3aH C PACKPACKAME HAIPSIMYIO, OKa3bIBAETCS, UTO,
Bo-tiepBbIX, M (n) < r(n) (mockonbky jist n-rpada H n3 onenku 7(H) < n ciexyer,
qro X(H) = 2), & BO-BTOPBIX, MBI HE 3HAEM, SBJIAIOTCS JIN 9TH BEJHMIHNHB PA3JINIHbI-
mu. [Tosromy B masbHeiieM Mbl 6y/1eM IPUIEPKUBATHCS ABTOPCKUX 0003HAYEHMIL.

IT. Dpaém u JI. Jlosac manu nepsble onenku Ha M (n).

TEOPEMA 3.2.8 (Opaém—Jlosac [70], 1973). Cnpasedausv, nepasencmsa
[(e = 1)n!] < M(n) <n".

Bepxusasa onenka B Teopeme 3.2.8 ciiejyeT U3 IPUBOJIUMOIN HUKe JeMMBI 3.2.12.
Vrounenust BepxHeil oreHkn MoxkHO Haiitu B [46], [51], [17]). Hannyumas Ha mas-
HBbIl MOMEHT BepxHgs oleHka upunagexur 1I. ®@paunkiay: r(n) < nnen*/6
(cm. [76]).

Hmxkusasa omenka B Teopeme 3.2.8 peasm3yercs upumepom 3.2.13. JI. Jlosac
npenonoxku [120], 9To HIKHSIS ONEHKA TOUHA. Ta TUTOTE3a OBLIA ONPOBEPT-
uyra II. @pankiom, K. Oroit u H. Toxkymmure [78]. OHu npubesn siBHbINH TpHIMeD

n-ogaoponHoro runeprpada H ¢ 7(H) = n u ¢ KonmuuectBoM pebep He MeHee

(Z) (3.2)
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Hewmmoro yuBuTeIbHO, ITO MOYKHO JIOKA3ATH OYEHDb [IOX0Kee YTBEPKJICHIE 1 JIJIsT
HaKpeCT-TIepeceKaronuxcsa cemeiicTs. Beeiem mousTre “HeTPUBUATBLHOCTI JIJTIsT Ha-
KPECT-IIEPECEKATOTINXCST CEMENCTB.

ONPEJEJEHUE 3.2.9. Hakpecr-nepecekaiomieecs: cemeiicrso H = (V, A, B) na-
30BEM KPUMUMECKUM, CCIIH

(a) s soboro pebpa a € A u 06oil BepruHbl v € a Haiigerca b € B rtakoe,
aro aNb = {v};

(b) muist so6oro pebpa b € B u Jyio6oii Bepumubl v € b Haiijgerca a € A Takoe,
aro a Nb = {v}.

BamerumM, 4To ecsm n-ogHOpoAHOe Hepecekalomeecs cemeiictso H = (V, E) umeer
7(H) =n, 1o (V, E, E) aBisiercd KPUTUIECKUM HAKDPECT-IIEPECEKAIONIUMCS CeMeii-
CTBOM.

TEOPEMA 3.2.10 (Yepkammu [47], 2018). IIyemv H = (V, A, B) — xpumuueckoe
raxpecm-nepecexaroujeeca cemeticmeo. Obosnarum
n:= max |e|.
e€c AUB
Tozda
max(| A}, |B]) < n".

JIOKABATEJIBCTBO. Ham HeoOX0IMMO CJiejyIonee onpe/ie/ieHue.

OnpPEAENEHUE 3.2.11. Ilycrs H = (V, E) — runeprpad, a W — nogmuoxe-
crBo V. Ilosoxum

Hy = (V\W,{e\W | e € E}).
Tuneprpad H HazbiBaeTCs MBETKOM ¢ k JjieniecTkamu u sijapom W, ecam 7(Hyy ) > k.

JIEMMA 3.2.12 (Xapcrag-FOxua-Ilyaak [89], 1995). ITyems H = (V. E) — eu-
nepepadp u n = maxecgle|. Ecau |E| > (kK — 1)", mo H codeporcum uysemox
¢ k aenecmramu.

JIOKABATEJIBCTBO. Unnyknus o n. basa n = 1 oueBuHA.

Ilepexod. TlpemamoyioxKum, 9TO yTBEPKIACHNE BEPHO It . — 1, U JOKaXKeM €ero
st n. Eemu 7(H) > k, to H cam siBistercst [BeTKOM ¢ k JienecTkaMu (U IIyCTBIM
saupoM). B nporuBHOM ciydae HEKOe MHOXKECTBO pasmepa k — 1 mepecekaer Bce
pebpa H, u, caemosaresnnho, e Menee |E|/(k — 1) pebep HpoxoauT uepes HEKYIO
sepmny x. I'mneprpad Hi,y = (Viay, By ) nmeer

|E|

Egyl> —— > (k-1

| {z}| = E_1 ( )
pedep, Kaxjoe pazmepom He 6osee n — 1. Ilo npeanonoxenuio unaykiun H .y
COJIEPXKUT IBETOK C Kk JieleCTKaMu U siipoM Y . BosBpailiasi © B MHOYXKeCTBa I[BETKA,
oJstydaeM MBeToK B H ¢ TeM yKe KOJIMIeCTBOM JIeNeCTKOB U siapoM Y U {z}. Jlemma

JIOKa3aHa.
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Bepremcest Kk j1okazaresibcTBy Teopembl. [IpejimooKum mpoTuBHOE: HE yMAaJIsis
obmHocTH, Gysiem cuantarh, uto |A| > n™ 4+ 1. Torma no semme 3.2.12 runeprpad
COJIEPXKUT I[BETOK C 1 + 1 jiermecTkoM. DTO 3HAYUT, 9TO KayKJ0e MHOXKecTBO b € B
repeceKaeT sijipo MBETKa, T.e. H He siBjisieTcss KpuTudeckKuM cemeiicrBoM. IIporu-
Bopeune. Teopema Jloka3aHa.

Jlist HaKpecT-IepeceKaronuxcs CeMefCTB TMPUBOJIMMBIN B CJIEJIYIONIEM ITYHKTE
npumep 3.2.15 moKa3bIBaeT, UYTO OIeHKa U3 TeopeMbl 3.2.10 TovHa.
[v]
3.2.3. IIpumepsr. IlousitHO, 9TO HAOOD npu v < 2n — 1 aBagercd nepece-
n

KaromuMcs ceMelicroM (npu v = 2n— 1 nazke ¢ xpoMarudeckuM ducjoM 3). Temnepnb
[IPUBE/IEM MIPUMED, PeAJTU3YIONNil HUKHIOIO OIIEHKY B TeopeMme 3.2.8.

ITpuMEP 3.2.13. Ilocrpoum cepuio upumepos H,, = (V,,, E,) ungykuueit 1o n.

Basa: BO3bMEM TTONHBIN Tpad Ha Tpex BeprmuHax B KadecTse Ho.

Ilepexod. Pacemorpum runeprpad H,—1 = (V,—1, E,—1) U n-3j1eMeHTHOE MHO-
xectBo T, He niepecekaromiee V, 1. Iomoxum

Vo=V, UT u E,:={T}u{eU{t}|ec E,_1, t€T}

Seno, aro H,, ecTb n-0JHOPOJIHOE MEPECEKAIONIEECs] CEMECTBO ¢ XPOMATHIECKUM
quciiom 3. Kpowme toro,

|En| =nlEn-1]+1=nlle—1)(n—1!+1=|(e—1)n!].
Hamowmmmm, uro mpumep ¢ 66bImuM KostndecTBoM pebep Ob11 moctpoen [1. Opan-
kyoMm, K. Oroit m H. Toxyrmmure |78]. MpbI npuseieM €ro TOJBKO B IETHOM CJIydae.

IIpuMEP 3.2.14. Ilycts £ = 2a + 2, a > 1. MHOXKeCTBO BEPIITUH COCTOUT W3
BbIJIEJIEHHON BepIuHbl 1 2a + 1 Henepecekaormerocs (a —+ 2)-371eMeHTHOrO MHOZKe-
crBa A;, 1 = 0,1,...,2a, HU OJIHO U3 KOTOPBIX HE COJEPKUT x. MHOKecTBO pebep
cocrout u3 2a + 2 tunos: juia ¢ = 0,1, ..., 2a onpegenum

E;:={e:le|=k, A;Ce, lenA;|=1,j=1i+1,...,i+a (mod 2a+1)},
a TAKKe BbIJIEJIeHHBIH THII
F:={e:le|=k zce, [end]=1,i=0,1,...,2a}.
JlaHHOE MHOKECTBO SIBJISIETCS MIEPECEKAIONIMCS 1 IMEeT pa3Mep
o\ F L
(@42 4 (- Dl 2 =1+ o()e(5 )

Vike npn k = 4 cymecrBytor npuMepsl Ha 42 peGpa [78], [122], koTopble omnpo-
BepratoT runoredy JloBaca, OCKOJIbKY B ipuMmepe 3.2.13 peus muia o 41 pebpe.
ITpuMEP 3.2.15. Pacemorpum nipousBosibroe n > 2. Ilycrs
Vi={v; |1<i,j<n}, A= {{vil,...7vm} [1 <i<n},

B = {{v1i1, V2005 - -, Unin } | 1 <in,io, ... in <

n}
BameruM, uro |[A| = n, |B] = n™. Ouesuuno, uro H := (V, A, B) — nakpecr-uiepe-
cekaoreecs: cemeiicrso u x(H) = 3.
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3.2.4. OrkpeiThie Bompochl. IlpuBejieM HECKOJIBLKO HEPEIIeHHBIX 3aJ1ad, He 3a-
KJIIOYAIOIIIXCS B HEIIOCPEJICTBEHHOM YJIYYIIEHNHN OIEHOK PA3JINIHBIX OIIPEIeIEHHBIX
BEJINYVH.

I. Huoicnas ouenka xoauvecmea pebep 6 nepeceraou,emcs cemeticmsee ¢ rpoma-
MUYECKUM YUCAOM MPU. JTOBOJIBHO €CTECTBEHHO MIPE/IITOJI0XKUTD, YTO JaHHOE Orpa-
HUYEHUE SIBJISIETCS BECHbMa, CUJIbHBIM. [IpW 9TOM IpenoioKeHn HHTEPECHO OBLIO
Obl HafiTu GoJiee CUJIbHYIO HUZKHIOIO OLEHKY, 9eM OIEHKa Ha 1m(n), T.€. 9YeM OLEHKA
I upousBosibHOro rumeprpada. 13 pesynbraros paborer I1. Ocreprapma [127]
(a mmenno, u3 equncrsennoctu 4-rpada, Ha KoropoM jocruraercs m(4) = 23) cie-
JIyeT, YTO MHUHHMAJIbHOE 4Yucjio pebep B 4-0HOPOJHON KJIMKE C XPOMaTHIECKIM
qucsom Tpu Gosbite m(4). K coxkaneHno, HUKAKUX IPYTUX PE3YJIbTATOB B 9TOM
HalpaBJIeHUH T0Ka HeT.

II. Mnootcecmso mouwgrocmeti nonaphoix nepecevenuti pebep. st runeprpada
H = (V, E) pacCMOTPUM MHOYKECTBO MOLAPHBIX [IepecedeHnii pebep:

Q(H) = {|€1 m€2|2 €1, € E}

U3 anropurma [linyxapa (kpurepust Jlosaca) ciemyer, aro Q(H) comep:kut e uHuIy
upu x(H) > 2.

IT. Dpuém u JI. Jlosac [70], ucrons3yst reopemy M. esa [58], mokaszasm, 4to jis
N~0JTHOPOJIHOTO HepeceKatonierocs: cemeiicrsa H ¢ x(H) = 3 npu j10CTaT0qHO 60JIb-
oM n uMeeT MecTo oneHka 3 < |Q(H)|. C xpyroit cTOpOHBI, He U3BECTHO HU OJTHOTO
npumepa ¢ |Q(H)| < (n—1)/2 (sra orieHKa JocTHTACTCS Ha “BO3BEJICHHON B CTENEHD”
wrockoctn Pano, cM. paszern 8). B 1o ke BpeMst JIIs HAKPECT-TIEPECEKAIOIINXCST Ce-
meficTB cymecTByer npocroii npumep ¢ |Q(H)| =4 (cm. [47]).

Taxke u3 jgemmbr 3.2.12 u orenku m(n) > 2"~ ! creyer, uTo MakcumasbHOE
nepecedenne pebep B LepeceKalomeMcs ceMeficTBe ¢ X > 3 He MOXKeT ObITb MEeHb-
e, aem n/logyn. OpHAKO BO BCeX IpUMepax HETPUBUAJBHBIX [EPECEKAIOIIIXC s
ceMeliCTB CyNeCTBYIOT Hapbl pebep, MEePEeCEeKAIOIINECs 110 XOTst Obl 12 — 2 SJIeMEeHTaM.

III. Bajaun 0 MEePeCceKAIONIUXCsT U HAKPECT-IIEPECEKAIOIIIXCs CeMeficTBax, He CBsi-
3aHHBIE ¢ PACKPACKAMMU, IPUBEIEHBL B [79].

3.3. Heonnopoauste runeprpadsl. [Iyers H = (V, E) — runeprpad. Onpe-
nesuM Besmanty ¢(H) coeyronmm o6pasom:

g(H) =Y 271,

eckE

rie |e| obosmauaer pasmep pebpa. B KadecTBe €CTECTBEHHOrO 0000MICHUS 381891
Opuéma—Xaitnana Hac uHTEpecyer MuHUMaJIbLHOE 3Hadenue ¢(H) mo Bcem runep-
rpacdaM, KOTOpbIE He KPacaTCsa B JIBa IBETA U y KOTOPBHIX BCe pebpa comep:kaT He
menee n Bepriud. O6o3nadum sror MunuMmyM 4depes ¢(n). Teopema 2.1.1 memes-
Jgenno sieder oneHky ¢(n) < m(n) 27", K coxkajieHuio, Mbl He MOXKEM HAIIUCATD
HUKAKOIl BEpXHEN OIlCHKU JIy4Ille.

