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Anre6pa n anaams

Tom 29 (2017), Ne5

O XPOMATUHYECKOM YMNCJIE IINIOCKOCTA

© A. s1. KAHEJIB-BEJIOB, B. A. BOPOHOB, 1. 1. YEPKAIIINH

[lannas cTaThbda MOCBAILNEHA €CTECTBEHHOMY OOOOIIEHWIO 33434l O XPO-
MaTHYeCKOM YHCIe IIOCKOCTH. PaccMaTpUBarOTCS XpOMATUIECKUEe THCIA,
npocrpancTs Buga R™ X [0, E]k C BANPEIIEHHBIM eBKINOBBIM PACCTOAHU-
em 1.

Moxasano, aro 5 < x(R? x [0,¢]) < 7 u 6 < x(R® x [0,¢]?) < 7 upn
TOCTATOYHO MaaIoM € > (.

Takxe B cTaThbe pacCMaTPHUBAIOTCA €CTECTBEHHBIM O00PAa30M BO3HUKA-
IOIIe JAJbHEHUIINE BOIPOCHL.

§1. Beegenue

Paccmorpum rpad, BepummmHAME KOTOPOTO ABIAIOTCA TOUKH ILIOCKOCTH, a
pebpa COeIMHAIOT Maphl TOYEK Ha paccToAnun 1. . HeabcoH mocTaBmi 3a1a 1y
0 HAXOXJEHUU XPOMATHIECKOTO FHUCIA 3TOr0 rpada (0603HAMUM ero [uepes
x(R?)). 3aTem samaua 6bita momyaaspusosana M. Iapamepom, I1. Dpaemom,
I'. Xagsurepom u A. CoudepoM. B pyCCKOA3BLITHON IUTEPATYPE YCTOATOCH
mazsanume npooaema Heavbcona—Xadsuzepa. Mur 6marogapum A. Condepa 3a
yKa3aHWe UCTOPAIECKAX HETOTHOCTEN.

XOopoIIo M3BECTHA CAEAYIOMAA TEOPEMA:

Teopema 1. 4 < x(R?) < 7.

[HonyunThb 5TV OLEHKM CPABHUTEIHHO HeCIOXKHO. K coxamnenuto, 6oree qem
3a 65 JeT He MOABUIOCH HUKAKUX APTYMEHTOB, MO3BOMAIONNX UX YIyIIIATH.
C Ipyrou CTOPOHBI, TONBITKA KAK-TO MOJOUTHU K DTOU TPOOIEMe MOPOIUIn
OI'POMHOE KOJIMYECTBO MHTEPECHBIX 331349 M COAEPXKATETHHBIX PE3y/IhTAaTOB,
UM MOCBAIICHA OOMIKPHAA IUTEPATyPa (1yTh 6omee moapo6HAI GubInorpadms
— cM. pasgen 2).

EcrecTBenubiM ocrabrenmeM CIyXuT TpeOOBAHWE HAXOXJICHUS TOYUEK HA
PACCTOSHUY, CKOJIb YTOAHO OAU3KOM K €IWHUIE. B DTOM CIytdae HAUAYTCA ABE
TOYUKY HA TOYTH eIUHATHOM PACCTOAHUN I TIOOOU PACKPACKY TLIOCKOCTH B

Kawouesvie  ¢406a: XpOMATHIECKOE  YUCAO  IIOCKOCTHM, XPOMATUYECKHE  HUHCIA
MPOCTPAHCTB.
Pabora 6pu1a mogpepxkana Poccuuckmv Hayamerm Pomgom: Teopemser 7 u 11, a makxe
JemMma 1 — rpaaToMm 16-11-10039, a Teopemsr 8 m 9 — rpanTom 17-11-01377.
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uBeros, cM. Hanpumep [17] (Goxee crabere yrBepxenus ects B [18] u [20]);
DTO YyTBEPXKJICHWE ABIACTCA OUEBUIHBIM CaencTBreM Teopembr 9, koTopas 10-
Ka3bIBAETCA nagee. bomee CUIBHBIN PE3YIbTAT COCTOUT B TOM, ITO €CIN OJHO-
BETHBIE MHOXECTBA M3MEPUMBI, TO NP YETHIPEXIBETHON PACKPACKE TaKKe
HAWAYTCA TOYKM HA €VHUIHOM paccrosnun (cm. [19]).

Mur paccMmaTpuBaeM “MOYTH TWIOCKUK® CAYyYad WA CAYYald Pa3MEPHOCTH
“24¢”. Ham pe3yasTaT COCTOUT B TOM, YTO €CAU CIOUKA, MEX Y TBYMS ILIOC-
KOCTSAIMM B TPEXMEDHOM IIPOCTPAHCTBE NPOU3EOAbHBIM 00PA30M PACKPAIICHA
B 4 mBeTa, TO HAWAYTCA ABE TOYKM HA €MHUIHOM DACCTOAHMU (CM. Teope-
My 7).

Kpome Toro, MBI IOKA3bIBAEM ITO TIPU HATUSAA ABYX WH(MUHATEIUMATLHBIX
U3MEPEHUN, H5TO BEPHO W AJAA MATH UBETOB. VHLIME CAOBAME, €CIU MPIMOE
MPOM3BEAEHNE TLIOCKOCTHY HA CKOJIb YTOMAHO MAJBIM KBAAPAT PACKDAIIEHO B 5
[BETOB, TO HAUAYTCA ABE OMHOIBETHBIE TOYKYU HA €IUHUTHOM PACCTOAHUN
(cM. Teopemy 9).

Caydant mpAMOro TPOU3BEECHUA BEIMIAUT CYIECTBEHHO MHTEPECHEE U CIOK-
Hee Caydas paccTosHuu u3 uaTepsana (1 —e, 1+ ¢). Hanmpumep, Ham ygaercs
HAUTH TOYKH HA €IUHUTHOM PACCTOAHUN B CIOUKE TOALKO A T€THIPEX IBE-
TOB. B 5TOH CBA3M BO3HMKAET CAEAYIOIIMYA €CTECTBEHHLIA BOIPOC.

Bompoc 1. ITycmpv npamoe npoussedenue Naockocmu #a 0mpe3or packpa-
weno 6 b ysemos. Bepno au, umo walidymes deée 00mou8emMubIE MOUKY Ha
eOUHUUHOM PACCTNOARUL?

Jlpyrum HANpaBICHUEM UCCIEIOBAHUYU ABUIOCH CJAETYIOIIEE.

Bompoc 2. Paccmompum packpacky naockocmu 6 1 y6emos. Bepno au, umo
8 00HOM U3 UYBEMOE YKAAILIBAIOMCA 6CE PACCNOAHUAY

NapiMu cioBaMu, MoxeT i TakK OBITH, ITOOBI B IEPBOM IBeTE HEe HAOIIO-
NAJOCH paccTosHud di, BO BTOpoM — dsy, B TpeTbeM — d3? Korga d; = 1, Mbr
MOyYaeM 3a/adMy O XPOMATHUIECKOM UHUCIe TIOCKOCTH. VIHTepecHo, 9T0 s
TpeX [BETOB JAHHAA 332498 0KA3aJIaCh BECbMA, HETPUBUAABLHOU, a I 6 ObLIH
IIOCTPOECHBI PA3AUIHBIC KOHTPIPUAMEDEL.

W B 5TOM CBA3M BOBHUKAIOT aHAJOIMYHBIE BOPOCHL JUIA CJAOEK W TOYTH PaC-
CTOAHUMN.

