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1. Introduction

Many of the results of the present paper hold over an arbitrary field of characteristic 0.
But in the spirit of classical invariant theory we shall work over the field C of complex
numbers. A possible way to develop noncommutative invariant theory is the following.
One considers the tensor algebra

T(Wp)=> WEr =COWp & (Wi @ W) & (Wi @ Wiy @ Wp) @ -

n>0

of the m-dimensional complex vector space W,, = CX,,, m > 2, with basis X,,, =
{z1,...,2m} with the canonical action of the general linear group GL,,(C). Then the
action of GL,,(C) is extended diagonally on T'(W,,). For a subgroup G of GL,,(C) one
studies the G-invariants of the factor algebra T'(W,,)/I, where I is an ideal of T'(W,,)
which is stable under the action of GL,,(C). Maybe the most interesting algebras to
study are the relatively free algebras F,,,(JR) of varieties of unitary associative algebras
M. One considers the free unitary associative algebra C(X,,) which is isomorphic to
the tensor algebra T'(W,,) and the ideal I consists of all polynomial identities of the
variety R. Relatively free associative algebras share a lot of nice properties typical for
polynomial algebras. More generally, one may consider the free nonassociative (unitary
or nonunitary) algebra C{X,,} modulo the ideal of the polynomial identities of a variety
R of not necessarily associative algebras. For a subgroup G of GL,,(C) one studies the
algebra of G-invariants

(T(Win) /1) = {f (W) € T(Wn) /1| g(f) = f for all g € G}
The algebra (T'(W,,)/I)€ is graded and its Hilbert (or Poincaré) series is

H(T(W)/1)C,2) =Y dim(Wr /(W N 1))C 2"

As in the case of classical invariant theory the computation of the Hilbert series of the
algebra of G-invariants is one of the main problems in noncommutative invariant theory.

In our paper we consider a more general situation. We have a direct sum of polynomial
GL4(C)-modules

W = Zw(n) —wWOawOgegw@g....
n>0

Then W has a canonical Ny-grading with (™ being the homogeneous component of de-
gree n. The GL,4(C)-action induces an Ng—grading. The homogeneous component W ()
of W™ of degree o = (a1,...,qq) consists of all elements w of W) with the property
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& 0 - 0
0 & -+ 0
diag(fh s ,§d)(w) = ?1 o 'fgdw7 where diag(glv s 7£d) = : . :
0 0 - &

(When we consider factor algebras of the free associative algebra C(Xy) or, equivalently,
of the tensor algebra of W, with the canonical action of GL4(C), the N§-grading of
C(Xy4) is the usual one which counts the number of entries of z; in the monomials of
C(Xg4).) Then the Hilbert series of W is

Her,(W, Ty, 2) = HoL,(With, .. ta,2) = Y dimWegr.qezn,

a;,mn>0

It is easy to see that for any subgroup G of GL4(C) the Hilbert series Har, (W, Tq, 2)
determines the Hilbert series

HWC,z) =Y dim(WM)%z"
n>0

of the vector space of G-invariants

W= (W),

n>0

Recently Domokos and one of the authors of the present paper [3] have shown that if the
Hilbert series Har, (W, Ty, ) is a rational function of a special kind (the so called nice
rational function), then the Hilbert series H(W¢, z) is a rational function for a large
class of groups G, including the cases when G is reductive or GG is a maximal unipotent
subgroup of a reductive subgroup of GL,,(C). In particular this holds when W is a
relatively free associative algebra F,,,(fR) and fR is a proper subvariety of the variety of
associative algebras.