Ilepeiimem x Hukueil onenke Ha ¢(n). fcHo, YTO paccy:KieHus, aHAJIOIHY-
uble Teopeme 2.1.1, nator ¢(n) > 1/2, oxHako jJazke JOKA3aTEIbCTBO HEPABEHCTBA
g(n) > 1 — HerpupmasnbHas 3ajava. JK. Bek B 1978 . [24] mokaszasn HepapeH-
ctBo ¢(n) > log™ n, tae log™ — urepuposanupiit jorapudpm. CTOUT OTMETHUTH, UTO
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B 2008 r. JI. JIy anoncuposas [121] sHaumMTesbHOE NPOJBIZKEHHE, HO ero pabora
COJIEPXKUT IPUHITUIINAIBHYIO OMKUOKY U BEPHA TOJIBKO JIJI NPOCMbLr TUTIeprpadoB
(moapobuee 06 ITOM CM. HEZKE B 9TOM IryHKTe). Haxoner, coscem negasuo JI. Ty-
pax, I'. I'yroBcku u 4. Kosuk gokazamu maxke 60jiee CUIBHBIN PE3yJIbTaT.

TeOPEMA 3.3.1 (Hypaxk-Tyroscku—Kosuk [61], 2018). Cywecmesyem maxas
xoncmarnma C > 0, umo

q(n) > Clnn. (3.3)

MpsrI npuBesieM 371ech aaropuTM 6e3 cooTBeTcTByIOMEro obcuera. Ha nepsom wa-
2e TIOKPACUM KarKJIyI0 BEpINUHY HE3aBUCHMO W paBHOBeposiTHO. [lajee mpucsounm
BepIIiHEe BEC — PABHOMEDPHO BBIOpAHHOE BelecTBeHHOe Yucyao mexay 0 u 1.

Ha emopom waeze Mbl paccMaTpuBaeM BEPITIHBI B TIOPsIJIKE YBEJIUIEHUs UX BECA.
IIycTb MbI HaxoMMCsI B BepiirHe v. Eciu cymiecrByer pebpo e, OJHOIBETHOE TIOC/Ie
[I€PBOI'O IlIara, Takoe, 9TO U — ero camMasl TsizKeJiasl BEPIINHA U HU OJHA ero BepIIu-
Ha C MEHBIIUM BECOM He IePEeKpAallNBAJIACh, TO Mbl IIEPEKPAIINBAEM V. 3aMETUM,
9TO B JIIOOOM OJHOI[BETHOM IIOCJIE€ IIEPBOrO Irara pebpe Mbl MePEKPACUIA XOTs Obl
o/iHy Bepiiuhy (T.e. B UTOrOBOI PACKPACKE OJHOLBETHbIE PeOpa MOABJIAIOTCS HOCIe
[ePeKPACKU BCEX BEPIIMH OJHOIO U3 IIBETOB).

Heomuopoausie npocrbie runeprpadbr. Hanomuanm, uro B 2008 1. JI. Jly [121]
AHOHCUPOBAJI OIEHKY

< Inn
a(n) 2 ¢ Inlnn
K coxkanennio, npeJiyiosKeHHOe JI0Ka3aTeIHCTBO PADOTAET TOJIBKO JIJISI IPOCTHIX I'U-
neprpadoB. 1o 66110 orMeudero 1. A. [TlabaHOBBIM, KOTOPBIN 3HAYUTETBHO YCHITHIT
9TH OIEHKH.

OmpenemuM g4(n) Kak COOTBETCTBYIOMIUI MUHIMYM, B3ATEI 10 n-rpadam ¢ 00-

XBaTOM HE MEHee (.

TEOPEMA 3.3.2 (IITabawnos [153], 2014). ITpu ecex n > 3 6biNOAHAETCA HEPQ-

6EHCNE0
. 1/ n 2/3
WU Z 5\ nn '

Emte uepes rox 1. A. [TlabaHoB yCHIIHII CBOM K€ PE3YJIbTAT.

TEOPEMA 3.3.3 (ITaGanos [154], 2015). ITpu 6cex n > 2 6uNOAHAIOMCA HEPQ-
6EHCMEA

g3(n) = cvn, qu(n) = cn.

OTMeTnM, 9TO 3TU TEOPEMBI JOKA3AHBI CPa3y [IJIsi PACKPACOK B ' IIBETOB.

4. Cuoucounsle (mpeanucaHuble) packpacku rpados u runeprpadon

4.1. Croucouynsie packpacku. Jlst KaxKJI0i BEpIIUHBI U OIPEJIETIM CIIHCOK
1BeToB L(v), B KOTOpbIe MOXKHO KpacuTh v. Cnucounoe (npednucannoe) xpomamu-
weckoe wucao ch(H) runeprpada H — 370 MUHUMAIBHOE UHCJIO K, IS KOTOPOTO
npu 00X crmckax L(v) qymHbl He MeHee k Hafijiercsi IpaBUIIbHAs PACKPACKA U~
neprpada. Crucounble packpacku rpadoB U runeprpadoB MOSBUINCH B paboTax
B.T. Busunra [167] u II. Spuéma, A.JI. Py6una u I'. Teitropa [71].



122 A.M. PAUTOPOJICKNI, ./. YEPKAIIINH

Ouesngno, aro ch(H) > x(H ), HOCKOIBKY MOXKHO CUATATH BCE CHUCKU PABHBI-
mu {1,...,ch(H)}. TIpu 5T0M XPOMATHIECKOE U CIHHUCOYHOE XPOMATHUECKOE THCIIA
pasnuuatorcs, nanpumep, 1 rpada K 3, mis koroporo ch(Ks 3) = 3 (pasencrso
nJocruraerca ma couckax {1,2}, {1,3}, {2, 3} B xaxmoit us moxeit).

A.B. Kocrouka [104], [105] o6obumn 3axady Dppéma—XaitHaaa Ha CHUCOTHBIE
packpacku. OH MPEIOKIIT OTBICKATH BEIUIUHY My (N, T'), PABHYI0 MUHAMAJTBHOMY
KosmuecTBy pebep B runeprpade H, ynosaersopsiorem ch(H) > r. TlorsaTHO, uTO

my(n,r) <m(n,r).

Hukakue seprrue oneHkn, He caeyIonue HEMOCPEICTBEHHO U3 3TOTO HEPABEHCTBA,

HE W3BECTHBI. B YacTHOCTH, KaK U B II. 3.3, B CIydae r = 2 He yIaeTcs T0Ka3aTb

BEPXHIOIO OIEHKY, KOTOpas ObLIa ObI JIydIle MoIy9YeHHoil B Teopeme 2.1.1.
Iepeitnem K Huschum oneHkam jist my(n, r). Tpexie Beero,

mzn) =men = ("),

[OCKOJIbKY CTEIeHb KazKJIOi BEPIIMHBI JOJZKHA OBbITH He MeHbIne 7 (1, C1e10BaTe b
HO, BEPIIMH JIOJKHO ObITh He MeHbIne 7 + 1).

JlaJiee, IOBTOPUB JI0KA3aTE/IbCTBO HUYKHE OIleHKH B TeopeMe 2.1.1, MbI oty daem
HEPABEHCTBO

my(n,r) > r"L.

B patore A. B. Kocrouku [104] oTmedeHo, 4TO 10KA3aTENBCTBO OIEHKN Pajixakpuin-
nana—CpuHuBacana paboTaeT U s CIUCOYHBIX PACKPACOK, & BOT METOAbI AJIOHA
u Kocrouku — mer. A.M. Paitropouckuii u . A. Ilabanos [132] ormerusu, uro
ormenku [lnyxapa un [[labanoBa Takke mHe MOUyT OBITH HANPAMYIO ITE€PEHECEHBI HA
CITUCOYHDBIE PACKPACK.

TEOPEMA 4.1.1 (Pososckag—Iabanos [135], 2010). Jas ecex n > 3, r > 2
BUINONHAETNCHA HEPABEHCTNEO

my(n,r) > (\/37 1) Lrnfl.

Inn

JTOKABATEJIBCTBO. MbI IpoBeieM JI0KA3aTe/ILCTBO JIPYTUM CIIOCOOOM, 6€3 yTOo|-
HeHMsI KOHCTaHTHI (T.e. ¢ KOHCTaHTOH ¢ BMecto /3 — 1). Paccmorpum 1-ckeser
€JIMHITHOTO cUMILIeKca A ¢ ’U L(’U)‘ BEPIIMHAME U C UHIYIIUPOBAHHOI METPUKOIi;
zadukcupyeMm OHeKnuio f MexK/Iy IBeTaMu M BepIIMHAMU CUMILIeKca. Beprmuna v
PaBHOMEPHO 0TOOpazkaercs Ha 1-ckesier mojicuMIuIeKca, HarsHyToro Ha f(L(v)).

Badukcupyem napaverp p € [0, 1] u na KaxuaoM pebpe CUMILIEKCA OTMETUM OT-
DPE30K JUIMHBI P, PABHOYAAJIEHHBIH OT BepINUH. BeprmHa v Ha3bIBAETCS €60000-
HOT, ecJu OHa IonaJia B OObeJMHEHNE OTMEYEHHBIX OTPE3KOB. Ecim BeprimHa v
He cBOOOJHASI, TO MBI KPACHM ¥ B I[BET, COOTBETCTBYIOIIMIT OJmzKaiiimeil K v Bep-
muHe cuMiiekca A. CBOOOHBIE BEPIIMHBI 11037Ke OY/IyT JOKPAIIUBATHCS B I[BET,
COOTBETCTBYIOMINI OJHOMY U3 KOHIIOB PeOpa CUMIIIEKCA, COIEPIKAIIETO V.
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Takum obpazom, B JaHHBIE MOMEHT IIOKDAIIEHBI BCE BEPIIUHBI, HE IIOMABIINE
B OTMeYeHHBbIE OTPe3KH. MaTremarudeckoe OKHJIAHUE KOJMIECTBA MOJHOCTHIO IO-
KPAIIEHHBIX OJHOIBETHBIX PEOEP B 3TOT MOMEHT HE ITPEBOCXOJIUT

IET<1;p)n. (4.1)

Jasnee, paccMOTpUM MHOYKECTBO pebep, KOTOPbIe MOTYT CTaTh OHOIBETHBIMEI
TIOCJIe TIOKPACKU CBOOOTHBIX BepIuH. Bce mokpalieHHble BEPITNHBI TAKOr0 pedbpa e
OJIHOTIBETHBI (CKayKeM, MMerT 1BeT ¢(e)), a Bce CBOOOJHBIE jleXKaT Ha pebpax, co-
nepxanx f(q). Torma Mbl IbITaeMcsl IOKPACUTD ero Haubosee yajeHuyto ot f(q)
BepIInHy (HA30BEM €€ U; ¢ BEPOSITHOCTHIO 1 OHA €/IMHCTBEHHA) B IIBET, COOTBETCTBY-
IOIUI BTOPOit BepinHe pebpa CHUMILIEKCa, Ha KOTOPOM JIEXKUT .

Ecmn monydennasi packpacka BHYTPEHHE HEMPOTHBODEUYNBA, T.e. HUKAKas Bep-
[MUHa He JIOJKHA OBbITh MOKpAIlleHa B JBa I[BETA, TO IOJIYUUBIIAICA PACKPACKA
SIBJISIETCSl TIPABUJIBHOM. 3aMeTuM, 9TO BHYTPEHHSS MPOTHBOPEYMBOCTH O3HAYAET
CylIecTBOBaHUE Lapbl pebep €1, €9, Kpacsdileil v B usera g1 u gz (T.e. 2-uenun). To-
/12 Bce BepIIuHbl pebpa e jiexkar He 6smzke, ueM v, K f(q1), Bce Bepiiuubl pebpa es
Jexar He Oimke, ueM v, K f(g2). BeposTHOCTB TAKOrO COOBITHSI PaBHA

(149)/2 194\ "1 /9 _ 94\ "]
[ () (557) e,
(1-p)/2 \T r

4910 BMecTe ¢ (4.1) HOIHOCTBIO AHATIOTHMYHO BEPOSATHOCTSM B JIOKA3ATEIBCTBE TEOPe-
™Mbl 2.3.4 npu r = 2. 3Hauut, nojcTaHoBKa p = (21nn)/n 3aBepiaer goKa3aTEIb-
CTBO TEOPEMBI.

Teopema 2.3.3 mepeHOCUTCS Ha CIUCOYHBIE PACKPACKM U JIAeT HAWIYIIIUN Ha
JAHHBIA MOMEHT De3yJIbTaT

1
my(n,r) > 1 NCL

Ilepeiiiem K cirydaro, KOTjia KOJIMYECTBO I[BETOB 3HAYNTEIHHO IIPEBOCXOIUT Pas-
Mep pebpa. Ciremyroriee HeOIyOJIMKOBAHHOE paccyzk/jienne npunaexur b. Cyma-
KOBY.

TEOPEMA 4.1.2. Jlas ecexn =2 ur = 19(n) 6UNOAHAECMCA HEPAGEHCTNEO
my(n,r) = Cr™.

JTOKABATEJILCTBO. Ham moTpebyercst HECKOJIBKO MOAUMUIINPOBATH METO/T
Asona. Pacemorpum n-rpad H = (V) E) ¢ |E| = ¢r™ u wabop cumckos {L(v)},
v € V. Ionoxum

<= |J L.
veV(H)
Pacemorpum citygaiinoe pasbrenne [BeTOB Ha JiBa KJlacca: ¢ BepoATHOCTBIO (n—1)/n
(HE3aBUCHMO JPYT OT JAPYTa) KayKJIbli U3 I[BETOB MOMAJIAeT B KIacC 4] U ¢ BEpOsT-
Hocteio 1/n — B Kiace %, 3amernwm, uro |V (H)| < Cnr"t u |.£] > r. Cnenosa-
TeJIbHO, TI0 TeHTPaJILHOI TPeIeIbHOI TeopeMe MOYKHO CIUTaTh, ITO TIOUTH HaBEePHOEe
g kaxkgoro v € V(H) pasmep muoxkecrsa L(v) N % pasen (1+o(1))(n — 1)r/n.
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ITepeiinem Kk packpacke. Ha mepBoM mmiare IOKpacuM CIydaitHO (paBHOMEPHO
U HE3aBUCHMO) KaKJIyI0 BEpINUHY B IBET U3 ciucka .Zj. Ha Bropom mare pac-
CMOTPUM OJTHOIIBETHBIE pebpa 10 OYepei U MEPEKPACUM II0 OJIHOM ITPOU3BOIBLHO
BEPIIMHE B KAXKJOM OJHOLBETHOM pebpe B Ipou3BoJbHbIA nser uz L(v) N % rak,
9TOOBI HE BOZHUKAJIO HOBBIX OJIHOIBETHBIX pebep, €Cu 3TO BO3MOXKHO.