§2. O xpomaTuyecKux 4ucnax NpoCcTpaHCTB

CoOTBeTCTBYIOIIAA TEMATUKA AKTUBHO PA3BUBACTCA, MOJYyIEHO MHOT'O WH-
TEPECHBIX PE3YJIbTATOB W ONEHOK B DPA3IAIHBIX CHATyanuax (HAIpumep,
cMm. [33]). Mbl npuBesgeM Juib KPATKUU [EPEYeHb OCHOBHBIX JOCTUIHYTHIX
pPe3yIbTATOB. XPOMATHYECKHAE TUCAa, MPOCTPAHCTB AKTUBHO MCCICTOBAINCE,
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manpumep, B mkore A. M. Pauropomackoro. Bosee mogpoGubie cBemeHus 0
npobaeme Heabcoma—Xansurepa m CMeXHBIX 3a4a9aX MOXHO TIOYEPIHYTH W3
crenyrommx o63opos: II. K. Arapsan u f. Iax [28], II. Bpacc, B. Mosep,
f. Tlax [13], M. Benga, M. Iepaec [12], K. B. Yunakamappu [15], B. Kuu u
C. Boron [24], A. M. Pauropoackuu [6, 7, 8, 30, 29], A. Coudep [33, 34] n
JI. A. Ceken [35].

2.1. O xpoMaTHYECKOM YHCIE TLIOCKOCTU. Hauwem ¢ ocrnabaenun. Ecau
KaXJoe OMIHOIIBETHOE MHOXECTBO pas3buBaeTrcs Ha CBa3HbIe 00macTw, orpa-
HUYEHHBIE XOPIAHOBEIMA KPUBBIME, TO HEOOXOIUMO He MeHee 6 MBETOB, 9TO
6su10 mokasano [I. P. Bymammom eme B 1973-em roay [36]. K. [Ix. darkorep
B 1981-oM romy mokasai, ITO ecaum HOTpPebOBATH, IYTOOLI MHOXECTBA TOYEK,
PaCKpAIIIEHHBIX B OAWH U TOT XK€ I[BeT, ObLIum m3MepuMbl o Jlebery, Torma
UL TIPABUILHOU PACKPACKU IIOCKOCTH TpebyeTcs XoTs Ovl b useros [19]. Pa-
3yMeeTCsA, PACKPACKA, IIOCKOCTH B 7 MBETOB 00OECIEYIUBACT OLEHKY CBEPXY U
U1 OCTAOMeHHBIX (hOpMyaupoBok (cm. Puc. 1).

Puc. 1. Packpacka mmockocTu B 7 118eT0B. CTOPOHBI IPABUIL-
HBEIX 0-YTOJBLHUKOB MMEIOT IIWHY %

Onua U3 TIABHBEIX TPYAHOCTEHR 3aKMIOUACTCA B TOM, ITO OTBET MONCEM, 3G~
8ucCemb OT TEOPETUKO-MHOXKECTBEHHOU aKCUOMATHUKM, KakK mokazaiu B 2003-
em rogy C. Illenax u A. Coudep [31]. Eciu MbI npeanonaraem akcuomy BbIGO-
pa, To 110 Teopeme Dpaema—ae Bpenna [14] xpomaTuueckoe UucIo GeCKOHEY-
HOrO rpada pearusyercs Ha KoHedHoM moarpade. OIHAKO KOMIBLIOTEPHBIN
nepebop He HAXOAUT TMOATPaAdOB C XPOMATUIECKUM UUCIAOM XOTA OBI H, UTO
IO3BOJAECT IPEANOJOXNUTH, 9TO XPOMATUICCKOE YUCJI0 B CTaHrHapTHOﬁ AKCH-
OMAaTHUKE PABHACTCA IE€THBIPDEM. ECJII/I K€ OTKAa3aThCA OT aKCUMOMBI BbI60pa, HO
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JTOTONHUTE CTAHAAPTHYIO akcuoMaTuky llepmeno—Dpenkens akCMOMOU 3aBU-
CMMOT0 BBIOOPA W AOMOMHUTEIHLHO MOTPEO0BATH M3MEPUMOCTD BCEX II0MIMHO-
xkectB 10 Jlebery, TO MPUMEHUMO MOKA3ATEILCTBO (DATKOHEPA, W XPOMATH-
9ECKOE FUCJIO JEXUT MEXIY MATHIO W CEMBIO.

Tak®e MOXHO PACCMATPUBATE CIYYadl OrPAHUYEHHOT'O TIOMHOXECTBA, TLI0C-
KOCTH, 9TO ObLIO C/eJIaHO, Hanpumep, B [25].

2.2. 3ajgava JJA IPOU3BOJbHBIX METPUYECKHUX IPOCTPaHcTB. [lepen-
IEeM K PA3IuIHLIM 0000mennaM. 111 Iporu3BOILHOr0 METPUIECKOT'O IIPOCTPa-
verBa (X, d) m aucna a > 0 onpegennm rpad Go(X,d) cregyrommm o6pasom:
MHOXECTBO €0 BepIIrH COBIIaAa€eT C TOIYKaMM IIPOCTPAaHCTBA, MHOXECTBO pe-
6ep 06pa3yoT MaPHI TOYUEK, JEXKAIINE HA, PACCTOAHUY (. Hac mo-mpexHeMy mH-
TepecyeT xpomarmiaeckoe aucao >roro rpada x(X,d,a). Hauboaee gacto B
kagectse (X, d) paccmarpusaior R™ u Q" ¢ eBkimaoson meTpukon. Mer orpa-
HUYIUMCA OTUMU CAYyIaAMU IIPU @ = 1. CTOI/IT OTMETUTBH, YTO B BCUICCTBEHHOM
cry4ae Bce rpadbl Gy, 09€BUIHO, U3OMODPQHEL.

2.2.1. Xpomamuueckue uucaa 6 cuecmeennbls npocmparcms. [ mpsmon oT-
ser oueugen: x(R) = 2. IIlpu n = 2 MBI moay94aeM B TOYHOCTH HCXOTHYIO
(OPMYIUPOBKY BOIPOCA O XPOMATUIECKOM TUCIAE TIIOCKOCTH.

[Ipm n = 3 3agatda TpeACTABIACTCA elne OoMee CIOKHOU, TeM KIaCCHYe-
ckasa npobaema Hembcoma—Xamsurepa, — MOCAEIHUE OIEHKU C OOEUX CTOPOH
MOJYYIeHBI B TEKYIIEM CTONETHUH.

Teopema 2.
6 < x(R?) < 15.

Huxwuss onenka npunammexut O. Heuymrany [27], Bepxusaa — [I. Kyuco-
Hy [16].
B acuMmnToTrKe X)e BHINOJHAIOTCA CASTYIOUIAE ONEHKN:

Teopema 3.
(1.239... + 0(1))" < x (R™) < (3 + o(1))".
A.

Huxuas oneHKa TPWHATICKUAT M. Pauroponckomy [5], BepxHAz —
O. T'. Japmany u K. A. Pogxepcy [26]. CrouT ormMeTuTh, 9T0 ACUMITOTH-
YECKUE HUKHUE OIEHKYW B DTOU M CMEXHBIX 330a9aX OBLIM TIOJYYEHBI MHTE-
PECHBIM caMuM TI0 cebe qunetino-ai2edpauseckum memodom, Goaee TOro, ¢ UX
momombio /Ix. Kar u [Ix. Karan B 1993-em rogy mocTpomiu KOHTPIPUMED
k runorese Bopcyka [23], croaBmen k Tomy MOMeHTY Gosee MATUAECATH JET.
Boaee moapo6buo po runoresy Bopcyka u AuHEMHO-aIreOpanvIecKul METOT
Hanucaso B [8].
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2.2.2. Xpomamuuecrkue wucaa payuonasbruiy npocmpancme. OTHOMEPHBIT
CIy9ay, KAK M [ BEIMIECTBEHHBIX wucen, Tpusmaten: x(Q) = 2.

HekoTopoe yawBieHmE MOXET BBI3BATH TOT (PAKT, ITO TOIHOE 3HAICHUE
xpomaTmaeckoro auciaa Q" W3BECTHO HE TONBKO B Pa3sMEPHOCTH 2, HO U B
pasmepHocTsax 3 n 4 (em. . P. Bygaun [36], TI. [I. Txoucon [22] u M. Benga—
M. Hepaec [12]).

Teopema 4. x(Q%) = x(Q°) = 2, x(Q*) = 4.