In our paper we consider an arbitrary W = Z W) which is a sum of polynomial

n>0

GL4(C)-modules and assume that we know the decomposition of all W (™ into a sum
of irreducible components. We present a method which allows to find the Hilbert se-
ries H(W®, z) when G is one of the classical subgroups of GL4(C) — the symplectic
group Sp,(C) (when d is even), the orthogonal group O4(C), and the special orthog-
onal group SO4(C). The approach is similar to the case when G is the special linear
group SL4(C) or the unitriangular group UT4(C) considered in [1]. Unfortunately we
know the GL4(C)-module structure of W in very few cases. Examples of such W are
the relatively free algebras Fy(R) where fR is the variety & generated by the Grassmann
(or exterior) algebra E = A(W) on the infinitely dimensional vector space W, the
variety T generated by the algebra of 2 x 2 upper triangular matrices, the variety 20
generated by the algebra of 2 x 2 matrices, the variety var(E ® E) generated by the
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tensor square of F, as well as the relatively free algebras of some varieties of Lie and
Jordan algebras. Other examples are the Grassmann algebra Fq = A(Wy), the universal
enveloping algebra U(F;(Mz)) of the free nilpotent of class 2 Lie algebra Fj;(912) and
the d-generated generic Clifford algebra Cl;(W),) of the p-dimensional vector space W,
p € NUoo. If W = T(W,,)/I is a factor algebra of the tensor algebra T'(W,,) and
W is a GLg(C)-module with m # d, then the GL4(C)-module structure of W may
be quite complicated and it is not a trivial task to find it. In this case if we know the
GL4(C)-module structure of W,, and the Hilbert series Hqry,, (T (Wy,)/I, Tin, 2) with
respect to the canonical Nj* x Np-grading, then we can compute the Hilbert series
Her, (T(W,,)/1, Ty, z) with respect to the N¢ x Ny-grading induced by the action of
GL4(C). In the special case when the Hilbert series Hary,,, (T(W,,) /1, T, ) is a nice ra-
tional function the methods described in [1] allow to find the decomposition of T'(W,,)/I
as a GLg4(C)-module and hence to compute the Hilbert series H((T(W,,)/I)%,z) for
G = Sp,(C), 04(C), and SO4(C).

As an illustration of our approach we apply our results to the algebra of invariants
when the classical group acts on the relatively free algebras Fy(®) and Fy(%). The cele-
brated theorem of Regev [15] gives the exponential growth of the codimension sequence
cn(R), n=1,2,..., for any proper variety of associative algebras. Later Giambruno and
Zaicev [7,8] proved that the exponent

exp(R) = limsup /¢, (R)
n—roo

exists and is a nonnegative integer. In [9] they described the minimal varieties R of a
given exponent, i.e., the varieties ;& with the property exp(&) < exp(fR) for any proper
subvariety & of R. It has turned out that & and ¥ are the only minimal varieties of
exponent 2. But from the point of view of invariant theory there is a big difference
between & and T. By a result of Domokos and one of the authors [2] the algebra of
invariants F.G(R) is finitely generated for any reductive group if and only if 9 satisfies
the polynomial identity of Lie nilpotency [z1,...,Z.+1] = 0 and this is the case of &.
For such varieties the recent paper [4] suggests constructive methods which allow to find
explicit sets of generators of FG(9R). The variety T is the minimal variety of unitary
associative algebras with the property that there exists a reductive group G such that
FS%(R) is not finitely generated. Then we consider the more complicated case when
GL4(C) acts on W, in a noncanonical way and again compute the Hilbert series of
FS(®) and FS(T) for several actions of GL4(C) and for G = Sp,(C), 04(C),SO4(C).

In a forthcoming paper we calculate the Hilbert series of the algebras of G-invariants
for different actions of these three classical groups on several m-generated algebras (also
for m # d): the relatively free algebras of the varieties of associative algebras 9t and
var(E ® E) which are minimal in the class of varieties of exponent 4, of three varieties
of Lie algebras: the metabelian variety 22, the center-by-metabelian variety [A2, €], and
the variety var(sly(C)) generated by the algebra of 2 x 2 traceless matrices. We calculate
also the Hilbert series of ES, U%(F,,(My)), and C1S (W,) for the same groups G.
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2. The method

For a background and details on representation theory of the general linear group
GL4(C) we refer to the book by Macdonald [11]. Every polynomial GL4(C)-module
is a direct sum of irreducible submodules. The irreducible GL4(C)-modules Vy(\) are
indexed by partitions A\, where

A=A, Ad), AL > > A >0,
is a partition in not more than d parts. The Hilbert series

Her, (Va(A Z dim V(a DY

a; >0

of V4()\) describing the N¢-grading induced by the action of GL4(C) is equal to the Schur

function sx(Ty) = sa(t1,. .., tq). In particular, if
W = Z W(n) = Z Zmnz\vd()‘)
n>0 n>0 A

where my,» is the multiplicity of V;(\) in the decomposition of W) into a sum of
irreducible GL4(C)-submodules, then

Hep, (W, Ta,2) = > Y muasa(Ta)z

n>0 A

Asin [1] and in the papers cited there it is convenient to introduce two formal power series
called the multiplicity series of W which carry the information for the GL4(C)-structure
of W:

- (gt )

n>0 n>0

Aa_1—A
M' (W, Uy, 2) E (E Myt 2w du2d> 2",

n>0

where the second multiplicity series is obtained from the first one using the change of
variables

Uy =t1,u2 = tito, ..., uqg =1ty - tq.