ITokazkem, 9TO € MOJIOKUTEIHHON BEPOATHOCTHIO MBI IOy YUM [IPABUJILHYIO PAC-
Kpacky. Maremarumdyeckoe oxKuIaHne KOJIMIECTBA OIHOIBETHBIX pebep Iocie Imep-
BOT'O IIara He IPEeBOCXOJUT

I+ o) P (o) P <t

Taxkum 06pa3oM, npu npaBuabHON KoHCTaHTe C' B yTBEPXKIEHUN TEOPEMbl Ha BTO-
pOM miare Iiepekpaiusaercsi He Gosiee r/3 BepriuH. IlycTh KAaKyIO-TO BEPIIMHY U
[EePEKPACHTD HEJb3sl. DTO 3HAUUT, UTO AjIs Jioboro msera u3 L(v) N %% yxe cy-
mecTByer n — 1 BepIIMHA ITOrO IBeTa, T.€. JO ITOr0 MbI [HEPEKPACUIN HE MeHee
(n—1)|L(v)N.%| Bepimn, uto noutn HaBepHoe bosbire, deM 7 /3. Teopema Jjoka3aHa.

B crarpe [52] Teopema 2.4.1 Takrke 0000IAETCS HA CIHCOYHBIE DACKPACKH (T. €.
[IOKA3bIBAETCsl, YTO [10CIIEA0BATEILHOCTD My (n, ) /r™ uMeer 1peses upu bUKCUPO-
BAHHOM N).

Harocsie 1ok OTMETHM, 9TO MHTEPECHO OBbLIO OBl YCTAHOBUTH MHOYKECTBO Iap 7
U 7, Ha KOTOPOM BBINOJIHSIETCSI HEPABEHCTBO

ml(n7 ’I") < m(na T)a
1, B 94aCTHOCTHU, IIOHATDH, CYIIECTBYET JIM XOT 6BI O/IlHa TaKag IIapa.

4.2. Cnmcodnble pacKpacKy MPOU3BOJILHLIX runeprpadosn. OxasbiBaer-
e, ITO IIPH HEKOTOPBIX €CTECTBEHHBIX YCJIOBUSAX CIHCOYHOE XPOMATHYECKOE YHCIIO
J060r0 n-rpada pacTeT BMECTe C €ro CpejHell CTeleHbio — 3To mokazaun H. Ason
n A.B. Kocrouka B [14]. ns obbramsix rpados sto 6bu10 gokasano H. Ajo-
soM [12]). IlpusemeM HAMIydINE HA CEMOTHSIIIHUN JCHL KOJMICCTBCHHBIC BEPCUH
STOTO YyTBEPXKAEeHNd. 37eCh I Jlajiee MBI CIUTAEM 1 KOHCTAHTOI, & CPEJTHIOI0 CTETIeHb
n-rpada pacTyIieii.

TEOPEMA 4.2.1 (Cakcron—Tomacon [138], 2015, [139], 2016). ITycmov n — durcu-
posannoe wucao, H —n-gpag co cpedneti sepuunmots cmenenvio d. Ipednososicum,
wmo wepes mobuie j = 2 eepuun npozodum we Gosee d—1)/(n=D+0() peger  Tozda

ch(H) = (1 +04(1)) 5 log,, d.

b
(n—1)

Ecau H asasemcea d-pe2ysaproim, mo 8epro u bosee CusbHOe HePaseHCcmaeo

ch(H) = (1 +04(1)) log,, d.

n—1

C TOYHOCTBIO JI0O KOHCTAHTHI TeOpeMa To4dHa, mockoJibKy 11. Xakcenb u JIxk. Bep-
crpar [90] nokasasu, 4To

ch(Kpxm) = (1 +0(1)) log,, m,
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e K, xm 0003HaYAET HOJIHBII N-10bHBI n-rpad ¢ jJossmu pasMepa m. lokaza-
TEJHLCTBO 3TOI TEOPEMBI OU€Hb MOXOXKe Ha JTOKA3aTEeTbCTBO TeopeMbl 9.4.3.

Huxe, B 1. 4.3, MBI pa3bepeM cxXeMmy J0Ka3aTeabCTBa Ha CJIEYIONeM, HanboJee
IIPOCTOM, TIPUMEPE.

TEOPEMA 4.2.2 (Cakcror-Tomacon [137], [140], 2012). ITycmv G — npocmot
d-pezyaapwoiti n-epag. Toeda

1

ch(G) > ((2n —1)lnn

+ 0(1)) Ind.

4.3. Kownreiinepsnl. Ilockosbky mpaBuibHas packpacka runeprpada sBisger-
cs1 pasOueHneM BepIIMH Ha He3aBHCHMblE MHOXKECTBA, U3ydeHne MHOXKecTBa ¥ (H)
HE3aBUCHMbIX MHOXKECTB runeprpada H siBJisieTCsi TECHO CBSI3aHHOMN 3aJiaveil.

4.3.1. Merox koHTeiiHepoB /s rpagoB. MeTon KOHTEHHEpOB s TpadoB Mo-
sisuiica B paborax JI. Kueiirmana n K. Buncrona [101], [102]. Omuiem sror Mero
Bkparue. Pacemorpum rpad G = (V) E).

Acno, aro
a(G)

2@ <i(@) < Y ('Vv(nG N)’

m=0

rie i(G) = |£(G)|. Houarno, uro ecin (@) ne ovens 6mm3ko K |V(G)], 10 Bepx-
HsIsl M HUZKHSISI ONEHKU CUJIbHO PAa3auyaiorTcs. Jljist yurydineHus: BepXHeE OIeHKH
B 9TOM CJydae W ObLI IpHyMaH MeToJ KoHTeiiHepoB. OH OCHOBaH Ha JIOBOJIb-
HO €CTECTBEHHOM HJiee MOCTABUTH B COOTBETCTBHUE KarKJIOMY HE3QBUCUMOMY MHOYKE-
CTBY HEKOTOPBIH HADOP BEPUINH, KOTOPBIH €ro mo4Tu onpejenser. slcHo, 94To ecym
y HAC y2Ke eCTh HEKOTOPBIA HADOP BEPIIUH, TO Mbl HE MOYKEM OpaTh B HE3aBUCUMOE
MHOXKECTBO uxX cocejieii. Ilpejaraercst 71 JJAHHOTO HAM MHOXKECTBA BBIOMPATH
TaKue BePIUHDbI Kajano. Jlamee Mbl mpuBoguM (hOPMABHBIA AMTOPUTM ¥ JIEMMBI
Kaeitrmana—-Buncrona.

SadurcupyeM HEKOTODBII MOPsiIOK 7 Ha BeprmmHax rpada G. [las xaxmoro
muoxkecrBa A C V(@) oupenesium BHYTpeHHUI HOPSIIOK Ha BepiinHax u3 A ciey-
oMM 00pa30M: BEPIIMHA ¥; UMEET MAaKCHMAJbHYIO CTEIeHb B rpade, MHIyImnpo-
BaHoM Ha A\ {v1,...,v,_1} (ecam B KAKOH-TO MOMEHT €CTh HECKOJBKO CIOCOGOB
BLIOPATH BEPIIUHY U;, Mbl BHIOUDAEM HAUMEHBINYI0 OTHOCUTesbHO 7). Ilepexomum
K QJTOPUTMY: OH IIPHHUMAET Ha BXOJ, HE3aBUCHMOE MHOXKeCTBO | m wmceyo q < |I].
Tonoxum A = V(G), S = @ u npojenaem cieayronme mara Jyist s = 1,...,q:

1) paccMOTpUM BHYTPEHHUIT TIOPAIOK (V1 ..., V| 4|) Ha BepmuHax A;

2) paccMOTpUM MEUHEMAJILHBIA HHIEKC jg TAKOM, ITO v;, IPHHALIEXKUT [;

3) mepemectum v, u3 A B S;

4) ynamam vy, ..., v, u3 A;

5) yaamum u3 A Becex cocesieil BEPIIUHDL Vj, .

AsrropuTM BO3BpAaIaeT MOCIEIOBATENLHOCTD (1, ..., Jq) B ANI.

BameTum, 4o MHOKeCTBa A 1 S OHO3HATHO BOCCTAHABIUBAIOTCS 110 (J1, - . ., Jq)s

ITOCKOJIBKY MbI MOXKEM IIOBTOPUTH pabory ajropurMma. C Apyroil CropoHsI,

I=501,sJg) UAGL,---.Jg) N I).
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JIEMMA 4.3.1. ITycmov G — 2pag Ha n 8epuuunax, ¢ — HAMypasvbHOe YUC0, G e~
wecmsennvie wucaa R u B € [0, 1] ydosaemesopaiom coommoweruio

R > P, (4.2)

IIpednonoorcum, wmo das amobozo muosicecmea U C V(G) maxozo, wmo |U| > R,
BUNONHACTNCH HEPABEHCTNGO

[G(U)] > 8 (g') .

Tozda das 1106020 Uen020 M > ¢ BLINOAHACTNCA HEPAGEHCTEO

()0

20e i(G,m) — KoAUMECMBO He3aBUCUMbLT MHOdCECME pasmepa m 6 epagde G .

JTOKABATEJILCTBO. Ilockosbky MBI Ha mare § yaanaseMm u3 A xorst Obl js Bep-
LINMH, BBIIOJIHACTCH HEPABEHCTBO

i+ + g < V(@) - |A(j1;---ajq)"

Hamee,

: . : , AQGrs--sJ
i(Gym) <Y iGIAGL - dg)lm—q) <Y (' ( - _q’ o)l
(4s) (4s)
JUIsE JII0060r0 M > q.
3ameTnM, 9TO y HAC €CTh POBHO (Z) nocrenoBaTenbHocTeit (fi,...,7q), yIo-
BJICTBOPSAIOMUX YCIOBUIO j1 + -++ + j, < 1 M TaKuX, 4TO j, > 1 [ KaxK1o-
n

ro s. CooTBeTcTBEHHO, B CyMMe He OoJiee (q) cnaraemMbix. Takum obpazom, Ham

JOCTATOYHO IIOKA3aTh, YTO JJIs KayKJIOH IOCIeA0BATENBHOCTH (j1,...,Jq), KOTO-
PYIO BBLIAET AJIrOPHTM, MHOKeCTBO A(j1,. .., jq) comep:ut He Gosee R 1eMeHTOB.
IIpemonozKuM IPOTHBHOE: IIYCTh JJIs HEKOTOPOro BhIXOAa (J1,. .., jq) IpHU J060M
1 < s < g muoxecrBo A\ {vy,...,v;,_, } conepxur Gosee R snemenros. Torma mos-
rpad G[A(J1,-..,Js)] uMeeT pebGepHyIO JIOTHOCTD HE MeHbINe 3. 3HAYHT, KasKas
urepanus ymenbinaer |A| xors 6u1 B (1 — 8)7! pas, u Mb1 nOTyIaem

|A(jla o 7jq)‘ g (1 - ﬁ)qn < eﬂqn < R7
IIpoTUuBOpEYHnE. JlemMma JOKa3aHa.

IIpumeps! IpUMEHEHUsT METOIA B PA3/IMYHBIX KOMOMHATOPHBIX U 8/ INTHBHO-KOM-
OGUHATOPHBIX 3a/[aUaX MOYKHO HafiTh B 3amedaresibHOM 0630pe [136].
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4.3.2. Komnreiinepnl gjs ramneprpacon. MeToa KOHTEHHepoB sl rumneprpadon
He3aBHCHMO nostBuICs B crarbax JI. Cakcroma, . Tomacona u 1. Basora, P. Mop-
puca, B. Camormxka Kak gajieko wiuyiiee (M TeXHHYECKH Helpocroe) obobiuenue
MeToIa JJIst TPadoB.

Hamum sedbopmasbHoe onpesenenne Koureitnepos. Ilycrs H = (V, E) — Heko-
topeiit n-rpad. Cemeiicrso moamuoxkects ¢ C 2V H) waspaercs xonmednepom,
€CJTN BBITIOJIHSIOTCS CJIEIYIOIIIE YCJIOBUS:

(a) soboe HezaBUCHMOe MHOKECTBO I cogepkurcst B HekoropoM C' € €

(b) cymecTByeT KOHCTaHTa ¢ TaKasi, 4To “MOIIHOCTL” Ji0boro Koureitnepa C' € €
xoTst ObI B ¢ pa3 Menbie “mormuoctn” V(H);

(c) |€] < 2¢IVUDI 11 mekoroporo a.

Tlox “morHOCTHIO” B PA3IMIHBIX (DOPMYIUPOBKAX MOIPA3YMEBAETCS KOJMTIECTBO
9JIEMEHTOB, CyMMa CTEICHEH 3JIEMEHTOB MM KOJIMIECTBO Pebep, METUKOM COeprKa-
IIUXCsI B MHOYKECTBE.

Ha nacrosimmit MOMEHT CyIIECTBYET MHOXKECTBO TEOPEM O CYIIECTBOBAHUHN KOH-
TefiHEPOB TIPU HEKOTOPBIX, OOBITHO JTIOBOJILHO 00INX, ycaosusax na H. Haubosee 06-
IIe TEOPEMBI IIPEJICTABJIEHBI B (DYHIAMEHTAJIBHBIX cTaThsax [138], [21]. Voayurmenne
(u yupornenue) BeposiTHOCTHOTO anropurma u3 [138] ony6amnkosano B [139]. Bepeun
TeopeM JIIst TIPOCThIX rutieprpados usioxkensl B [140]. Koporkoe nokazarenbeTso
no uHAYKIpn MoxkHO Haiitu B [32]. Illupokune npumeHeHMs MeTOJd KOHTEHHEPOB
K 3aJ[a4aM U3 Pa3IMIHbIX 00j1acTeil KOMOMHATOPUKY OIUCAHbI B 0030pe [22].