Jlyamas acuMmnrorrdeckas HuxkHAA onerka npuHamiexuT F. WM. [Homoma-
perko n A. M. Pauropoackomy [2, 3], sepxusa — [I. I'. Jlapmany u K. A. Po-

axepcy [26].
Teopema 5.
(1.199... +0(1))" < x(Q™) < (3 +0o(1))".

OrmeruMm Takxke, 9T0 B crarbe [10] paccMaTrpuBalics CMEMIAHHBIN CILy<Ian
npocTpancTBa R X Q.

2.3. IToamxpomaruueckoe umciao. B kuure [21] I'. Xagsurep u X. [le-
opronnep ¢ mogaum 1. Ipaemra chopMyanpoBain eCTECTBEHHBIT BOIPOC 06
OTBICKAHUN NOAULPOMAMUYECKO20 UUCAG NAOCKOCNU, 3AKTOTAONMACA B Ha-
XOXK JEHUU HAMMEHBIIETO YUCAA [IBETOB, HEOOXOAUMBIX IS TAKOU PACKDPACKU
ILIOCKOCTH, 9TO /A JHO0ro MBETa 4 HAUAETCA PACCTOIHME d, TAKOE UTO IBET |
HE COJICPXKUT Hapy TOYEK Ha paccTogHmu d. Mbl ucnoas3yem o603HaMeHTE X))
JUIS BBILIEYIIOMAHYTOW BeanwdmHbl, npeaaoxenHoe Coudepom B crarbe [32].
Hamnyumme onenkn Gbum momydenst Panckum m CreukuHbiM B paGore [4]
(mpumep CrevknHa OMyGAMKOBAH C €0 Pa3pPEIIEHnA B TOU XK€ CTAThE).

Teopema 6.

Jlpyrue goka3aTenrbcTBa TEX XKe ONEHOK MOXHO HauTu B crarhe /. P. Bynan-
na [36].

§3. OcHoBHble pe3ynbTaThl

Hac wHTepecyloT XpoMaTm€eckue 4ucia mpocTpascTs Buga K" x [0,e]k,
rae K € {R,Q}, n,k > 1 ¢ eBkamgoson merpukon. Takue meTpudeckue mpo-
cTpaHcTBa OyJeM Ha3bIBATL “caoukamu’, a B caydae n = k = 1 “mnosocamu’.
B mammon paboTe OCHOBHOE BHUMAHUE YIEMACTCA CAYIA0 N = 2.



O XPOMATHUYECKOM YHCJIE IIJIOCKOCTHA 73

3.1. XpoMmaTu4ieckue GuCIA OJHOMEPHBIX CI0eK. HadHeM ¢ mpocToro
Habmonenus. Huxusas onenka ects B [11] m [15], HO MBI mpuBegem ee s
HOJHOTHI U3J0XKEHU.

Yreepxgeaue 1. ITycms 0 < h < \/&. Tozda

x(R x [0, h]*) = 3.

Hycmo \/% < h< W%- Toeda

xR x [0, h]F) = 4.

Bepxusas onenka. Ilycts 0 < A < \/&. Packpacum R B 3 uBeta, 1epenys

OJHOIBETHBIE MOAYUHTEpBaIbl AauHbr 1/2 (useTos 1,2, 3,1,2,3 u T.1.). 3aTem
kax o Touke R x [0, h]F mpmcBomM TOT e IBeT, KOTODHIH HMEET IMPOEK-
A W3 IPAMOTO IPOU3BEICHNUA HA JeUCTBUTEILHYO IpaAMyo. Torga muameTp
OSHOIBETHOrO mapamrenenumnena [0; %] x [0, h])* me mpesocxoguT 1, mpmdeMm B
CIydae paBEHCTBA KOHILI JUAMETPA, PACKPAIICHEI TO-PA3HOMY.

3 8
AmanormHO cTpomTCA packpacka B4 mBeta mpu 4/ 5 < h < \/gr — BDTOM

CIydae MOMYyUHTEPBATLI IMEIOT AauHy 1/3.

Huxusasa onenka. [[pomnmocTpupyeM Ha, TPUBHAILHOM IIPAMEPE CXEMY J0-
Ka3aTeabCTBa, KOTOpad OyJeT MCHOMb30BaHa, Aaaee A pasMepHocTen 3 u 4.

[Ipegnonoxum, aro nosoca R x [0, €] npaBuabHO packpalieHa B HECKOJIBKO
useros. [lycrs [ € N rakoso, uro 1/l = § < 2. Ha rpanume cioikn R x {0}
BhIOEPEM PACKpPAIEHHBIE TO-pa3HoMy Touku u = (z,0), v = (z+4,0), paccro-
AHME MEXY KOTOPLIMEA PaBHO 0. Takou BHIOOP BO3MOXEH B CHIY TOTCO, ITO
touku (0,0), (4,0),...,(1,0) He MoryT ObITH Bce ogHOro usera. OGo3HAYUM
w=(x+06/2,¢). B ogHOM M3 map TOYUEK U, w WIA U, W BCTPEIAIOTCA JBA IIBE-
Ta. [IycTs 5T0 mapa u, w. Torga mia pacKpacKd TOYKH &, KOTOpasd HAXOTUTCA
HA PACCTOAHUU 1 OT %, W W JEXWUT BHYTPH IOJOCHL, TOTPEOYETCA €Il OnuH
IBET. |

Muoxectso R x [0, k)* mpn \/% <h< & cogepxut moaocy R x [0, hy],

hi > /3/2, KoTopas aBIAeTCA Tpom3BeAeHHEM R Ha GOIBIIYIO JUATOHAIDL
k-mepnOTO TUIEpKy6a ¢ pebpoM h. B Takyio moaocy BKIAILIBACTCA AUCTAHIA-
OHHBIA rpad, M300PaAKEHHBIN HA PUC. 2, pudeM d(y, z) MOKET IPUHUMATE JII0-
6oe snavenue u3 orpeska [0,3 —21/3 — h?] Bribepem Takyio pearuzanuio 3To-
ro rpada, 9To06Bl TOYKH! T, Y, 2z JeXaIu Ha Ipanune noaocs, u d(y, z) = 1/m;
m € N. Konupys KOHCTpYKIMIO M pa3, CTPOUM AUCTAHIMOHHBIU rpad ¢ Xpo-
MATHIECKAM TUCIOM 4. O
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w

Puc. 2. Huxnsaa ouenka masa x (R x [0, ¢]).

3ameduanue. Jucio Bepuind KPUTUIECKOTO Ipada cTpeMUATCA K 6ECKOHETHO-
cTH, Korga h mpubAuXKaeTcs K 3HAYEHWIO, B KOTOPOM XPOMATHYIECKOE HGUCIO

paspoeaO (h =0 m h = %), HO Tpad MoxeT OGBITH pasMenleH B 06gacTH,

IUaMeTP KOTOPOU He 3aBUCUT OT h.

Owesuno, dymkmas &, x(h) = x(R™ x [0, h]¥), onpenenennas mpm h > 0, we
youiBaeT. [Ipu mobbIX PUKCHPOBAHHLIX 1, k <mcI0 3HaxeHui &, i (h) KoHetIHO,
nockorbky X(R™) < &, x(h) < x(R™F), a crenoaTensro, KOHEIHO M <HCIO
ToueK paspeiBa. llo-Bugumomy, mpu n > 1 Hu ogHA TOYUKA paspeiBa &, i (h) He
MOXeT OBITH HaAeHa 6e3 yaydIneHus U3BeCTHHIX omeHOK X (R™).

YxaxeMm Gofee MAPOKUN KIACC MHOXECTB, MAIA KOTOPHIX HUXKHAA OIECHKA,
W3 yTBEPpXKAeHUSA 1 ocTaeTca B Cuie.

Yreepxaenue 2. I[lycmb € — npoussoabroe nosoxcumesvroe wucao; (Q —
e-okpecmuocmyd nexoth xkpusot & duamempa zoms 6w 2. Toeda x(Q) > 3.