The following easy lemma gives the expression of the Hilbert series of W& for any
subgroup G of GL4(C).
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Lemma 2.1. Let

W= Wm=3">"m.,Va))

n>0 n>0 A

be a direct sum of polynomial GL4(C)-modules W™ and let G be an arbitrary subgroup
of GL4(C). Then the Hilbert series of the G-invariants of W is

H(WG,z) = Z (Z My dide()\)G> 2",
n>0 A
Proof. If Vd(l)(/\(l)) DD Vd(k)(/\(k)) C W and
w=w® 4t w® e WE, W e yDaO),

then g(w) = gwM) 4+ - 4 g(w®) = w® 4 ... 4 w(k) = w for all ¢ € G. Since
g(Vd(l)) = Vd(l) we obtain that g(w®) = w®, w( € (Vd(z))G, and

WE=3" W) =3NS " maVEN

n>0 n>0 A

which implies the formula for H(W¢% z). O

As a consequence we obtain the following method for the computing the Hilbert series
of WY when G = Sp,(C), 04(C),S04(C).

Theorem 2.2. In the notation of Lemma 2.1
(WSpd(C) Z Z mnp,z n7 d = 2p7
n>0 2

where the summation runs on all partitions p* = (p1, 1, Pa, f2, - - -, Hp, Hp) With even
length of the columns of the corresponding Young diagram [p?];

H(Wod(c) Z (Z My 21/) )
n>0

where the sum is on all even partitions 2v = (2v1,...,2vy), i.e., partitions with even
parts;

H(WS04(©) 2y = Z <Z Mp,20 + Z My 2u+1> )

n>0 2v+1
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where the sum is on all even partitions 2v = (2uv4, . .., 2v,) and all odd partitions 2v+1 =
(21/1 + 1,...,2Vd-|-].),

Proof. By our paper [6] for d = 2p the irreducible GL4(C)-module V;4(A) contains one-
dimensional Sp,(C)-invariant subspace if and only if A is a partition with even length of
the columns of the Young diagram [A] and does not contain Sp,(C )-invariants otherwise.
Together with Lemma 2.1 this gives the formula for the Hilbert series H(WSPa(©) z).
The proof of the other two cases is similar since by [6] dim Vdod(c)()\) = 1 when A is

an even partition and Vdod(c)(/\) = 0 otherwise. For SO4(C) we obtain from [6] that

dim Vdsod(c)()\) = 1 when X is either an even or an odd partition and Vdsod(((:)()\) =0

otherwise. 0O

The following theorem expresses the Hilbert series of the G-invariants in terms of the
multiplicity series for G = Sp,(C), 04(C),SO4(C).

Theorem 2.3. Let W = WO @ W) @ W2 @ ... be a direct sum of polynomial
GL4(C)-modules with multiplicity series M(W, Ty, z) and M'(W, Uy, z). Then the Hilbert
series of WSPa(C) for d even and of WOC) and WSO«C) gre equal to

H(WSP©) 2y = M'(W,0,1,0,1,...,0,1,2);
H(Wod(c),z) = Md(VV, Z),

where Mqg(W, z) is defined iteratively by

1
My(Wita, ... ta,2) = §(M(V[/,—17t2,...,td,z)+M(I/I/,1,t27...,td,z)),

1
MQ(W,tg,.. .,td,Z) = §(M1(VV, 71,t3,...,td,2) +M1(VV, 1,t3,...,td,z)),

1
Mg(W, z) = i(Md_l(VV, —1,2) + Mg_1(W, 1, 2));

H(WSO«C) 2) = My(W, 2),

and M}(W, z) is defined iteratively by

1
M{(Wug, ... ug,2) = 5(M’(VV7 —1ug, .. ug, 2) + M' (W, 1, ug, ..., ug, 2)),

1
MW, uz, ... uq,2) = §(M{(VV, —1,u3,...,uq,2) + M{(W,1,us, ..., ugz2)),

1
Mtli—l(vv’ ud’z) = §(M1; 2(Wa —l,ud,z) +Mc/l—2(vvvlaudvz))7

My(W,z) = My_(W, 1, 2).
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Proof. The arguments of the proof repeat verbatim the arguments of a similar theorem
from [6] in the case when W is the symmetric algebra S(W 1)) of the GL4(C)-module
W) because in both cases we start with the multiplicity series of S (W(l)) and W,
respectively, and take a summation on the partitions A which correspond to those
GL4(C)-modules V;(A) which contribute to the Hilbert series of the G-invariants with
nontrivial G-invariants for each of the classical groups G = Sp,(C), 04(C),S04(C). O