4.3.3. Crmcounble pACKpPACKH MPOH3BOJIBHBIX IIPOCTBIX rureprpacop. B arom
IIyHKTE MBI IIPUBEJIEM HAOPOCOK BBIBOIA TeopeMbl 4.2.2 m3 TeopeMbl O KOHTelHe-
pax B opme npusogumoil auzke reopemsl 4.3.2. Ilycte H = (V, E), C C V u E[C]
obosnadaeT MHOXKeCTBO pebep H, comepxkaruxcs B C'.

TEOPEMA 4.3.2 (Cakcron—Tomacon [140], [137]). ITyemv H = (V, E) — npocmot
d-peeyaapnwiii n-epag, 0 < § < 1. Tozda cywecmeyem cemeticmeo nooMHoicecma
¢ c 2VH) maxoe, wmo

(a) aroboe nesasucumoe mroncecmeo I codeporcumesn 6 nexkomopom C € €

(b) |E[C]| < S|E(H)| das aro60z0 C € €';

(c) |€] < 22V 20e o = a1/ (=1

ycrs € 2V (), Packpacka HazbBaeTcst 6 -cosmecmumot, ecm s mo6oro
[BETa MHOYKECTBO BCEX BEPIIUH, TOKPAIIEHHBIX B 9TOT I[BET, COJEPKUTCI B HEKOTO-
pom C € €.

TEOPEMA 4.3.3 (Cakcror—Tomacon [137]). Badurcupyem ¢ > 0, u nycmo
ko(c) < k < |V(H)|. Ecau cemeiicmso € C 2V H) ydosaemeopaem yeaosuam

(a) || < 2/VUDI/E

(b) |C] < (1 = ¢)|V(H)| dan arwbozo C € €,
Mo cywecmeyem nabop cnuckos pasmepa

Ink

—Inc¢’

(1+0(1))

He donYckaowuts € -co8mMecmumol Packpacky.
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2
l:= {(1_€lnkJ n t:= VZJ, e>0.
—Inc c

OKazbIBa€TCsl, UTO JJIsl JIOCTATOUHO MAJIOT0 £ CJIydailHblil (paBHOMEDHBIH 1 He3aBU-
CHMBIi1) BBIOOD [-3JIEMEHTHBIX [IOJAMHOXKECTB U3 (-3JIEMEHTHOI'O MHOXKECTBA B Kate-
CTBE CIIICKOB C IIOJIO2KUTEJIbHOII BEPOATHOCTHIO Y/IOBJIETBOPSIET YCJIOBUAM TE€OPEMBI.

ITostozxum

Pacemorpum MuokecTBO ¢ u3 reopembl 4.3.2.  Tlokazkem, 9TO HEpaBEHCTBO
|E[C]| < 0|E(H)| Bneuer nepasencrso |C| < (1 —1/n+ 6/n)|V(H)|. B camom
JeJte, st CyMMBI CTEIeHel BepInuH B MHOKeCcTBe C' MOYKHO HAIMCATH OIEHKY

d|C| < n|E[C][ + (n = D(|E(H)| - [E[C])),

HOCKOJIBKY Kazkoe pebpo n3 E(H) \ E[C] nepecekaer C' ne Gosee uem o n — 1
sepumue. Ecnu semmonneno nepasercrso |E[C]| < 6| E(H)|, To orcona morydaem

dIC] < (n =1+ 0)|E(H)|,

9TO paBHOCUIBHO TpeGyemomy HepaseHctBy |C| < (1 — 1/n+ 6/n)|V(H)| BBUITY
d-perynspuoctu H.

Takwum 06pa3oM, MOKHO MPUMEHUTH TeopeMy 4.3.3 K ceMelcTBy 6 U IOJIyIuTh
CIIMCKY, HE JOIMYCKAIINEe % -COBMECTUMON, a 3HAYNT, MO MEPBOMY CBOMCTBY KOH-

TefiHepOB, W MPABUIBHON pacKpacku. B sToM ciayuae momyuaem k = d'/(n—1),
c=(1-9¢)/nnu
Ink 1
H) > (1 1 = 1) | Ind.
X(H) 2 (1+of ))—lnc ((2n—1)1nn+0( )) .

5. ITosiHOLBeTHBIE pacKpacKu

Packpacka BeprinH runeprpada B 7 IIBETOB HA3BIBACTCS NOAHOUGEMHOU, €C-
JI Kaxkjoe pebpo COAEPKUT BEPIIMHBI BCEX IIBETOB. DTO ONpEJIeJCHIe U aHa-
Jor TeopeMbl 2.5.3 nosiBuinch B crarbe I1. Dppéma u JI. Jlosaca [70]. A.B. Ko-
crouka [103] mocTaBm BOmpoc 0 HAXOXKIEHUNM MUHUMAJBHOTO "ucaa pebep p(n, r)
B N-OJHOPOJIHOM rureprpade, He 06/1a1a0IIEM ITOJTHOIBETHOI T-PACKPACKOil (SICHO,
aro m(n,2) = p(n,2)). Kocrouka Takxke nmpuses OleHKN

%em/r < p(n,r) < refm/7, (5.1)
e ¢ < 1 u C > 4 — nosoKuTeabHble KOHCTAHTBI. DTOT PE3yJIbTaT CJIEJYeT U3
reopembl 9.4.1 n onenok Asona [11] Ha cimcovuHble XpoMaTHYecKue ducsa rpados.
BrocsteicrBun v BepxHsisi, 1 HUXKHSISL OIIEHKN HEOJHOKPATHO YJIYUIIAJNCH.
A.B. Kocrouka u /1. P. Byga/ur noyduin JoCTaToqHOe YCJIOBUE JJIs CYIIECTBO-
BaHUs TOJHOIBETHON N-PACKPACKUA B TEPMHUHAX OTHOIICHUS XOJIIA.

TEOPEMA 5.0.1 (Kocrouka—Bymasn [112], 2001). ITyems H = (V, E) — n-odho-
podnwiti epag npu n # 3,5. Ecau das a106020 Henycmozo nodmmoocecmea pebep F
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GUINOAHAIOMNCA HEPAGEHCINEA
(n?—2n+2)|F|+n—1
n
e
fLEJF ) 2 -2+ 2)|F|+n
)
n

) n#3757

= 3,5,

mo H 00nyc7caem nNoAHOUBEMHYIO N-PACKPACKY.

B roit xke pabore [112| 6b110 BBICKA3aHO TPEAIIONOKeHNe, UTo caydait n € {3,5}
He HYKJIaeTCsl B YCUJICHUH TOCHLIKH.

5.1. Bepxmumue oneaku. Ilo npurmuny lupuxie gobas r-mBeTHasT BEPITHHHAS
packpacka colepKuT 1ser pazmepoMm He Gostee |(1/7)|V]]. Honosnmenue K 3romy
I[BETY MMEET pa3Mep XOTs Obl

vi- || === m|

Cnenosarenbro, p(n,r) < p'(n,r). o myxXy 9TOT apryMeHT MOX0K HA CTAHIAPTHYTO
OIIEHKY XPOMATHYIECKOTO nCIa Ipada 9epes3 9uc/Io BEPITUH U THCJI0 HE3ABUCUMOCTH.

B pa6orax [149], [150] . A. IITabanoB maJ cjepyiomue BepXHUE ONEHKH:

21 n
p(nm)gcnr;lr(Til) , ecm 3<r=0(/n)un>ng; (5.2)
3/2] n
p(n,r) < cg (r i 1) . ecmmr = O0(n*?) ung <n=00?); (5.3)
n? 5 ro\"
p(n,r) < cmax(r .n%/ ) 1nr<H> JUIA BCeX n, T > 2. (5.4)

fcno, aro (5.2)—(5.4) maor onenku Buja (5.1) ¢ C' =1 upn ycmosun r < cn/Inn.
IIpusenem uzmeo, KOTopast IPUMEHSIETCA B JIOKA3ATENHCTBE OOJIBITUHCTBA BEPX-
HUX oneHok. Omnpegermm BemauHy p'(n,r) KaK MUHAMAIBHOE KOJUIECTBO pebep
B n-opuopojanom runeprpade H = (V, E) takom, 4T0 j11060€ HOIAMHOXKECTBO Bep-
r—1
r

mun V' C V pasmepa |[V/| > [V|| conepxur B ceGe pebpo. Ha camom mese,

p'(n,r) coBnazaer c

-1
minT(|V|, i |V|,n)
Vi r

(ranomunm, aro T'(a, b, ¢) obosHaqaer uncio Typana, cm. m. 2.4.1).
JlokazareabcTBO DpIéina BepxHeil oleHKu B Teopeme 2.1.1 0bobiiaercs ciieryro-
M 00Pa30M.

TEOPEMA 5.1.1 (Yepkammun [48|, 2018). Jas ecex n = 2,1 = 2 6uinosnAemcs

HEPABEHCME0
2 n
(n,7) < ¢ n”Inr r
PULT)S r r—1/) "
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5.2. Huxkuue orieHKu. 3aMeTHM, UTO CTAHJIAPTHBIE BEPOSITHOCTHBIE apTyMEH-

w3z ()
L) 2 \r -1

(r.e. mmxuow onenky B (5.1), rme ¢ = 1). Owna ObLia CyIIECTBEHHO YIIydIlleHa
. A. IlTa6anosbim B [149)]:

1 n 1/3 r n
P(”J‘)>C( ) < ) o n,r =2, r<n.

ThI JAIOT OIEHKY

r2\Inn r—1

Barem A.TI. Pozosckas n . A. IITabanos [135] mokaszasu, 9To

( ) > 1 n r " S 9 - n
n,r)>=c—q)— n,r>= r < .
P, r2\ lnn \r—1 AT ’ 2lnn

i1t okasaresibeTBa CoreLyIomeil TeOpeMbl NCIOJIB3YeTCd TaK Ha3bIBACMBIH Me-
Toz, MaJIbIx Bapuaruii (eu. [15; rr. 3] u . 2.4.2). Pesyabrar 910if TeOpeMBbI SIBISETCS
HAWJTYIITAM U3 U3BECTHBIX TIPU ' > C\/T.

TEOPEMA 5.2.1 (Yepxammuu [48], 2018). Jas n =1 > 2 60noinsemcs oyenka

ar=l /e

=
p(n,r) e —

JIOKABATEJIBCTBO. PaccMOTpuM paBHOMEDHYIO M HE3aBUCUMYIO CJIyUalHYIO
packKpacKy MHOXKECTBA BEPIIUH B @ > 7 IIBETOB. MareMaTniecKoe OyKUJIaHue TUCTa

a—1\"
nap (e,q) rakux, 4yro pebpo e € E He comepxur npera ¢, pasuo |E a( > .
a

n
a—1
Tosromy eciu |E |a(> < a — 1, TO C HOJOXKATEJbHOI BEPOATHOCTBIO Cy-
a
n—1

IMECTBYIOT 7* IIBETOB, COJEPKAIMMUXCA B KaxKjaoMm pebpe. llogcrasissa a = T,
n—r

[IOJIy9YaeM CYIIeCTBOBAHHUE TIOJTHOIBETHON PACKpPaCKU IIPU

r—1 nr—r " 1 r—1 (n—1)/(r—1)
E| < o) gt = .
n—1\nr—n n—1

TeopeMa JIOKa3aHa.

Teopema 5.2.1 He momyckaer JIOKabHOM Bepcuu. Mbl qoKazkeM HECKOJBKO Hojiee
cabyIo ONEHKY, OCHOBAHHYIO Ha T€OMETPUIECKOM TepeocMbiciennu wieir A. [Ty-
xapa [130], KoTopyo MOXKHO KOMOMHUPOBATH C JIOKasbHOU JemMmoil JloBaca. Pac-
cMoTpuM (7—1)-MepHBIii e JMHUYHBII CUMILIIEKC ¢ MEPOii, HElIPEPHIBHO U PABHOMEPHO
pacupejiesileHHoil 110 1-ckestery (pefpa cumIniekca), u HHYIIPOBAHHY O METPHUKY Ha
9TOM CKeJieTe; 3adUKCupyeM OUEKITHIO f MeXKIy IBeTaMU U BEPITUHAME CUMILJIEKCA.

TlocTpoum cayuaitiHoe orobpazkenune u3 Bepmud H Ha 1-ckerer, B COOTBETCTBUU
C paBHOMEDHOI Mepoil u HezaBuCUMO. MBI IbITaEMCS IOKPACUTh Tuileprpad ciie-
JIYIOIITUM 00pa30M: I KarKJI0TO pedpa e U KarKJIO0TO I(BeTa ¢ Mbl KPaCUM B IBET 1%
BepIInHy pebpa e, GumzKaiiiyo K BepumHe cuMmiuiekca f(i) (¢ BeposrHoCThIO 1 Ta-
Kas BEPIIUHA €IUHCTBEHHA). FCIM 9TOT METOJ BHYTPEHHE HEIPOTHUBOPEYUB (T.e.



DKCTPEMAJILHBIE 3AJIAUN 131

KaskJiasl BEPIIMHA TIOKPAIIeHa He GoJiee OHOTO Pa3a), TO OUeBHUJIHO, UTO PACKPACKA
nonnorBeTHa. Jlasee onenmBaeTcs BEPOATHOCTH BHYTPEHHETO IMPOTUBOPEHUS; TIPU
OTpaHUYEHUN CBEpXy Ha YUCJIO pedep 3Ta BEPOsITHOCTH MeHbIe 1, UTO JI0Ka3bIBAET
CJIEJIYIONILYIO TEOPEMY.

TEOPEMA 5.2.2 (Yepkammu [48], 2018). Jasa n > r > 2 makux, wmo r <
en/Inn, swnoanaemcs oyenka

ey om0 L) ()"

5.3. Cayuaii mamoro n/r. Paccmorpum ciydaii, Korjia OTHOIIEHWE 1/7 Ma-
a0 (r.e. r > en/Inn); n/r = const — xopornii MojenbHbLH npumep. Jlyumei u3
y7Ke YIOMSHYTHIX BEPXHIX OINEHOK B ciydae n/r = O(Inn) apisercs onenka re/”
(em. (5.1)), e ¢ > 4 — koncranra. Vcnosb3ys CIeayIONnLy0 TeOpeMy, Mbl JI0KA3bI-
BAEM OIIEHKY, 3aBUCSIIYIO TOJBKO OT N/T.