3.2. XpomaTuveckue 4ucia AByMEPHBIX cJI0eK. IlepeinneM K mpoMexy-
TOYHOMY CIYHai0 MEX Iy TMIOCKOCTBIO 1 mpocTparcTeoM — R? x [0, €] (caotixa
BBICOTHI £). HecMOTpa Ha TO, 9TO 3TO MHOXECTBO TIO-TIPEXHEMY NOMYCKAET
NPABUILHYIO PACKPACKY B 7 IBETOB, HUXHAA OIEHKA MEHEE TPUBHUAIBHA, TE€M
JUISL TIIOCKOCTH:

Teopema 7. Ilycmb ¢ — noaoscumenvroe uwucio, menvuwee \/3/7. Tozda

5 < x(R?x[0,¢]) < 7.
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Puc. 3. llemouka #-rpadoB BHYTpPH HOJIOCHI.

B oramuue ot ciayuas momockl (n = 1) 31eCh He yOAeTCA NOKA3ATh HaXKe
To, aro ¢ymkmua x(R? x [0,¢]) paspuiEa B Touke ¢ = (. Paccmorpum Te-
mepn “pasgyTue” IIOCKOCTH B IPOCTPAHCTBE OOMLIIEN Pa3MEPHOCTH. Baaro-
IapsA TOMY, ITO PaCKPACKA IIOCKOCTHU B 7 IBETOB HE COMEPXKUT PACCTOAHUML,
MPUHAIICKANAX HEKOTOPOMY HHTEPBALY, BEPXHAA OIEHKA COXPAHACTCA MPH
YBEIUYICHUN PA3MEPHOCTH.

Teopema 8. ITycmy k — yeaoe uucao, € < e9(k) — noaoscumeavnoe wucao,
Tozda

X(R2 X [0,5]’“) <7
Huxmioio oLeHKY yaaeTcsa yIydnnTh yxke npu k = 2.

Teopema 9. IIycmb € — npoussosvroe nosoxcumesvroe wucao, Toada
X(R? x [0,2]2) > 6.

OTMGTI/IM, 9TO M TMOJYYICHUA NPUBEOCHHBIX HU2KHUX OIECHOK, KaK W IIPpU
n = 1, 10CTATOYHO PACCMOTPETH PACKPACKY ONPAHUYEHHOU 00JACTH, TUAMETP
KOTOPOU HE 3aBUCHUT OT E.

B nokasareabcTBe TEOPEMBI H MCHIOMB3YETCA CACAYOINAA HEOE3hIHTEePECHAd
JeMMa.

Jemma 1. IIpednososxcum, umo eskaudosa naockocms npasuibho NoKpaULe-
na 6 k ysemos. Tozda das arwbozo € > 0 natdemcsa xpye paduyca €, codep-
HCAQUIUT, MOUKY KAK MUHUMYM MPET PABAUUHDIL UEEM06.
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Caeacreue 1. Ilpednososcum, 4mo eekiudosa NaockoCmb NPasuAbHO NO-
kpawena 6 k yeemos. Toeda das arwboz0 € > 0 natidemes oxpyrcnocms pa-
AUYCH MEHBUE UYEM £, COOEPHCOULAS MOUKY KAK MUNUMYM MPET PA3AUUHBLE
Y6emo8s.

Bepno u 6onee curbHOE YTBEPX IeHUE, HEXKETN JeMMa, 1:

Teopema 10. ITycmbv npocmpancmeo R™ npasuabno noxpaweno 6 m yse-
moa. Unvimu ca08aMU, 0003HAUUE MHOICECTNBO MOUEK 1-MO20 YBEMa UePe3

C;, umeem:
m
n
=g
i=1

u wu 0dno us mmoncecms C; me codepacum 06Yr mouer, HALOOAUUTCS HA
paccmoanuu 1. Tozda wnatidemca n + 1 muoxncecmeo u3 amozo cemeticmsa,
nepeceuenue 3aMbKanUt KOmopulr Henycmo.

YTBEpXK AEHUE TEOPEMBI OYEBUIHO B TOM CIydYae, €CIU KOMIIOHEHTHI CBA3-
HOCTH 3aMbIKaHu C; IPefCcTaBIAIT COOG0M MHOIOI'DAHHUKY, HO OHO CIIPABE/-
JUBO U IJIA TPOU3BOJBLHOIO IMOKPHITUA C OJHUM 3AIIPEIIEHHBIM PACCTOAHUEM.

3.3. XpomMaTuuecKne YHCIA PANNOHAJBHLIX MPOCTPAHCTB. B pammo-
HAJBHOM CJIyYae CIPABEIIWBa CIEAYIONIAA TeopeMa

TeopeMa 11. ﬂﬂﬂ ﬁocmammmo MQAA020 NOAOHCUMEADHO20 £ BbINOAHAECINCA
3y
X(@ X [075](@) =3.

OueBuiHO, HEMB3A 3AMEHUATDH B ycJaoBum TeopeMsl [0, 5](3@ Ha [0, 5](?2 TaK KakK

x(Q%) =2.

§4. [lokazaTenbcTea
Ha‘IHeM C KOHCTPYKIIN, HCOTHOKPATHO HCHOJIBByeMOﬁ B TOKa3aTeIbCTBaX.

Onpegenenwne 1. [lycts w, — oKkpyxHOCTS paguyca . HazoBeM wucao r > 0
sanpewennvim paduycom, ecin G1(wy,) CONEPKAT HETCTHHIN IIUKIL.

Yreepxaenue 3. 3anpewennvie paduycer naomuvt 6 [1/2, 00).

MokaszareascTBo. B camom nene, aaa wucra ¢ € QN (0, %), IpeJCTaBAMOTO

L.

5571 K, € N moxnO moctponTs 3AIPEIIEHHBIA PAJTUYC

1
r=—m ]
2sinmq

B BUJC q =
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4.1. [Joxa3zaTeabCTBO HUXHEHU ONEHKH B Teopeme 7. Byaem o6ozHa-
9aTh CTAHAAPTHYI METPUKY Ha, IMIOCKOCTH 34 p, a Chepy TOMTHOU Pa3sMepHO-
CTH C PANUYCOM " U IEHTPOM B TOUKeE U 3a S (u; 7). [Ipeamonoxum, 9T0 cronka
R? x [0, €] mpaBmILHO TIOKpAMIeHa B HECKOIBLKO 1BeToB. IlycTs 0 < § < £2. Bar-
6epem Ha rpammme cronku R? x {0} Takue mo-pasHOMY paCKpalTeHHBIE TOTKA
u, v, 90 p(u,v) = 0.

Puc. 4. OKpyXHOCTb 3AIPEMIEHAOrO PaANyCa BHYTPHU CIOUKHA
R2 x [0, €].

[IycTs £1 yaoBaeTBOpSET yCJIOBUIO
\/(_5 Leg<e

", KpoMe TOoro, r = /1 — 5%/4 — 3anpemnieHHbn pajguyc. [locTpoum pas-
HOOEIPEHHBIN TPEYTOJBHUK UUW, BHICOTA KOTOPOrO wWw| MEPIeHIUKYIAPHA,
CPAHUIIE CAOUKHU, & OHOKOBBIE CTOPOHBI UMEIOT IIUHY £1. [IOCKOIBKY % U ¥ TO-
KpAIIIeHbI B Pa3HbIE [IBETA, XOTA Obl B OMHOU W3 AP U, W W U, W BCTPEIAOTCSI
nBa nBeTa. be3 orpaHuteHnsa OOIMIHOCTY MPEAMOMOXUM, ITO TOIKA U, W Pac-
KpallleHBI B 11BeTa 1 u 2 cOOTBEeTCTBEHHO. Toraa OKPYyXHOCTh

w=8(u;1) N S(w;1)
JEXUT B CIOUKE, HE COAEPXKUT TOUEK MBETOB | W 2, M MMEeT 3aIpeleHHBIN

PAIMYC 7', TO €CTh A €€ MPABIILHON PACKPACKU Tpebyerca eme 3 seTa. [

4.2. [oka3aTelbCTBO BEPXHEM OIECHKM B Teopemax 7 u 8. Paccmor-
PUM CTAHIAPTHYO MPABUILHYIO PACKPACKY IIOCKOCTH B 7 iBeTOB (cM. Puc. 1).
B Helt HET ABYX TOYEK, MOKPAIIEHHBIX B OJUH U TOT XK€ IBET, U JEXAIINX HA
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paccTosHUU Mexay 2/ V7 u 1. TIokpacum CIOWKY CIeIylomuM 06pa3soM: Ka-
x et Ky6 (z,y) x [0,€]¥ moayamr Tor xe mser, wro m Touka (r,y) B pac-
KpacKe IIOCKOCTH. Takas packpacka CIOUKW OyAeT MPABUILHOU TPU YCIOBUI
(2/V7)? + ke? < 1, KOTOPOE SKBUBATEHTHO HEPABEHCTBAM B (OPMY.IMPOBKAX
TEeopeM. ]