YTBEPXKAEHUE 5.3.1 (Yepkammn [48], 2018). JTas scex namypasvrox m, n, r
EHINONHACTNCA HEPAGEHCTNEO

p(mn, mr) < p'(n,r).
B kagectse ciencrBus Teopemsr 5.3.1 U 0UEBUIHOTO HEPABEHCTBA
max(p(n,r),p(n+ 1,7+ 1)) < p(n+1,7)

MbI II0JIy9a€eM OLEHKY, KOTOpasd sABJIAeTCs HAWIYYIIel B ciydae, KOraa n/r MaJo.

CJIEJACTBUE 5.3.2. Jlas 4106020 Hamypasvrozo k < 1 GuiNOAHACMCA HEPAGEH-

cmeo
n
<p(|——— |k k).
p(n,r) pdr_kJrJ >

B wacmmocmu, ecau n < 1%, mo moscho 63amu k 1= an/r u noyuumo

2
p(n,r) < c(n) In 2. en/r,
r r

Teopema 5.2.1 maeT HETPUBHAJILHYIO HUXKHIOIO OIEHKY JlayKe B CIIydae MAaJio-
ro n/r, Ho BMeCTe C 3TUM CTOUT OTMETHUTD CYIeCTBOBAHNUE 3JIEMEHTAPHOIO KA IHOTO
aJrOpUTMA.

YTBEPXKAEHUE 5.3.3. Caedyrouiee Hepasencmeo 8bnoAHAEMCA OAL GCET HAMY-

PAALHOIT TV = T
n

p(n,r) > {J :

r

JIOKA3ATEJIBCTBO YTBEPXKJEHUS 5.3.3. Pacemorpum runeprpad H = (V) E)
takoii, uro |E| < |n/r|. BeiGepem npoussosbaoe pebpo e € E u nokpacum Jodble r
€ro BEpIIMH B pasHble nBera. Temnepb ymaiaum u3 H pebpo € u Bce MOKpalleHHbIe
geprmabl. Ocrasmmiics: runeprpad nmeer |E| — 1 pebpo, a pazmep KazKoro ped-
pa He MeHee n — r. Il09TOMy MBI MOXKeM IIOBTODHTH 3Ty onepanuio |n/r| pas,
U YyTBEPKJICHNE JIOKA3aHO.
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6. CrpaBeajimBbie pacKpacKu

Bepmunanasa packpacka Ha3bIBACTCA CNPacedAusoti, €CJIM MOITHOCTU IBETOB Pas-
Jimygarorcst He 6ojiee gem Ha 1. I1. Dpaéin BeIcKa3as CJIeLyIoNLy o TUII0Te3y, KOTOPYO
zarem jokazaym A. Xaiinaa u D. Cemepen.

TEOPEMA 6.0.1 (Xaitnaa—Cemepenu [88]). ITyemv G — epad, ece cmenenu Ko-
mopozo e npesocxodam d. Toeda e2o mootcho cnpasediuso nokpacums 6 d + 1 yeem.

3uadnTreabHo 6oJiee MPOCTOE JIOKA3aTeILCTBO TpuHaexkuT X. A. Kupcrany u
A.B. Kocrouke [99]. Takzxke onu ¢popMyITMPOBAJII IIOX0KYIO TEOPEMY B TEPMHUHAX
pebepHoit cTeneHn.

TEOPEMA 6.0.2 (Kupcrag—Kocrouka [98], 2008). ITycmo epagh G maxos, wmo
das a0bozo pebpa xy evinoanaemces nepasencmeo d(x) + d(y) < 2r + 1. Tozda
cywecmeyem cnpasedausan (r + 1)-packpacra G.

Banaua Golta 06001mena Ha n-rpadul B crarbax [29], [161].
B crarbe [155] Gbla JoKazaHa CJeLyolas TeopeMa.

TEOPEMA 6.0.3 (IIIabaunos [155], 2015). ITyemv H = (V, E) — n-epagp u |V| >

n2.2". Toeda ecau

1 2"

S & —F— )

64 Vnlnn

2de d(H) — makcumanvras cmenens sepuunv. H, mo H donyckaem cnpasedausyro
2-packpacky.

d(H)

Hemasuo sra Teopema ObLIa 3HAYUTEHHO YCUIECHA.

TEOPEMA 6.0.4 (Axmemxanosa—1la6anos [7], 2019). IIpu docmamouno Goav-
wom n u aobom r < V/Inn daa npoussoavrozo n-epaga H = (V, E), ydosaremeops-
10UWe20 YCAOBUAM

n

(r=1)/r
|E| <0.01 (lnn) Tl |V

cywecmseyem cnpaeeﬁﬂueaﬂ r-pacrpacra.

CrpaBe/iiimBble packpacku npoctbix runeprpadosn. /. A. [la6anos Tak-
JK€ paccMOTPeJI 33/1a9y B KJIACCax MPOCThIX 1 b-ipocThix runeprpados. [Ipusesem
CJIEJICTBUE U3 OCHOBHOW TeopeMbl paboTsl [155].

TEOPEMA 6.0.5 (IaGauos [155], 2015). IIyemv H = (V, E) — npocmoti n-epag.

Tozda ecau on

vnlnn ’

2de d(H) — makxcumanvhas cmenens sepwunse H, mo H donyckaem cnpasedausyro

d(H)< ¢

2-packpacky.

Cuay4aii HeOJHOPOJAHBIX MPOCThIX runeprpadgos. U.P. [lluprasuna B pa-
Gorax [156], [157] mokasana, uro ecim H = (V, E) — npocroit runeprpad ¢ MuHR-
MaJILHON MOIIHOCTBIO pebpa 7, YAOBJIETBOPSIONIHIL YCIOBUIM

Zrlf‘el <evk uw V]I
ecE

10 H 00J1a/1aeT CIpaBeINBOil 1"~-PACKPACKOIL.
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7. Pazbpoc

Hazosem pasbpocom 2-packpacku B KpacHBII 1 CHHUIA 1[BETa BEPITUH rumeprpada
MaKCHMYM II0 BCEM pebpaM MOJLyJIsi PA3HOCTU MEXKIy KOJIUIECTBAMU BEPIIUH KPac-
HOTO W CUHEro IBeTa B pedbpe. HazoBem Takke pasbpocom 2unepepagha HanMeHBITHH
pasbpoc 1o BceM packpackaMm rureprpada. 3ajadam o pazdbpoce MOCBSINEHbl KHU-

ru [124], [45].

7.1. Marpuusl Agamapa. Marpuna Ajgamapa H — 9T0 KBaapaTHast MATPUIA
nopsgaka n ¢ saementamu u3 {1, —1}, ¢TosGIBI KOTOPO# MOMAPHO OPTOrOHAIBHBL.
Wubivu citoBamu,

H-H' =nE,,

rie E, — emuHuYHAs MaTPUIa Mopsaka n, a H' — Tpancronnposanuas mMarpua H.

CymectByeT 60/IbII06 KOJMIECTBO SIBHBIX KOHCTpyKIuii marpun Amxamapa. He-
CJIOXKHO TI0Ka3aTh, UTO JIs CYIIECTBOBAHMSI MaTPUILI Agamapa n JIOJKHO OBIThH
PABHO JIBYM WJIM JIEJTATHCS HA YeThIpe. SHAMEHHWTas UIOTe3a AaMapa yTBepKIa-
€T, YTO TaKHe MaTPUILI CYIIECTBYeT JIs BCeX 7, KpaTHBIX deThipeM. IloapobHocTh
MOZKHO [IOCMOTDETH B (pyHIaMeHTaIbLHOM 0630pe [54].

TEOPEMA 7.1.1. Ilycmov cywecmeyem mampuya Adamapa nopadkxa n. Toeda
natidemca cemeticmeo u3 n MHOICECNE MG N GEPUWUHAL ¢ Pa3OpocoM He MeHb-
we /n/2.

JIOKABATEJIBCTBO. Paccmorpum marpury Anamapa H = {h;;} nopsaaxa n ta-
KYIO, 9TO ee [epBasi CTPOKA U HEePBbIH CTOJI0el] COCTOAT TOJLKO U3 eguuul (Jodyio
MaTpuIly AjamMapa MOKHO IIPUBECTU K TAKOMY BHJLY, JIOMHOXKasl CTPOKU U CTOJIOIBI
ua —1).

Bamernm, ¥ro marpura (H +J)/2 cocroutr u3 Hy/ieil 1 eIHHUIL; HOCUTEIN CTOJIO-
LIOB U ABJISIOTCHA UCKOMBIM ceMeicTBoM. IlocTaBuM B COOTBETCTBHUE PACKPACKE BEK-
Top v = (V1,...,Up), v; = £1 (KpacHblil IBET COOTBETCTBYET €IMHUIIAM, CHHU —
MuHYyC eauauiam). Tormga

Hv =vic1 + -+ + vpcp,

rue ¢; obosuadaer i-it crosber marpurpl H. Ilonoxxum Hv = (Ly, ..., L,), u uycrb
|c| obosHavaer eBkaMIOBY HOpMY. Torma

LY+ Ly = [Hol = il + -+ oglea]” =t oo n = n?,

IIOCKOJIBKY BC€ C; IIOIIapHO OPTOI'OHAJIbHBI. Takke OTMETHUM, 9TO

n

Li+-+L,= Z vihgj :Zvjzhij = nv; = +n.
j=1 =1

ij=1

IIycrs J — kBajparHasi MaTpuiia U3 BCeX eJuHUIL nmopsaka n. llojoxum A = vy +

-+ + vy, TOrga A — gerHoe uncso u Jv = (A, ..., \). Umeem
H-l—Jv_ Li+ X L, + A
2 B 2 T2 ’

n n n
STLi+N? =YL+ 20 Li+n? = n® £ 20X + n)®
i=1 i=1 i=1
=n?—n+n(x+1)?=n (7.1)
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CieoBare/ibHO, J1jIsi HEKOTOPOIrO 1§

L¢+/\>@
2 ~ o2

7.2. JlokanbHasi mocranoBka. JIk. Bek u T. @uasna [26] ouenuau pasépoc
CBEpXY dYepe3 MAKCHUMAJIbHYIO CTeleHb BepmmHbl rureprpada H, obo3znadaemyio
naguee deg(H).

TEOPEMA 7.2.1 (Bek—®uasa [26], 1981). ITycmv H — 2unepepad maxot, wmo
deg(H) =t. Tozda
disc(H) < 2t — 1. (7.2)

Ix. Bek u T. @uaja TakxKe IPeANOIOXKUINA, 9TO TeopeMa 7.2.1 MOXKeT OBbIThH
CYIIECTBEHHO YCUJICHA.

I'mnnoTeE3A 7.2.2. Cywecmsyem maxas xoncmanma C', wmo das a0bozo 2unep-
epapa H ¢ deg(H) =t euinoanaemes mepasencmeo

disc(H) < C't. (7.3)

OHako, HECMOTPST Ha TIHPOKYIO M3BECTHOCTD THITOTE3bI, HAMIY YN PE3YIbTaT
2t — log™ t (3mecw log"™t — mrepuposanubiii morapudm) momyqden B 2016 r. B. By-
XoM [42] (IpoMerKyTOUHBIE OIEHKH MOJIy9eHbl B paborax [27], [92]).

7.3. OgHopoaubie runeprpadbl ¢ MOJIOXKUATEJIbHBIM pazbpocom. Ilycrs
f(n) — naumenbiee KOMIECTBO pedEp B N-0AHOPOIHOM ruiieprpade ¢ moa0KuTe b
HbIM pa3bpocoM. BecbMa HEOKMJIAHHO, HO BCe UMEIOIIUEC OleHKN Ha f(n) 3aBUCAT
TOJIKO OT MUHMMAJILHOIO He-JejuTels duciaa n (B najasaeiimenm snd(n)).

Ouesnjno, 4ro ecau 2 { n, To f(n) = 1; ecim xxe 2 | n, Ho 4 { n, To f(n) = 3.
II. Opuém u B. Hlom unrepecoBasmch TeM, siBisercd ju f(n) HeorpaHHYEHHO
dynxmmeit. H. Anon, 1. Kneiirman, K. Tomepanen, M. Caxc u IT. Ceiimyp [13]
JIOKA3aJIU CJIEJIYIONIYIO TeopeMy, [OKa3aB, B 9aCTHOCTH, 4TO f(n) HeorpaHuveHa.

TEOPEMA 7.3.1 (Anon—Kieiirman—ITomepaner—Cakc—Ceiimyp [13], 1987). ITycmo
n — maxoe namypasvroe wucao, wmo 4 | n. Tozda

Insnd(n/2) log® snd(n/2)

“ Inlnsnd(n/2) = ) <ex Inlnsnd(n/2)’ (7.4)

2de snd(x) 03HAUAETN HAUMERDUEE HAMYDAAOLHOE YUCAO, HE OEAAUEE I .

Tl moKazaTebCTBa BEPXHEH ONEHKN aBTOPBI BBEJU psj nouaTwit. Ilycts .4
oboznauaer muoxkecrso marpur M ¢ snementamu B {0,1} Takux, 4ro ypaBHenue
Mz = e mMeeT POBHO OJIHO HEOTPHUIIATELHOE PEIeHne (3/1ECh € O3HATAET BEKTOD U3
euamt). 1o pemenne obozuadaerca wM . Ilyers z(M) — HanMeHbITee HATYDAJIb-

M — nenouncennsrit; ook yM = z(M)a™M.

HOE 9HCII0 TaKoe, 9To BeKTop z(M )z
Jlist KarKJI0ro HATYPAJIBHOTO N OnpejiesnM t(n) Kak HAMMEHbBIIee I TAKOe, UTO Cy-
mecrByer Marpuria M € 4 ¢ r crpokamu Takas, 9to z(M) = n (oueBujHO, UTO

t(n) < n+1, rak kak z(Jpy1 —Ine1) = n, vae J,o1 — 310 (n+1) X (n+ 1)-mMarpuna
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u3 epuHul, a I,41 — 9T0 equHUYHas Marpuna pasmepa (n + 1) X (n + 1)). Bepx-
Hsist olleHKa B (7.4) caenyer u3 nokasanHoro B [13] mepasencrsa f(n) < t(m) mas
TAKUX M, 9TO |n/m| HeYeTHO.
Barem H. Asion u B. By [16] nokaszasm, 4ro
Hm) < (24 o(1) o
m o(l))———
h Inlnm
JUIst GECKOHETHOTO KOJMIecTBa 3HaveHnit m. OJHAKO OHM OTMETHJI, 9TO CIIpa-
BeUIMBOCTD HepaseHcTBa t(m) < clnm s npou3BoJIBHOIO M He OYeBUIHA. DTO
yuyienne 6ou10 yerpaneno @. Ilerposoim u 1. Yepkamuabim.

TEOPEMA 7.3.2 (Ilerpos—Yepkamusn [53], 2019). ITycmv n — noaoorcumenrvhoe
namypaavroe wucao. Tozda
f(n) < clnsnd(n) (7.5)

oas Hexkomopot xKonemarnmos ¢ > 0.

CJHEOCTBUE 7.3.3. Ilycmov n — nososcumenvHoe Hamypasvhoe wucao. Tozda
fn) <clnlnn

das nexomopoti konemanmos ¢ > 0.

OcunoBHas ujies I0Ka3aTe/IbCTBa — HafiTu Marpuity ¢ oupejeiuresem snd(n) u ma-
JICHBKUMH 3JIEMEHTaMU, Y/IOBJIETBOPSIONLYIO HEKOTOPBIM TEXHUYECKUM YCJIOBUSIM.
3aBepImM 3TOT IMYHKT HECKOJbKUMU TUITOTE3aMM.

TunoTe3A 7.3.4 (Anon—Kueiirman—Tlomepanern—Caxce—Ceiimyp [13]). ITpu we-
KOMOPoU PyHKUUL g CNPasedsuso NPedcmasieHue

f(n) = g(snd(n)).

I'mnotesA 7.3.5 (Anon—Kuneitrman—Ilomepanen—Cakc—Ceiimyp [13]). IIpu ne-
Komopot Pynxyuy O cnpasedauso npedcmasienue

s =6 gt ).

7.4. Pazbpoc omHopoaubix runeprpados. PaccMorpum n-01HOPOIHBI TH-
neprpad H u BCeBO3MOXKHBIE DACKPAacKM €ro BEpIIUH B JiBa IBeTa. SIcHO, UTO
CYIIIECTBOBAHIE PACKpPaCKM, B KOTOPOH KaxKI0e pedpo COMEepKUT XOTsd Obl k Bep-
IIIUH KaXKJI0TO [BETa, PABHOCUIHLHO CYIIECTBOBAHUIO PACKPACKH € pa3bpocoM me 6o-
aeen — 2k. B cBsa3u ¢ 9ruM ecrecTBeHHBIM 06PA30M OIIpE/IeJIsieTCs BeJuauHa my, (1),
paBHasT HAUMEHBIIIEMY KOJUTIECTBY pedep B N-OHOPOHOM rutieprpade, /s Jo0oi
2-pacKpacKu BepIUH KOTOPOro Haiijercs pebpo, cojepzkartiee ne dosee k — 1 Bep-
IIUHBI OJIHOI'O U3 IIBETOB.

Buepsble Besmunaa my(n) seejgena A. M. Paiiropojckum (oueHb moxoxkasi 3a/1a-
9ya ¢ TeM ke obo3HavdeHHeM paccmarpubasack B [117]). Paccy:kiast aHAJIOrHIHO
Teopeme 2.1.1, MOXKHO HOJIyINTH OIECHKY

2n71
it (1)

mg(n) >
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B crarbax [144]-[146] 1. A. ITlabaroB afanTupoBasl pa3JndHble aJrOPUTMBL 1 [I0-
Jyami, 9to npu k < clnn BBINOTHAETCA HEPABEHCTBO

mi(n) > c(”)wme&;ﬂ (QZ) '

Inn
B patore [134] A.TI. Poszosckast, npuMenns obobimenne merosa [linyxapa, moka-
zaja, 9To npn k < /7 BBIOJIHAETCS HEPABEHCTBO

1/4 2n—1

mg(n) = cn
K1)

B crarbsx [144], [145] . Ila6aros nomyuns cooTBeTcTByomuii Teopeme 2.1.1
pesyabrar npu k < cn/lnn:

2
S (1)

Hakownern, FO. JlemuaoBud jroKa3ajl CJIe/yIoNlyi0 TEOPeMY.

mp(n) < en?

TEOPEMA 7.4.1 (Hemmnosua [57], 2019). Jas aobvx n > 30, k > 2 makux,

Ymo
I'n

kg 1.

Inn

GUINOAHAEMCA HEPABEHCTN GO

8. BHBbIE KOHCTPYKIIMA 1 MaJible 3Ha1YeHunsd IepeMeHHbIX

r4+1

8.1. Mauibte nmapamerpsl. Hamommuwm, uro m(2,r) = ( 9

), B 1aCTHOCTH,
m(2) = 3.

8.1.1. Imockocte @ano. Tlokaxkem, arto m(3) = 7 U eMHCTBEHHBIM [IPUMEPOM
sIBJIsIeTCsE TUI0CKOCTh PaHo (IPOEKTUBHASI IIOCKOCTh HaJl Fa).

OrnpesiesinM oneparuo cma2usaHus epuwut. 1IycTb v, V9 — BEPITUHBI THITEPTPa-
da H = (V, E), Torua pe3yabTaToM CTArUBaHUs U1 U Vg ABJgeTcs runeprpad Hy, y,,
y KOTOPOTO U] U V9 3aMEHEHBI Ha OJHY BEPIINHY v, a pedbpa HOBOro rureprpada mo-
JIy9arTcst 13 pebep CTaporo 3aMeHoil B HUX v U (WiIH) v Ha v.

Pacemorpum n-omropogustit runeprpad Hy, KOTOpPBIN He KDACUTCS B [IBA IBETA.
o Tex mop, mOKa CyIecTByeT Iapa BepINNH, He COIEPXKAIAsCd HA B OJHOM ped-
pe, craruBaem 3Ty napy. lIpm Takoil omepanun OgHOPOIHOCTH He MeHseTcs, rpad
[IO-TIPE’KHEMY He KPACUTCH B JIBa IIBeTa, a IucJIo pebep He yBeandupaercs. B KoHIe
KOHIIOB MBI TIOJIyIiM N-07HOpoHbIH ruteprpad H = (V, E), KoTopblii He KpacuTcest
B JIBa [IBETAa, TaKOii, YTO Yepe3 KazKIyIO [apy ero BepIrH IPOXoauT pedbpo. A 3Haqur,

B> | LR, (5.)

n n—1
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C apyroit CTOPOHBI, €C/IM BEPIIUH MaJIO, TO HAM 3HAYUTE/IbHO BBINO/IHEE KPACUTD
B paBHOe Koum4yecTBO IBeToB. CJry4aiiHO BhIOpaHHas OajlaHCHAs PACKpPacKa Jaer

oy .
2 | (1) (G =) * (i) | &2)

Tenepb paccMoTpuM Npou3BosbHBI runeprpad Hy, peammsyromuii m(3). By-
JIeM CTSCMBATh €ro, MOKa He MOJydnM HectsrusaeMmblil runeprpad H = (V) E).
Ecin |V] < 6, To onerka (8.2) yreepxkuaer, yro m(3) > 10, 910 HeBepHO, mO-
CKOJIbKY y HaC y¥Ke ecThb npumep Ha 7 pebep. B ciyuae |V| > 7 onenka (8.1) maer
|E| > 7, upudyeM paBeHCTBO JIOCTUrAETCs, TOJIbKO ecau |V| =7 u gepes jobble nBe
BEPIIMHBI IIPOXOAUT POBHO OHO pebpo. Ho 3T0 B TOYHOCTH ONpeeisdeT KOHEIHYTO
MPOCKTUBHYIO TNIOCKOCTH, TIOCKOJIBKY

(i) uepes so6bIE J(BE TOYKU [IPOXOIUT OJHA IIPAMAS;

(ii) sr06ble JBE HPsIMbIE [IEPECEKAIOTCs POBHO 110 OJ(HO# TOUYKe (9T0 TaK, IOCKOJIb-
Ky 10 yHKTY (i) OHM mepecekaroTcss He 6osiee 1eM 0 OJJHON TOUKe; eCJIu Ke OHU He
[IEPECEKAIOTCS, TO OCTABIIAACS NPIMast IPOXOAUT YEPe3 OCTABIIYIOCA TOUKY X7, HO
CTelleHb T7 PaBHa 3 — IPOTUBOPEYNE);

(iil) mafi/yTcst "eThpe TOYKM, HUKAKME TPU U3 KOTODPBIX He JIeXKAT Ha OJIHOI
upsMoii (31o caemyer u3 (i), Beib B JONOJHEHUN JTIO00M IPIMON HE MOXKET JIEZKATD
upsiMas).

Xopomio u3BecTHO (M HECJIOKHO YCTAHOBUTH 1IEPEBOPOM ), UTO IIPOEKTUBHASI I1JI0C-
KOCTDb IOpAJKa 2 eauHcTBenHa. OCTajgoch 3aMETHTh, YTO NMPHMEHEHHE OIepalyu,
00paTHOIl K CTArMBAHMIO, K ILUIOCKOCTH DaHO HEMEIJICHHO YMEHBIIAET XPOMATHYe-
CKO€ 9HCJIO.

Bagaua Apaéma—XaifHaaa B cIydae MPOU3BOILHOTO 7 W JIMHEHHOTO 110 1 IHCIIa
BEPIINH PACCMATPUBANIACH B [65].

IMonusrit 3-rpad na cemu BepumHax peasusyer onenky m(3,3) < 35. Hepa-
BercTBo m(3,3) > 27 6buio ycranosiaeno 1. A. Axospsunbiv [8]. IIpuMeuaresnso,
YTO ITO YKe HEPABEHCTBO TIOCIIYKHIJIO OTIIPABHON TOUKOH syist crarbu [108], HO GbLIO
UCKJIIOUEHO 13 (PUHAJIBHON Bepcuu.

8.1.2. m(4) u 66apmme 3aavenns n. 1. Cefimyp [142] u B. Todr [165] He3aBucn-
Mo mrokazasu, aro m(4) < 23. Ux npumep siBasiercs runeprpadom Ha 11 BeprmHax
CO CJIeYIOMUME pedpaMu:

{1,2,9,10}, {3,4,9,10}, {5,6,9,10}, {7,8,9,10},
{1,2,9,11}, {3,4,9,11}, {5,6,9,11}, {7,8,9,11},
{1,2,10,11}, {3,4,10,11}, {5,6,10,11}, {7,8,10,11},
{1,3,5,8}, {1,3,6,7}, {1,4,5,7}, {1,4,6,7}, {1,4,6,8},
{2,3,5,7}, {2,3,6,7}, {2,3,6,8}, {2,4,5,7}, {2,4,5,8}, {2,4,6,8}.

TodT mosyun/1 JaHHbIi TpUMep KaK JaCTHBIN CIyvdail KOHCTPYKIINK, JAIOIIEeil cooT-
somenue (8.5). II. Ocreprapz [127] ¢ HOMOIIBIO KOMILIOTEPHOTO Hepebopa MOKa3aJL,
aro m(4) = 23, nupuuem npumep Ha 11 BepImMHAX €/IMHCTBEHEH.

Jnst m(5) nuanasoH yrKe JOCTATOUHO BEJIMK — HAMJIY IIIAME OIIEHKAMU SIBJISTFOTCSI
29 < m(5) < 51, HMKHSAS J0Ka3bIBaeTCs B 3], BEPXHIOW JaeT KOHCTpyKIus (8.4).
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8.2. PexyppenrtHble coorHomenusi. Ciemyiomee yTBep:KIeHHE CyMMUPYET
PasJIMIHBIE IOy I€HHbIe DEKYPPEHTHBIE COOTHONIEHNs. JpyTre COOTHONEHNs MOZKHO
Hafitu B (3], [123]. Bee oHM nosryuaroTes mpebsiBII€HNEM SIBHBIX KOHCTPYKITH.

YTBEPXKAEHUE 8.2.1 (A66or-Moszep-Xancon-Todr (2], [1], [165]). TLas aobvix
HATNYPAALHOIT G, by 1 = 2 BUNOAHAIOMCHA HEPAGEHCNEA

m(ab) < m(a)[m(b)]; 8.3
m(n) < m(n —2)n +2"1, ECAU T — HEHEIHOE, (8.4)
m(n) < m(n —2)n + 21 + % <n72) ,  ECAU M — YEMHOE; (8.5)
m(n) < (2n —1)(m(n—2) +1). (8.6)

Hoxaxxem uepasenctso (8.3). Ilycro H, u Hj, — runeprpadbl, Ha KOTOPBIX J0-
cruratorcg Besuaunbl m(a) u m(b); mocrpoum 1o mum runeprpad H, nawomuii
HEOOXOIMMYIO OIEHKY. 3aMeHUM KarKyio BepinuHy runeprpada H, Ha KOIHUIO I'd-
neprpada Hp; Takum o6pa3om,

V(H):= || V(H).

veV (H,)

Teneps u3 kaxkporo pebpa H, crenaem pedbpo H, Bcemu criocobamu 3aMeHUB Bep-
muny H, Ha pedbpo u3 cooTBeTCTBYIOINIEH Ko Hy:

E(H):= |_| ev; | (V1,...,0,) € E(Hy,), ey, € E(H;JL)}

1<i<a

dcuo, aro |E(H) = m(a)[m(b)]*. lockonbky H}, He KpACHIICS B J(Ba [[BETA, IPH JIFO-
6oit 2-packpacke H B kaxoit kormu Hj ects omgHonserHoe pebpo. Ilockosnbky H,
HE KpacWjCs B JIBa IIBETa, MOYKHO cOOpaTh m3 3Tux pedep omHomBeTHOE pebpo H,
T.e. H He Kpacurcs B Ba I[BeTa, 9TO U TPEOOBAJIOCH.

8.3. AcumnToTmyeckmue sBHble KOHCTPYKIMU. IIpexie Bcero, ormerum,
YTO BCE N-3JIEMEHTHBIE HOJAMHOXKeCTBa (2n — 1)-3/1eMEeHTHOr0 MHOXKeCTBa 06pa3ytoT

2nn— 1) = (44 o(1))™ pebpamn.