4.3. MokasaTeabcTBO yTBepxkjgeHusa 2. He ymamaa obmuocTm, MOXHO
cauTaTh, 410 € < 1. IlpeamosoxumM mpoTUBHOE: CYyHIECTBYET PACKPACKA MHO-
xecTBa () B gBa uBera. O603HaqmM 3a G((Q)) coorBeTcTBYyOMMY Irpad U HAN-
JIEM B HEM He‘IeTHbeI IOUKJIL.

Paccmorpum HekoTopyio Touky u € £. [lockonbky Diam £ > 2, mepeceuenue
S(u;1) m € menmycro. Ilycts v € S(u;1) NE; f[u —v1]| = 1; |lvi — vigi]| = 1
1 = 1,2,3. Eciu yrasl MeXay COCEIHUMU eIVHUIHBIMU 3BEHBAMU JOMAHOU
VUV1V2V3V4 HE IPEBOCXOJAT 5, TO |lv —v1]| < 5, |lu — v < 5, |lv —w3] <,
|lu —vq]] < &, Tem cambiM v; € Q, 1 =1,2,3,4.

Puc. 5. IlyTto gnunbl 4 MeX Iy TOUKAMHT U 1 V4.

[Ipu >Tom
I =|lu—wef € {O;2sin Z] ,

lo = ||lve —v4| € [0; 2sin Z]

MOTYT OBITH BBIODAHBI MPOU3BOJBHBIM 00PA30M, & OPUEHTUPOBAHHBIN YTOJ

— _— E. E
MeX /[y BEKTOPAMH Ugli M Uzv] HE3ABUCHMO BHIOMpaeTCs u3 oTpeska [—5; %]
3aduKcupyeM mpaMyIo, COAEPKANYIO BEKTOP Ust (IyCTh, HATPUMEDP, OH Op-
TOroHaNeH 4v). Toraa BCeBO3MOXHBIE TIONOKEHUA TOIKY U4 0OPA3YIOT HEKOTO-
pyto durypy, cogexantyio pomb ¢ HEHTPOM B %, CTOPOHOW 2sin £ m yriom 5.
CrenoBaTeabHO, CYIIECTBYET MYyTh [IIUHBI 4 MEeXIy ¢ W JI000U TOYKOU W3
7Y-OKPECTHOCTH U, TAe 7y = sin § sin £.
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TakuM 06pa3om, Uag IO KPUBOU & MIaraMu pasMepa v OT U K U, MBI CTPOUM
bl bl
Oy Th YETHOU MIWHBI MEXIY TOYKAMU U W VU, 8 3HAYAT, U HEUYETHLIA [UKI B

G(Q). 0

4.4. NoxasaTeabcTBO JeMMbI 1. [lokaxem, 9T0 HAUAETCA KPYT CKOJB YOI~
HO MaJIOr0 Pajnyca, COAEePKAIIMN TOYKY IO KpauHen Mepe Tpex nseTos. [Ipen-
MOJOXWM TPOTUBHOE: HAWAYTCS MPABMIBHAA PACKPACKA TIOCKOCTH U € > ()
TaKWe, 9TO BCe KPYIUW PAIUYCa, € COAEPKAT TOUYKU HE GoMee NBYX PABTUIHBIX
1BeTOoB. Pa3zobbeM MIOCKOCTb HA KBAJAPATHL CO CTOPOHOU

0 < E.
Torga KaxIbIM TAKOW KBAAPAT PACKPAIIeH He 60Jee 9eM B B3, [IBETA.

ITo yTBepx) feHWo 2 BHEIMIHAA TPAHUIA JIOOOU CBI3HOU JIBYXIIBETHOU OOJIa-
CTH OTPAHMYMBAET HEKOTOPYIO (urypy (MHAYE, COEAMHUB NEHTPBI COCETHUX
IPAHUYHBIX KJIETOK, MBI IOy YMM JOCTATOYHO JIMHHYIO JOMAHY0). [TocKomb-
Ky y JIOOOU CBSIBHOW ABYXUBETHOW OOJACTYW BHEIIHSAA TPAHUIA COCTOUT W3
OMHOIIBETHBIX KBAAPATOB, AMAMETDP OOJACTH KOHEYEH. SHAYUT, MBI MOXEM
PACCMOTPETH TAKYIO CBA3HYIO ABYXIBETHYIO O0JACTD, ITO €€ BHENTHSA TDAHU-
14 OTPAHUIUBACT GUTYPY MAKCUMATHHON TIOmaan. [[06aBUM TPON3BOIHHBIN
KBaIPAT, CMEXHBIA C OOJACTHIO CHAPYXW U MOJYIUM MPOTUBOPETIHE.

0

4.5. HokxazaTenbcTBo caeacTBus 1. I[lo memme 1 mas mpomsBOIBLHOTO
¢ > 0 cymecTByeT Kpyr AuWaMeTpa £, B KOTOPOM €CTh TOYKH TPEX DPa3Au<-
HBIX IBETOB. [loKaXeM, 9TO KAKME-TO TOYKM TPEX PA3INYHBIX [IBETOB JEXKAT
HA OKPYXKHOCTH paamyca He bomee £. PaccMOTpUM B Kpyre AmameTpa £ pas-
HOIBETHBLIN Tpeyroabank ABC. Y Hero ecth Tymou yroa (MHaYe HAM IOAXO-
JIWT OMUCAHHAA OKPYXKHOCTEL Tpeyronbanka ABC); e ymanas o6IHOCTH, 3TO
yroa A. Paccmorpum touky D, rakywo uro LZADB = ZADC = «/3. Torga
ZBDC = 27/3. 3ameTnm, 4TO HE3ABUCUMO OT BeTa TOYKM [) OJMH U3 Tpe-
yroasuukos ABD, ACD, BCD pasuouseTHBIU. Pagnyc OMuCAHHON OKPYXKHO-
CTH JI000T0 U3 TPEYTOALHUKOB HE TTPEBOCXOIUT
€ €
2sin/D 3 °

JlokazaTeasrCTBO 3aBEPIIEHO, MOCKOABKY € MOXHO BHIOPATH MPOM3BOJALHO. [

4.6. [JokxaszaTeabcTBO TeopeMbl 9. B ocHOBe MoKa3aTernLCTBA JEXKUT CJe-
OYIOMAA KOHCTPYKITUA: €CIU CYyIIECTBYET TPEYTOJbHUK C PA3HOIBETHBIMY BEP-
IIUHAMHY V1, U2, U3 U3 CIOUKY U MEHTPOM OMUCAHHOU OKPYXHOCTH Ug, TO CAOUKA
COJIEPXKUT OKPYXKHOCTH, KOTOPasA ABIIETCA IepeceveHneM Tpex cdep painy-
ca 1 c meaTpamu B vy, Ve, v3. [Ipu HamIEe)KAMEM BHIOOPE BEPIINH TPEYTOIHLHAKA,
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DTA OKPYXKHOCTH COJEPRKUT HEYETHBIU [IUKJI, U U €€ PACKPACKYU TOTPeOyeT-
CA elle TPU IBETA, OTKYAA UMEEM OIEHKY Ha XPOMATUYECKOE YUCIO CAOUKH,
MPUBEIEHHYIO B (POPMYIUPOBKE TEOPEMBL.