IToacTaHOBKa PA3IMYHBIX ABHBIX KOHCTPYKIHII B PEKYPPEHTHBIC COOTHOIIEHUST
[O3BOJISIET OJLyYaTh rureprpadbl ¢ KoJudecTBoM pedep e Menee (2.65 - - -+o0(1))™;
9TO KOJMIECTBO JIOCTUIAETCS HA MHOTOKPATHOM IpuMeHeHnH (8.3) K IIIOCKOCTSIM
@ano (oTMernM, YTO IIOJIYUUBINUIiCS rueprpad siBIsAeTCs HePeceKaromMecs MHO-
JKECTBOM ).

rutneprpad ¢ XpOMATHIECKUM YHUCJIOM 3 U (

B 2013 1. X. I'ebaysp mocTpomnia rureprpad ¢ gn+0(n*’?) pebpamu 6e3 paBUiIb-
HOJT packpacKd B jiBa IiBera (1 aHaJorndHblil npumep ¢ (r + o(1))™ pebpamu mst r
nperos). Ipusenem cpasy nocieaauii. st IpOCTOTHI jajee Mbl GyjieM UTHOPHPO-
BaTh IPODOJIEMBI C JIEJIUMOCTBIO.
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TEOPEMA 8.3.1 (Tebaysp [81], 2013). Jlaa ar0b020 1 cywecmsyem A6HAA KOH-
empykyua n-0dropodnozo eunepepaga H = (V, E) 6e3 npasusvhol r-packpacky ma-
K020, WMO

[E(H)| = (r+o0(1))".

JIOKA3BATEJILCTBO. I[losioxxum

Vim (i) | 1< i <k, 1<5 <t} = [k x [rd]

JUIst HEKOTOPOT'o HaTypaJsbHoro t u k = rin/t. OupejesuM MHOXKECTBO pebep ciie-
JIYIOIIIM 00pa30M:

U U U {((B+1iq) mod k, a) |av€ A, € B}.
AC[rt] 0<in<k BCIK]
|A|=t «a€A |Bl|=n/t

Samernm, 91O

e (o L) <o (Y
t= (h:”r)l/?).

— e2tlnn _ eo(n)

TTonoxxum

Bamernm, uaro (rn)! < n? . Kpowme toro, rt* = 1o g en/t = go(n).,
B wrore nomyuaem |E(H)| = (r + o(1))™.

A Tenepp mokazkem, uro H He J0IycKaeT NMpaBUWILHON pacKpacku. Ilpemmnosio-
JKUM NPOTHBHOE M PACCMOTPHM TIPABUJILHYIO PAcKpacKy. HazoBeM LBET g 24a6HbLM
B smHuK [k] X {i}, ecam on comepxkur B Heit xoTst Ob1 | k/r| Bepmmna. [To npunImmy
Hupuxite srobast siunus [k] X {1} comepKuT XoTst ObI OJ(MH MIABHBLI [IBET. AHAIOrMY-
HO IOJIy<aeM Takoe MHOXKeCTBO Jjuuuit A C [rt], 9T0 y HEX ecTb oOImil IIaBHBLH
user q u |A| > t. Hanee, mig j1i060ro (pUKCUPOBAHHOIO (3 OTHOCUTENLHOE KOJIM-
4ecTBO TakuX {iq taca, 910 {((8 + in) mod k, «) | @ € A} comepxkurca B ¢, He
menbiie (1/r)t. Tlo JuHEAHOCTH MATEMATHYECKOTO OXKHJAHUA CYHIECTBYET TaKoii
BBIGOD {in }aca, UTO x0T ObI k(1/r)! = n/t unnekcos 3 € B naior g-cBoGoHbIE
muoxectBa {((B+1iq) mod k, @) | @ € A}. Takum o6pa3oM, s 11000 paCKPaCKH
HaiijleTcs pebpo IBeTa ¢, 4TO JaeT IpoTusopedne. TeopeMa JoKa3aHa.

DToT Ke IIpuMep IepeHoCuTCd Ha C.Hy‘IafI ITOJTHOIIBETHBIX PaCKpPaCOK.

TEOPEMA 8.3.2 (Yepkammn [48], 2018). ITycmov r = o(y/n/Inn ). Tozda cywe-
CBYEM A6HAA KOHCMPYKUUA n-00Hopodnozo eunepzpaga H = (V, E) 6e3 noano-
UBEMHOU T-PACKPACKU MAKO20, 4MO

B = (o)

JIOKA3BATEJIBCTBO. Ilocrpoum runeprpad Hy = (Vi, Eq) coemyrommm 06pa3om.
BadukcupyeM aucsio t | n 1 moaoKuM

NESE
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Torma V :i= {(4,5) | 1 <i <k, 1 < j <rt} = [k] x [rt]. Onpenesanm MHOKECTBO
pebep cieayronuM 00pa3oM:

E= ) U U {((B+ia) modk, a)|aeA, geB}.

AC[rt] 0<in<k BCIK]
|A|=t <«€A |Bl|=n/t

Samernm, 9TO

m< (D ()= () (62)
<o) ()

[Monoxum t := y/n/Inn. Hockonbky r = o(y/n/Inn ), MoxkHO BUIETH, uTo (11)" <

n2t = e2tnn — co(n/7)  Kpome Toro,

r t? r o(n)
_ n/t _ o(n/r)
(-5) =(55)  w ermenm

B wnrore nomyuaem |E(H)| = (r/(r—1) + o(1))".

A renepp mokaxkem, uro H He JOIycKaeT MOJHOLBETHON packpacku. Ilpemmo-
JIO?KUM TPOTHBHOE M PACCMOTPUM IOJHOIBETHYIO packpacKy. HazoseM mBeT q Mu-
nopuowm B smanu (k] x {i}, ecim on comepkut B Heil He Gosee |k/r] Bepmmu. ITo
upunnuny dupuxie juobas junus [k] X {i} comep:kur xors 6bl OJUH MUHOPHDII
BeT. AHAJOMMYHO MOJTyvaeM TAKOe MHOXKeCTBO jmHuit A C [rt], uro y Hux ectb
o6muit MuHOpHBIH 1BeT ¢ UM |A| > t. Hasnee, mius moboro dukcupoBanHOro 3 0T-
HOCUTEJIBHOE KOJIMIECTBO TaKUX {iq taca, 9T0 {((8 + in) mod k, a) | a € A} He
comepkart ¢, ne mMenbine ((r —1)/r)t. Tlo JuHEHOCTH MATEMATHYECKOTO OKHIAHUST
CYMIECTBYET TaKoil BBIOOD {iq }ae A, 9T0 x0Ts1 661 k((r—1)/r)! = n/t unnexcos 3 € B
naioT g-coboaubie muoxkectBa {((8 + i) mod k, «) | @ € A}. Taxum obpaszom,
Haiimercsa pedbpo 6e3 1BeTa ¢, ITO JaeT MpoTUBopedre. TeopeMa JoKa3aHa.

9. Ilpunoxkeuusi

9.1. OgsouBetrHble Kyobl I'miabbepra. llcTropudecku mepBbIM PE3yIbTATOM
0 packpackax ruteprpados spisercs reopema ['mibbepra [94] 06 oxmornBernbix ad-
dbunnbix Kydoax. Addunnbiv Kybom s muOKecTBa A C 7 1 anciia © HA3bIBAETCS
MHOKECTBO THCEJT

HC(A,z) == {z + %(B) | B C A},

rie X(B) oboznauaer cymmy 3jeMeHTOB MHOXKecTBa B. Pasmepnocrhio Kyba Ha-
sbiBaercs |A|. OTmeTnM, 9T0 HHOTIA TUHEPKYObl PACCMATPUBAIOTCS 1 JJIsT MYJIBTH-
MHOXKECTB A.

Teopema ['mabbepra yTBep:KIaer, 9To jjis JOObIX 1o U T cyliecrByer N Takoe,
9T0 IpH JIF0OOH packpacke MHOXKecTBa [N] B 7 [IBETOB B HEM HadiIeTCst OJIHOIBETHBIIH
addunubiii n-xky6. O6oznaunm munumasiboe rakoe N depes h(n,r). Hokazarein-
crBo ['mimpbepra maer oneHky

h(n,r) < P(B+V5)/2)"
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Acnvmroruka Besmauabl A(2,77) Gbuta yeranossena T. Bpaynowm, II. Dpuémewm,
@.P.K. Hanr u P.JI. T'paxemonm [41]:

h(2,7) = (1 +o(1))r?.

. Konmon, 4. ®oke u B. Cynakos [56] ymayammin pesyasrar H. Xenpsapn [91]

u IIOKa3aJiu, 9TO
2

h(n,r) > re".

. C. T'yanepcon, B. Pémis u A. Cuyopenko B paborax [86], [85] momyunim onenky
h(n,r) > r@ " /m=01)

Hakoner, coscem negasuo 1. Basor, Tx. [axkan, M. JlaBpos u A. 3. Baruep [20]
MOKA3aJIM, 9TO JJIst JTI000# KOHCTAHTHI € > () BBIIOJTHAETCST HEPABEHCTBO

)

k2.5—5

h(n,r) > min(W(c(e)k?,2),2
rjae W — dyukius Ban jep Bapjena, onpejieseHHast B CJIE/IYIONEM IyHKTE.

9.2. ®yukuus BaH Aep Bapaena. Issecrnas teopema Bau siep Bapaena [166]
[JIACHT, YTO €CJIU JIOCTATOYHO JIMHHBIA 0Tpe30oK [N]| HATYpasbHOrO psijia PACKpa-
IIeH B 7" I[BETOB, TO HAMJIETCS OJHOIBETHAS apUMMETUIECKas IIPOrPECCHs HALIEPE,T
3aJaHHON JTHHBI. Ecm 0603HAYUTD JITUHY UCKOMOM ITPOTPECCUN Iepe3 1, TO PyHK-
st W(n,r) obosnauaer MuHMMAaIbHOE N, JIJISi KOTOPOTO TEOpeMa BEPHA.

Basiaty o HaxoxKjeHUH BesuuuHbl W (n, ) MOXKHO nepedopMyInpoBaTh CIIeiy-
omuM o0pazom: HaiiTu mMuHuMaabHOe N, jyig Koroporo runeprpad H(N,n) =
([N],AP(N,n)) ne kpacurcs B 7 1seroB, riae AP(N,n) o6o3HauaeT MHOXKECTBO
apudMeTnIecKux nporpeccuit u3 qucesa ot 1 10 N JIHHBL N.

Samerum, 9TO rureprpad ABIAETCS “TIOYTH’ TPOCTBIM B TOM CMBICJIE, YTO HOJIb-
MMIHCTBO TIap pedep mepeceKaioTcs e 6osiee 1em 1o oanoit Bepimmue. Momgudukarmm
METOJIOB, PUMEHSIONIIXCS JIJIsI PACKPACKH IIPOCTBIX TUIeprpad OB, JAIOT JIydIie
HIZKHUE OIEHKH, He 3aBUCSIINE OT TEOPETUKO-IMCIIOBBIX CBOHCTB 1 (JIydIline ONeHKH
B cirydae npocroro n — 1 nansl B [30], [34]). DTu Moudukanuyn npuseseHbl IOYTH
BO BCEX CTaTbsX, NUTHPYeMbIX B 1. 3.1. COOTBETCTBEHHO, HAMJIYYUIIIYIO HA JTAHHBII
MOMEHT HUYKHIOIO OIEHKY J1aeT MOIuMUKAIMS JT0Ka3aTe/bcTBa TeopeMbl 3.1.1.

TEOPEMA 9.2.1 (Kosux—IHabanos [114], 2016). Jas awbvx r > 2, n > 3 6vi-
NOAHAECMCA HEPAGEHCNEO

Wi(n,r) = et

B 10 ke BpeMmsi HanTydIiast U3BECTHAST BEPXHsIsS OIEHKA JJIsi [IPOU3BOJIBHOTO 7 —
OallleHHOr0 TUIIA.

TEOPEMA 9.2.2 (Tosepc [83], 2001). Jaa mobvx © > 2, n = 3 6uinoAnAemcs

HEPAGENHCTNEO
on+9

2
W(n,r) < 2
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B cayuae n = 3 T. ®@. Baymowm [35] HezaBHO JOKa3aHO, ITO
W(?),’I’) < 2cr(1n r)4.
VYuomsaem takxke, uro P.JI. ['paxem omenmsaer B 1000 USD mokazarenbcrBo mm

OIIPOBEPIKEHNE HEPABEHCTBA

W(n,2) < 2.

9.3. 4Buble onieHku B Teopeme Posrkmana. s muoxKecTBa uncesn A onpe-
JIeJINM MHOXKECTBO €r0 YaCTUYHBIX CyMM CJIeJIYIONIUM 00Pa3oM:

Sa:={S(B) | BC A, B+# g},

rue Y(B) — cymma ssementoB MHoxkecrsa B. Pacemorpum runeprpad H (N, k),
BEPIIMHAME KOTOPOTO SABJISIOTCS uucyaa or 1 1o N, a pebpamm — MHOXKeCTBa S 4
qtst Becex A C [N] pasmepa k takux, aro Sy C [N] (T.e. cymma uncen B A He mpe-
Bocxomut N). fero, aro pasmep pebpa me mpesocxomut 28 — 1. Ompenemnm F(k)
kak MuHuMasbaoe N, jyist Koroporo runeprpad H (N, k) e Kpacurcsa B JBa IBe-
Ta; 3HaMeHnTas Teopema PojkmaHa yTBEpKIaer, uro takoe F (k) cymectsyer mist
Jioboro k.

IT. Opaém u Ix. Cuencep [72] 3amermin, 4ro pasmep pebpa He MOXKeT ObITh
menbiie k(k + 1)/2 (s1a onenka jgocruraerca na A = {1,...,k}) u uro ne Gosee
(kN)muy2k peGep umeror pasmep ne 6ostee u. Jasee, ciyuaiino mokpacus (pasHo-
MEpPHO U He3aBHCHMO) BEDIIUHBI B J[Ba [[Be€Ta ¥ OIEHUB BEPOATHOCTH yClleXa, OHU
HOJIYy YU/ ONEHKY

F(k) > 25k2/1nk.

CoBceM HEZTABHO TPYIIIA ABTOPOB 3HAYUTEIHHO YJIYUIIHIA STOT PE3YJIbTAT.

TEOPEMA 9.3.1 (Basnor-96epxapa-Hapastnan—Tpersoys—Baruep [19], 2017).
Hmeem mecmo ouerka

F(k) > 22" %

JTOKABATEJBCTBO. PaccMmorpum Kjace 2-packpacok, B KOTOPBIX [IBETa YUCEJT 1
U 2n pa3auaHbl J1Tst J1I000T0 1. Takue packpacKu 0JJHOZHATHO 3a/IAI0TCsI TIPOU3BOJIb-
HOIT pACKPACKOIl HEYeTHBIX Yuces1. KiroueBoe HADIOIeHE 3aK/TI0IAeTCA B TOM, ITO
pebpo He MaKCHMAaJIbLHOTO pa3Mepa He MOYKET OBbIThH OJHOIBETHBIM B IIOIOOHON pac-
kpacke. B camom jsedte, mycrs st MuOXKecTBa A Kakue-To aBa npejcrasuress S(A)
pasubl. Torma

st B, C' C A, 910 paBHOCHUJIBHO
Y(B\C)=X(C\ B).

Ho rorma

95(B\ C) =S(B\CUC\ B),

9TO JIa€T Pa3HOIBETHBIE 3JIeMEHTHI B S(A).



DKCTPEMAJILHBIE 3AJIAUN 143

Bamerum, uro ecm |S(A)| = 2% —1, To B S(A) posro 287! meweTHBIX 31€MEHTOB.
Toryia BEpOSITHOCTH TOT0, UTO S(A) OJJHOIBETHO B CIyIaiiHON (pAaBHOMEDHOMN 1 He3a~
BHCHMOI1) 2-pACKpacKe HeueTHIX duces, pasha 212" ' Buauut, MareMarTHuecKoe
oxujanue ofHoBerHbIx pebep B H (N, k) He npesocxomut

N k-1
Jgl-2
(&)

21@7 1 k— 1
97O MeHbIIe euHuIbl mpu N < 2 . Takum obpasom, IpaBUIbHAST 2-pacKpac-
Ka CYIIECTBYET C MOJIOXKUTEILHON BEPOSITHOCTHIO U TEOpeMa JOKa3aHa.

MozkHO TOIBITATHCS YIIYUIIATH OTEHKY, 3aMEHUB ITPOCTEUIIIII MeTO/T CJIyIaiiHOM
packpacku na 60Jiee IPOrPEeCCUBHBIN, OJHAKO ITO JIUIIb HE3HAIUTEIHHO YIIyUIIIAT
OIIEHKY, B TO BpeMs KaK HaWIydlllasg Ha JIAHHBI MOMEHT BepXHAA OIEeHKa TaKzKe

sBJIseTcs GamenHoi [164]:
3

3
F(k) < 22°

¢ obmeit BeicOTOI Oarun 4k — 3.

9.4. Teopemsbr Tumna Dpaéma—Py6una—Teiinopa. Ilycrs N(n,r) o6o3na-
9aeT MUHUMAJIBHOE KOJIMIECTBO BEPIIUH B N-JI0JBHOM Tpade co CIIMCOTHBIM XPOMar-
TUYECKUM TUCJIOM, OOJIBITIIM 7.

TEOPEMA 9.4.1 (Dpaém—Py6un—Teitnop [71], 1979). Jas aw0boz0 r evinoans-
0MCA HEPABEHCMBA

m(r) < N(2,r) < 2m(r).

A. B. Kocrouka npuses asa 0606mienus reopempl 9.4.1 (mamomunm, aro p(n, 2) =
m(n,2) = m(n) no onpexenennio). Mbl UpuBeIeM J0KA3aTEILCTBO OJHOIO U3 HUX.

TEOPEMA 9.4.2 (Kocrouka [103], 2002). Jlas 6cex r,n = 2 6unosHAIOMCA HEPQ-
6EHCMEa

p(r,n) < N(n,r) < np(r,n).

JTOKABATEJBCTBO. Ilycrs H = (V, E) — r-rpad, He uMeromuii 1oJHOIBETHO
n-pacKpackm, ¢ MHOxecTBoM pebep E = {e1,... ey} Pacemorpum mosmmbrit
n-ponbueii rpad G = (W, A) ¢ gonavu Wy, ..., Wy, tne Wi = {wi1,...,w; g}
npu 1 < i < n. Mbl MOCTpOMM MHOXKECTBO CIIMCKOB, cojlepxKamuxcsd B V. Ha-
[IOMHUM, 9TO KaxKJioe e; — 3TO r-mojaMHoxkectBo V. st jobbix ¢ = 1,...,n u
j=1,...,|E| oupenemum L(w; ;) = e;.

IIpemmonoxum, aro f — npaBuibHas packpacka (G, COOTBETCTBYIOIIAS ITHM CIIHAC-
kaM. [lockombky G — moJHBIH n-JT0JbHBIA Ipad, KayKIblil IBET UCIOJIL3YETCS He
6ostee 1em B omnoit nose. Torna f 3amaer n-packpacky gy Bepumu V': g¢(v) KpacuT-
csl B IBET 1 TaKoii, 410 v paBHa f(w; ;) JUls HEKOTOPOro j WM 1, €l Takux wj ;
He HAIIOCh. IIOCKOIBKY JJIsl KazKJIOTO j BEPIIHHBI {Wi j, W j,..., Wy ;} UMEIOT
pa3HBIe IBeTa B f, pacKpacka gy sIBJIseTCs TOJHOIIBETHON M-pacKpackoil H, mpo-
tusopeune. Takum obpazom, N(n,r) < np(r,n).
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Terepb pacCMOTPUM TIOJHBIH n-10abHbIH rpad G = (W, A) ¢ nogasimm Wy, ..., W,
u |[W| < p(r,n). ycrs L — nponsBobHbI HaGOp r-crmckos st W. Onpegennm
H = (V, E) kak ruueprpad c

V= [ Lw) u E:={L(w)|weW}
weWw

Iockonbky |E| = |W| < p(r,n), cyliecTByer HOJHOIBETHAA N-PACKPACKA ¢ I'H-
neprpada H. Oupenenum packpacky f, sepmmun W ciemyromnmm obpasom: ec/m
w € W;, BoibepeMm B pebpe L(w) runeprpada H 1100y BepuHy v, ijist KOTOPOii
g(v) = 4, m nomozkuM fg(w) = v. Torma BepIIUHBI B PA3INYHBIX JOJISAX HE MOTYT
UMeTh OJIMH U TOT K€ IBET, U [ — IpaBujibHasi packpacka (G, coryiacoBaHHasi CO
crimekamu. Mer rokasanu HepasercTso N (n,r) > p(r,n). Teopema mokaszana.

IMycrs Q(n, ) 0603HAYAECT MUHUMAJIBHOE YUCJIO PeGEp B 1-OJHOPOIHOM N-I10/Ib-
HOM rumeprpade co CIIMCOYHBIM XPOMATHIECKIM YHUCIOM, OOJIBIIIM 7.

TEOPEMA 9.4.3 (Kocrouka [103], 2002). Jas ecex r,n = 2 uinosnA0MeA HEPa-
6EHCMBa

m(r,n) < Q(n,r) < nm(r,n).

9.5. Packpacku 06001eHHbIX KHe3epoBckux rpados. Ilycrs K(n,k,s)
obozHATACT 00606UEHHbIT KHe3eposckull 2pad, T. €. Tpad ¢ MHOKECTBOM BEPIITHH ([Z]
u pebpaMu, COeIMHSIONIMME IIapbl BEPIIUH C IepeceueHueM MeHbIIe S, Tje [n] =
{1,...,n}. O6bikroBeHHBIE rpadbr KHezepa nomyuarores pu s = 1.

Buamenuras reopema JloBaca (LIOJI0KUTEIBHOE DENIeHUE OTKPBLITON B TedeHue
TpuaTy Jier runoressl Knesepa) yrepxkiaer, uro X[K(n,k,1)] = n — 2k + 2
npu n > 2k. llpu GuUKCHPOBAHHBIX k W S XPOMATHIECKHUE UNCIa OOOOITEHHBIX
KHe3epoBeKux rpados nsyuasmcsd 1. @pankaom u 3. Propenn [74], [77]. Hac 6yner
MHTEPeCOBaTh ciy4ail k, 6JIM3KOro K IOJIOBUHE N, M MAaJIOro S.

TEOPEMA 9.5.1 (Boby—Kyupusizos [36], 2016). ITpu scex s < n/2 swnoanstoms-

CA HEPABEHCTNEA
s+2<x[K(n7Z,s)] <2 (283_1>’

IIpu s < §'v/n das nexomopoti konemarmo, ¢ = ¢(s’) ewnoansemes Hepasercmeo

X[K(n,g,s)] < en.

Hmxknss orenka HeMeJIEHHO CJielyeT U3 yIOMsIHYyTO# Bbiiie TeopeMbr JloBaca.
IlepBas m3 BepxXHUX OIEHOK ABJISETCA YACTHBIM CJIy9IaeM CJIeIYIONIEll JIEeMMBI, Te

- (oo ()

T.e. H sgBisiercst moJiHBIM S-TpadoM Ha 25 — 1 BepIinHe.
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JIEMMA 9.5.2 (Bamor—Yepkamma—Kucenes [18], 2019). ITyemv H = (V. E) —
eunepepad ¢ pasdpocom xoms 6w s u ¢ |V| < n. Toeda

x{K(n,Z —t,s)} < 2|E|.

JIOKA3ATEJLCTBO. Bioxuwm rpad H B [n]. Hus mawoboro rumeppetpa e € F
ompeJiesIuM 1BeTa 1, U 2. CJIeAyIomuM o6pa3oM:

1o := {AEV(K(n,Zt,s)) ’Aﬂe >|e|2—|—s};
2 1= {AeV(K(n,Z—t,s)) ’Aﬂe > |€|2+S}.

SaMeTI/II\/I, 9TO 9TU IBETa 06pa3y10T He3aBUCUMbIC MHO>KECTBa B HallleM rpa(i)e, 110~
CKOJIbKY BE€PIIUHbLI OJHOI'O IBE€Ta IIEePpEeCeKaroTCsd 110 XOTsd ObI S TOYKAM.

Mozkuo paccmarpusarh Joboe noamuokectBo A C [n] pasmepa n/2 kax pac-
kpacky Bepimmd H B jBa usera ciemyromuMm obpasom: sepriuabl u3 V(H) N A
cunraiorca cunumu, a epumabl V(H)\ A — kpacubivu. Ilo yeiosuio na paszépoc H
cymiecTByeT runeppedpo e € F Takoe, 4TO

[|Anel—[ANe|| > s.
Hockoabky |[ANe|+|ANe| = |e|, umeem

le] — s
5

[Ane| > |e|2—|—s

wm |ANe| <
Buaunr, A € 1, nm A € 2, coorBercTBeHHO, Tak Kak |A Ne| > (|e| + s)/2 pasHo-
cuibro |[ANe| < (le] —s)/2. Takum 06pa3oM, Bce BEPIIUHBI HOKPAIIEHB B OJIHH
u3 2|E| nseros. Jlemma jokazama.

13 reopembr 7.1.1 u steMMbr 9.5.2 HEMEJIEHHO BBITEKAET CJIELYIOIIEE yTBEPK/Ie-
Hue.

TEOPEMA 9.5.3 (Basnor—Yepkamun—Kucenes [18], 2019). Hycmv n > m > 45>
u cyuecmsyem mampuya Adamapa nopsdka m. Tozda

X{K(n,;,s)] < 2m.

9.6. EBkiinmoBa Teopusi Pamcesi. H. Ajyion u A.B. Kocrouka npumenmin
Pe3yJIbTATHI O POCTE CIIUCOYHOIO XPOMATHIECKOIO YHCJIa Tuieprpada BMecTe ¢ ero
CTENEeHBIO JIJIsI TOJIyUeHUsT CJIEJIYIONIEr0 Pe3yJIbTaTa PAMCEeBCKOTO THIIA.

TEOPEMA 9.6.1 (Ason—Kocrouka [14], 2011). Jaa a06020 Koreuro2o nodmmo-
orcecnea X €6KAud080T NAOCKOCTIU U OAf 4100020 HAMYPAALHO0 S CYWECMBYIOM,
CRUCKU Y4BETOS Pasmepa § 1ad Karcdol mowkol naockocmu makue, ¥mo npu 1000t
PACKpacKe MOvEr 6 YBEMa u3 COOMBEMCMEYIULUT CNUCKOS HATIEMCs 00HOUBEMHAA
usomempuunan Konus X .
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JIOKABATENBLCTBO. ITosmoxkum n = |X|. IToxaxkem, 4aro jyuis joboro d cyrue-
CTBYeT d-peryisipHBINH TPOCTOil n-rpad, Ube MHOXKECTBO BEPIIHH SBJISAETCA KOHEY-
HBIM TIO/MHOKecTBOM R?, a Kask/i0e peGpo ABJIsAeTCs N30MeTpudHoil Korueit X .

. 2

PaccMorpuM pousBoJibHbIE 1 TOYEK {vU11,V12,...,01,} =: Xo C R* obpasy-
omue kormmio X. Bribepem d — 1 moBopoTr MHOXKecTBa X OOIIEro IMOJIOKEHUSI,
00603HAYUM [OJIy9eHHbIe TOYKU {Vi1, Vi, .-, Uint, 2 < @ < d. Temepb mocrpoum

uckombiit runeprpad H = (V) E):
Vo= {viy, +vej, + -+ g, | 1 < jr < n s Beex t
pebpo 3ajiaeTcss PUKCHPOBAHUEM BCEX CJIATaeMbIX, KPOME OJJHOTO:

B= {{v1j1+v2j2+"'+vdjd‘1§jt<n}|1<t<d’
1

S Vljys e V=115 Vt+1,50415 - - -5 Vdja < ’I”L}

MBI paccMaTpHBAIH TOBOPOTHI 06IITEro Tostoykenns, moatomy |V | = nd, |E| = dnd~!
un Bce pebpa mMeroT paszMep n. Takyke H saBasieTcss d-peryasipHBIM U TPOCTBIM IO
nocrpoenuio. Teopema 4.2.2 yrepxiaer, uyro ch(H) > s upu ycuosuu d > do(s),
YTO 3aBEPUIACT JIOKA3ATEIbCTBO.
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