[IpeanomoxumM CyIiecTBOBAHKE MPABMILHOU PACKPACKU CIOUKN

R? x [0,¢]* = {(z,y,2,1) | #,y €R, z,t € [0,¢]}
B HECKOJBKO 1BeTOB. /lanee moTpebyeTcsa BCOOMOTraTearbHOE

Yreepxgeuue 4. ITycmv ¢(v1,v2,v3) — yeoa mexncdy 08ymepnoti naocro-
cmuio, codeparcaweti mouky vy, vy, v3, u naockocmuio {(0,0,2,t)}. Aas npo-
u3604bHHIL €9 > 0, £3 > 0 6 caolixe natidemes mpeyeosbruk ¢ 6EPUUHAMY V1,
Vg, U3 MPET PABAUUHBIT UBELMOE U Y2AAMU O, (2, (3, 044 KOMOPO2O 6bINO-
HeHbL YCAOBUA:

P(v1,v2,v3) < €2 (1)

o> ¢ —ei=123 (2)

MokaszareascrBo. Bribepem ¢1 < ¢/2. llycte M = {(z1,t1), (22, t2),. - .,
(25,t5)} — BEpUIMHBI MPABAILHOTO MATUYTOMLHWKA, BIUCAHHOTO B OKPYXK-

HOCTBb PaJuUyca € ¢ HeHTPOM B Touke (£/2,¢/2). ConocTaBuM KaXJOU TOUKe
(z,y) € R? BepmuHLI TATHYTOMLHAKA, JEKAIETO B HHOUHATEIMMATLHOM KBa-
apare:

Quy = {(z,9)} x M.

Eciu mpu HEKOTOPHIX T,y MHOXECTBO (Q;, PACKPaIIeHO IO KPauHeHW Mepe
B J I[BETA, TO TPEYT'OJLHUK C BEPIIMHAMYI B PA3HOIBETHBIX TOYKAX U3 (g y —
uckoMbri. IlycTs BepHO OOpaTHOE: NI MOOBIX T,y B (Jz, BCTpEYaeTCA He
6omee wem 2 meera. Torga B packpacke (g, KaKOU-TOO IBET MCHIOIb30BAH
no KpamHen Mepe 3 pasa; 0603HAIUM STOT UBeT ¢(T,Yy).

ConocTaBuM pacKpacke CIOWKW BCIOMOTATEIBHYH PACKPACKY TIOCKOCTH
P = R?: Touka (r,y) mmeeT useT c(z,y). 3aMeTHM, 9TO 5Ta PACKPACKA IIPa-
BunbHAA. B camom gene, ecam Touku (21,y1) U (Z2,y2) HAXOAATCA HA PACCTO-
aaum 1 m packpalleHbl OTMHAKOBO, TO B COOTBETCTBYIOIINX MATEPKAX TOYEK
u3 CHOVKA Qv = {q1i}, Qusyys = {¢2i} 1O KpaitHe Mepe TPH TOYKY NMEIOT
ToT *ke nusetr. Ho mockoibky

P(QMAQ%) = 17 1= 17 757

B Qu 41 U Quoyp MOXET OBITH HE HOCE 5 TOYEK OJHOTO IBETA.
pumernm aemmy 1 K packpacke WIOCKOCTH P: 1as npom3BOILHOTO & > 0
HAUYTCA TOYKW U, VU, W TPEX PA3Au9IHbIX uBeToB ¢(u), ¢(v), ¢(w), monapabe



O XPOMATHUYECKOM YHCJIE IIJIOCKOCTHA 81

v
(z. y, £, £)

(m} y,‘ zl! tl)

Puc. 6. Tlarepka Tovyek Qg = {(z,y)} x M.

PACCTOAHUA MEXIy KOTOPBIMU HE MPEBOCXOAAT ¢. ITO O3HAYAELT, YTO B IIf-
Tepkax @y, Qy, Qy ecTb mo kpannaen mMepe 3 Touku uBeTos c(u), c(v), c(w)
CcOOTBeTCTBEHHO. MOXHO BHIOPATE MO OJHOU TOYKE U3 KaXJOro HabOpa Tak,
9TOOBI OHUM HE COBNAAAMN B Tpoekuy Ha maockocTsh (0,0, z,1) u nmenn nsera
c(u), ¢(v), ¢(w). Herpynao npoBepuTh, 9TO €CJIU BHITIOAHEHBI YCAOBUA

) 52
16 <— + 2—2) < siney;
€1 . €3
d < 7 5
5 S
TO cupaBenauBbl HepaseHcTBa (1), (2). O

Teneps MBI TOTOBBHI HAYATE AOKA3aTEILCTBO TeopeMbl 9. PaccmoTpum Tod-
KU U1, U2, U3, VAOBICTBOPAIOIINE YCIOBUAM yTBepXK AeHus 4. IlycTsh uy — menTp
ONIMCAHHOU OKPYXHOCTU TPEYTOILHUKA U1 V2VU3; T — HEKOTOPLIN €UHUTHLIN
BEKTOD, OPTOTOHAILHLIA ABYMEPHOU ILIOCKOCTH, B KOTOPOU JIEXUT TPEYTOIhb-
HUK; 4] = ug + 017; L(u1,v1,v2,v3) — TUIEPILIOCKOCTD, MPOXOJAIIAI Uepe3
TOYKY U1, U1, V2, v3. Llycts B(u1;d2) C L(uy,v1,v9,v3) — TPEXMEPHBIA OT-
KPBITHIN AP paguyca 69 > 0 ¢ IeHTPOM B U] .

[us roukn w € B(uy;d2) onpegemum

Ty (w) = S(vg;1) N S(vs; 1) N S(w; 1),

rae S(v;1) — cdepa eqMEMIHOrO PAagMyCa ¢ IEHTPOM v.
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Bluy;dy) L/

Puc. 7. IlocTpoenne OKpYXKHOCTH 3aIPEIIEHHOTO PAIUYCA.

[ycrs pagnyc okpyxuoctu 11 (w) pasen ri(w); okpyxuocTu To(w), Ts(w)
u ux paamycsl ro(w), r3(w) ONPEIETeHBI AHATIOTUIHO.

IToCcKOMBKY BEPIIMHBI TPEYTOJBHUKOB W1V, WU2V3, WVV3 HAXOAATCA HA,
paccrosaun He 60aee § + J1 + Jo OT BEPUIMH TPEYTOJBLHUKA, JEKAIIETO B CEYe-
mum {(0,0)} x [0,¢]?, To mpu mocTaTOTHO MATEIX , §1, 02 COOTBETCTBYIOUINE
OKPYXHOCTH JIEXAT BHYTPU CJIOUKH.

[las onpegeneHHOTo BBIE TpexMepHOro mapa B(u1;de) BBEneM dyHKIUIO

r: B(ui;d2) — R3;

r(w) = (ri(w), rz(w), r3(w)).

3aMeTuM, ITO IpA W = U] TPAJAEHTH GYHKIMA 7; (W) KONLIHHEAPHBL MeIU-
aHaM pPaBHOOENPEHHBIX TPEYTOAbLHUKOB U] VU3, U] U]V3, U]V1V2, TIPOBEIEHHBIM
W3 BEPIUHBL U :

V?"l(ul) =)\ (U1 — (’1)2 + Ug)/Z) ; Vrg(ul) = A\ (u1 — (Ul + ’03)/2) ;

Vrs(ur) = Az (u1 — (v1 +v2)/2),

nputeM \; # 0 U CUMILIEKC 4] v1 V203 HeBHIpOX AeH. Ce[0oBaTeabHO, IPU W = U]
axobuan Or /0w orawder or 0, ¥ B OKPECTHOCTH 11 A4 7( - ) BBIIOIHEHEL YCJIO-
BUA TeopeMbl 06 06paTHON (pyHKImu. Ho HOCKONBKY 3alpelieHHbIe Pa, Iy Chl
BCIOJly TUIOTHBI B OKPECTHOCTHU Kaxa0T0 w3 3Hadenuu r1(w), ro(w), r3(w), To
HaleTCAa TPOUKA 3aIPENIeHHbIX PASIyCOB T}, T3, s, UMeoIIad mpoobpas u*
B B(u1;02).

Torga npu ar060M 1[BETE TOYKM U XOTSA OBI OJUH U3 TPEYTOILHUKOB U U1 Vg,
u*v9vs, u*v1v3 GyIeT MMETb PA3HOIBETHBIE BEPIIMHBI, & HA COOTBETCTBYIOLIEN
OKPYXHOCTH 3aIPEIEHHOr0 PAIUYCa MOJKHBI BCTPEYAThCA €Ile 110 KpauHen
mepe 3 mpeta. Tem camerm X (R? x [0, €]?) > 6. O



O XPOMATHUYECKOM YHCJIE IIJIOCKOCTHA 83

4.7. HokazaTeabcTBOo TeopeMmbl 10. Naes mokasaTeabcTBa 3aKIIOIAETCSI
B IOCTPOEHUU CEMEUCTBA, 3aMKHYTHIX MHOXECTB, JUAMETP KaX OO U3 KOTO-
PBIX HE IPEBOCXOAUT 2, M KOTOPHIE Takxke o6pasytor nokpeitue R™. [locae To-
ro, KaK MCKOMOE CEMENCTBO HAUIEHO, Y TBEPK JEHUE CICYET HEIOCPECTBEHHO
73 OMpeJeNeHus TOMOJOrMIECKOU Pa3MepHOCTH. VCmoab3yeTcsa cTaHgapTHAS
Tomomorusa R"™.

Hamomuaum, aro C; — MHOXecTBO Beex Todek R, pacKpalieHHBIX B -U
uset, 1 < ¢ < m, ¥ TOTOKUM

C; :=1Int C; (3aMBbIKaHUE BHYTPEHHOCTH 3aMbIKAHW).

Pazobbem kaxpgoe m3 muO)ecTB C; Ha KOMIIOHEHTHI CBA3HOCTH (B CMBICIE
CTAHIAPTHOU TOLOIOTHN):

Cr = U D,,.

a€A;

m
s xparkoctu BBegeM obosuatdenue {Dy} = |J | Da.
i=1 a€A;

1) Muooacecmea C* obpasyrom noxpoimue R™.
i oopasy 74

IlycTs BeprO oGpaTHOe: Ju : Vi v ¢ Cf. Torga cymecTByeT OTKDPBITHIN LIAD
B(v;e):

B(v;e) NCf = @; B(v;e) C Uci'
PaccmoTpum HEKOTOPBIN mIap
B' € B(v;e) \ C.

OueBuguo, B' He MoxeT 65T moaMHEOKecTBOM C; — MHAME IepecetdeHIe BHY-

tpernoctu C; u B(v;e) 660 661 HemycTo. Oupegennum mocaesoBaTeabHOCTh
BJIOXCHHBIX IIaPOB

Blﬁ_1 C Bk \6k
Touku w3 B™! ue mpumaIexaT HA OLHOMY 13 C;, 9TO IPOTUBOPEUAT HC-
XOAHBIM IIPEATTOJNOXKECHUAM.

(ii) Ecau cgepa S paduyca 1 ¢ yewmpom 8 mouke v codeprcum SHYMpenHue
moury muoxcecms Ci, 1 <i < k < n, mo v npunadaercum roma 6t 00HoMY
us mnoxcecms CF, k+1<j<m.

MoxHO BEIOpaTh TOYKH X1, ..., T, TAKAM 0O6pPa3oM, 4TO
zieSNIntC;, 1<i<k;

€S8, k+1<i<n;
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u {v,x1,...,Ty} HAXOAATCA B OOIIEM IOJOKEHUN (B CMBICAE HEBBIPOXKACHHO-
cru cummiekcos). Ompegerum Takoe € > 0, uro B(zie) € O 1 < i < k.
OeeT TOUKM
1<i<k

eCIM OHA OMpeNeJeHa, OTAXIACTCA OT KaXIOrO0 U3 IBETOB TOTEK (1, ..., (n.
[IycTs

z € B(0ye); yi=uz; + 2.
B mocraTodno Mamon OKpecTHOCTH HAabOpa TOYeK i; pyHkuma w( ) ompesae-
JICHA, ¥ HEIIPDEPBIBHA 110 KAX/I0OMY U3 apTyMEHTOB. BblﬁepeM TaKe TOYKUN

yhe Gy, 1<i<k;

yi=vyi, 1<k+1<n,

aro cymecrsyeT w(y),...,y,). Toraa
m
w(y,-- oy € J G
j=k+1
[Ipu >Tom

/ I\ .
O(Yts- e Yp) = ggég!!yz yill

MOXeT OLITH CKOJIb YrogHo MaJbIM, CI€OOBATEIBHO

m
w(yh R 7?Jk) € U Cj
j=k+1
[Mockonbky z € B(0;¢) npousBoabHO,
m
B(v;e) C U C;.
j=k+1
CuemoBaTeabHO, XOTS OBI OJHO U3 MHOXECTB 6]-, j = k+1,...,m Bciogy

ILIOTHO B HeKOTOpOﬁ OKPpEeCTHOCTH! V.

(iii) Fcau nexomopas moura v € R™ noxpuima ne 604ee wem n MHoHCECneam
u3 {Dy}, mo duamemp Toms 6vi 00HO20 U3 IMUL MHONCECTNE HE NPEBOCTO-
dum 2.

B nmporusHOM cayuae kaxjgoe MHOXecTBo u3 {D,}, mokprBamomee v, ume-
eT HemycToe Tepecedenue co cepour S pasuyca 1 ¢ DEHTPOM B TOYKE V.
Bes orpanmdenusa OGIIHOCTH TIPEATIONOKAM, 9TO TOYKY U IMOKPBIBAIOT MHO-
xectBa Dy, ..., Dy, asiaoomuecs komnorenTamu csasuoctu Cf, ..., CF coot-
BercTBeHHO. [IycTe min{Diam D;} = 24 4.
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Hycrs w € R”, ||w|| = 1 — HekoTOpOE HanpasreHue; Sy, — cdepa paguyca 1
¢ ueHTpoM B Touke u(n) = v + nw, n € R;. Torga MHOXECTBO

Ti={neRy: SyNnIntD; #2; 1<i<n}

Bcogy mIOTHO Ha oTpeske [0, d]. CregoBaTensho,

m
Vn € [0,0] u(n) € U C;.
n+1
Anamoruasoe paccy X JeHue CIpaBeInBO IS MPOU3BOJILHOIO BEKTOPA, W €/IU-
Hu9IHOU AauHbL. Ho Torga mobas OKpecTHOCTb U COAEPKUT AP, ABIAOIUNACT
IO IMHOXKECTBOM U:Ln_u Cj, a crefoBaTelbHO, X BHYTPEHHIOIO TOUKY XOTA OB

oxHoro u3 MaoXkecTB C, j > n. [loxydennoe nporusopedne gokasbiBaet (iii).

(iv) Ecau aobas mouka R™ noxpeima me 6oaee uem n MHOHCECMEAMY U3
{Dqy}, mo cemeticmeo muoocecms A = {D,| Diam(D,) < 2} noxpuisaem R™.

OueBugueIM 00pa3oM cregyer u3 (iii).

(v) Haidymes muoxcecmea DY, Dy, ..., D] € A, umewowue nenycmoe ne-
peceuenue.

Pacemorpum map B(0; R) C R™ u ero mokpuITHE CEMENCTBOM MHOXECTB A.
CornacHO OZHOMY 73 OIPEIETICHUN TOIMOJOTUYECKON PA3MEPHOCTH (CM.
II. C. Anexcanapos u B. A. ITaceiakos [1]) npu gocraTouno Goasmom R cpean
nokpoiBaonmx B(0; R) 3aMKHYTBIX MHOXECTB, UAMETD KaXIOTO M3 KOTO-
PHIX He IIPEBOCXOAUT 2, HAUAYTCA n + 1, mepecedeHne KOTOPBIX HEIYCTO.

(vi) Hatidemca n+ 1 mmoncecmso uz cemeticmsa {C;}, nepeceuenue 3amvi-
KaHUutl KOMOPLIT Henycmo.

Mycrs pra maoxects D, D5, ..., D], | € A BrmoxHeHO

n+1

() D; # 2;

i=1
DicCf,i=1,2,...,n+1

3aMeTuM, ITO WHAEKCHI [; TOMAPHO PA3AUYHBI, TOCKOABKY B MPOTUBHOM CIY-
Jae MONApHO MepeCceKaoluecs MEOXeCTBa D) He MOIIM OB ABIATLCA Pa3ILd-
HEIME KOMIIOHeHTaMu cBa3HocTu C). CremoBaTerbHO,

n+1 n+1 n+1

o#(\Dic()Cic()Cu
=1 =1 =1

u {C},} — UCKOMOEe mOCEMENCTBO. O
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3ameuanwne. [loassysace aemmon [llnepuepa, HETPYAHO MOAYIUTH ONEHKY HA
paauyc mapa, KOTOPBIA COAEPRKUT XOTA ObI ONHY TOYKY, MTPUHAIIEKAILYIO
n + 1 u3 muoxects C;.

4.8. JokaszareabcTBO Teopemsbl 11. IlycTh xoopauHaTa & TOTHOIIEHHAL,
a KOOpAWHATHL Y, 2z U { THPUHUTE3NMAILHEBIE.
Bepxusasa ouenka. [lokpacum Touku ¢ koopauHaTamu (Z,Yy, z,t) npu % <
T < Q(g—H) B uBeT k mod 3 (k — menoe «wwmcio).
Huxusaa ouenka. [lokaxeMm Hamum«dme HEYETHOTO IMUKIA B JUCTAHIIUOHHOM
rpade G1(Q X [0,5]33@).

Paccmorpum getHoe n > 2672 m Bekrop € = (1 —n~ ' bn~', en™!, dn™1),
rakoit 4o b® + ¢ + d?> = 2n — 1. DTOT BEKTOD MMEeT eJUHUYHYIO [IAHY.
3aMeTHuM, 9TO € YMEMAETCA B HAIY TOJOCY, MOCKOILKY

2
max ([b|n !, |e|n !, |dn~t) < \/j <e.
n

Takxe pacemorpum Bektop € = (1 —n~!, —bn~1, —en™!, —dn~"') u mocrego-
BaTEILHOCTb TOYEK A;, OIpeleleHHy0 CleyIoIM 06pa3oM

Ag = (0,0,0,0); Aggi1:= Aok +€; Aggio:= Aggi1 + €.

Herpyguo sugers, uro A, = (n — 1,0,0,0), mockonbky n wgerno. Taxum
obpazom, Touku Ag,...,A, m Touku (1,0,0,0),...,(n — 2,0,0,0) oGpa3sy-
0T UCKOMBIM HEYeTHLIN NUKI. OCTAaeTCA 3aMETUTDL, ITO MAId Jioboro € > 0
HAUAYTCA Tedsie n, b, ¢, d, yIOBIETBOPAOIINE HAIIMM YCIOBUAM (HAIIPUMED,
b=c=d=2l+1,n=62+6l+2 opu gocTaTouHo GOILIIOM /). d

§5. 3akstodeHne n BONpOChl A5l AaNbHENLLIErO UCCNEN0BaHNS

Mur moxasamm, 1to 5 < x(R?x[0,¢]) < 7m 6 < x(R? x [0,¢]?) < 7, a Taxxe
x(R? x [0,¢]¥) < 7 mpu mocTaTowHO MaIeHBKOM €. ECTecTBeHHBIM 06pasoM
BOBHHKAET BOIPOC O cymecTBoBanmz Takoro k, aro x(R? x [0,€]*) = 7 mpn
IPOU3BOILHO MAJIOM €.

Kak MOXHO 3aMETHTb, B T€X CIy9adx, KOUAa MbI MOXEM MOCIATATH XPO-
MaTUYIECKOE YKMCAO BEIIECTBEHHOU CIOMKM, MMEET MECTO NUCKPETHAA Helpe-
PBIBHOCTB. BBIMOIHAETCA JU DTO CBOUCTBO B 001eM caydae? WHbiMu croBamu,
asaserca au ynakuua x (K™ x [0,¢]™), rge K € {R, Q}, auckperHo Henpepsis-
HOM TIO €7

B ogmoMepHOM U AByMEPHOM Ciydae H00ABJICHUE OJMHOU WHPUHUTEIUMAID-
HOfI Pa3sMEPHOCTU yBEIWMYIUBACT HUXKHIOIO OICHKY Ha XPOMAaTUYECKOE TUCJIO
npocTpancTBa. U3 obumx cooOpaXeHuil CAegyeT, ITO JOMKHA, BHITOIHATHCSI
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omenka x(R3 x [0,¢]) > 7, e € — MPOU3BOTBHOE TIOMOKUTETBLHOE THCIO, O/I-
HAKO HAM HE YIAJOCh DTO N0Ka3aTh. Bolee TOro, X04eTcsa mpeanoio)uTh, 9T0
X(R™ x [0,¢]) > x(R™), oguaxo 510 yX)e Kyaa Gonee CIOKHOE yTBEPXK IEHUE.

A. B. Kynasckun B paGore [9] mocTaBu1 BOIPOC 0 MAKCHMAIBLHOM IapaHTU-
POBAHHOM KOJUYECTBE [BETOB HA, 1M-MEPHOU ¢EpPhI PAJUYCA T IPU MPABUIE-
HOU PaCKpPacKe N-MEPHOr'0 MPOCTPAHCTBA B KOHEYHOE KOAMYECTBO NBETOB. B
TOU XK€ paboTe OBLIU TOJYYEHBI OIEHKH [IPK ', OTAEIEHHBIX OT HyJIA. Jlemma, 1
JOOTIOMHSET DTU PE3YIbTATH TP WHPUHUTE3UMAILHBIX 7', HO TOJBKO B CIy4ae
n = 2, m = 1. [lo-Bugumomy, u3 Teopembl 10 MOXHO BBIBECTU AHAJIOTUIHBIN
pe3yabTaT mai n = m + 1 npum OpomsBOILHOM 1 > 2.

Takxe mHTEpec npencTasiseT u obpaTHad 3aga4a. [lo HaTypassHOMY <H-
ciy k TpebyeTcsa HMOCTPOUTHL “pPasyMHOE” MMPOCTPAHCTBO C XPOMATUIECKAM
9UCIOM PABHBIM B TouHOCTH k. Hampumep, 66110 GBI 09€HbL MHTEPECHBIM TAKOE
yTBEpXKIEHUE M1 IPOCTPAHCTBA ¢ HOIbIUM ahPUHHBIM TOLIPOCTPAHCTBOM,
B wacTHOCTH 411 [0, 1] X - -+ X [0, hp] X [0, €] x R® mpu s > 0.

BaarogapaocTu. Aproprn Grarogapatr Amapes Muxamnosuaa Pamropog-
ckoro n Anekcamapa Coudepa 3a BuuManme K pabore; Mumy Backa u Pemopa
[TeTposa — 3a WIOAOTBOPHOE OOCY XK ACHUE U MEHHBIE 3AMETAHMUA, 8 TAKKE AHO-
HUMHOT'O PEIEH3E6HTa — 33 YKA33HUe OTPOMHOTO KOJUTECTBA HETOMHOCTEH U
MPEIORKEHUA 110 UX YCTPAHEHUIO.
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