Remark 2.4. The formulas for the Hilbert series of the invariants of Sp;(C), O4(C), and
SO4(C) in Theorem 2.3 are in the spirit of similar formulas for the invariants of the
special linear group SLg(C) and the unitriangular group UT4(C) given in [1]:

H(WSLd(C)7Z) — M/(VV; 0,0,...,0, 1,2),
H(WUTd(C)vz) = M(VV,l,,l,Z) :MI(I/V’IV"’l’Z)'

3. Canonical action of GL4(C)

In this section we compute the Hilbert series of the algebras of invariants when the
group GL4(C) acts canonically on the vector space W; = CX, generating the algebra.
The algebras in consideration are the relatively free algebras of the varieties of associative
algebras & and ¥. The necessary background including the application of representation
theory of the general linear group to relatively free algebras may be found in the book
by one of the authors [5]. In what follows we assume that the relatively free algebras are
freely generated by the set X;. We also assume that with respect to the basis Xq = Xy,
the group Sp,,(C) consists of the (2p) x (2p) matrices g with the property giQg = 9,

where ¢' is the transpose of g, Q = <_OI ‘3’), and I, is the identity p x p matrix.
P

Similarly, the group O4(C) consists of the d x d matrices g such that g'g = I; and
S04(C) = {g € 0a(C) | det(g) = 1}.

3.1. The relatively free algebra Fy(®)

The description of the polynomial identities and the cocharacter sequence of the va-
riety & generated by the Grassmann algebra E was given by Krakowski and Regev [10]
and by Olsson and Regev [14]. The variety is defined by the polynomial identity

(21, 22, 23] = [[21, 2], 23] = 0.
It is well known that F;(®) has a basis consisting of all

:L'Tll1 e xsd [mi13xi2] o [xizq—l ) xi2q]a

nj20,1§i1<i2<-~-<i2q_1<i2q§d,0§2q§d,andian(Q§)
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[:L‘U(l)v xa‘(2)] te [x0(2q—1)7 xo(?q)] = SigH(U)[LCh 1’2] e [$2q717 qu]a oS SQq'

The cocharacter sequence of & is

n

X0(6) = X(0)7Xn(6) = ZX(i’ lnii)’ n=12,...,

=1

where x(A\), A F n, is the irreducible S,-character indexed by the partition A. In other
words, the summation is on all partitions A with Young diagram consisting of one long
row and one long column. This implies that

Fd(ﬁ) =C+ Z i: Vd(i’ 1n—i)’

n>1i=1
where Vg(A\) = 0 if A is a partition in more than d parts.
Proposition 3.1. Let d = 2p. Then the Hilbert series of Fy(®)SPa(C) s
H(Fy()%Pa(©) 2) =14 22420 4. 4 2%
and the algebra Fy(®)%Pa(C) is generated by

[ =[21,2p41] + [T2, Tpta] + - + [3p, T2p).

Proof. The first part of the proposition follows immediately from Theorem 2.2 because
the only partitions (i,1"~%) in not more than 2p parts and with even length of the
corresponding Young diagram are (0), (12), (1),..., (1??). Easy computations show that
f € Fy(&)%Pa(®) and f, f2,..., f? # 0 which immediately implies that {1, f, f2,..., f?}
is a basis of the vector space Fy(®)%°«(C). 0

Proposition 3.2. The Hilbert series of the algebra Fy(®)02(©) s

1
H(FU(®)°©),2) = 1=

and the algebra Fy(&)°4C) js the symmetric algebra generated by the element of Fy(®)
f:x?+...+x3'

Proof. We repeat the arguments in the proof of Proposition 3.1. Since the only even
partitions (i,1"7%) are (2q), ¢ = 0,1,2,..., applying Theorem 2.2 we derive that

1
H(Fd(@)Od(C),Z) =1 _|_22 +Z4 4+ = m



V. Drensky, E. Hristova / Linear Algebra and its Applications 581 (2019) 198-213 207

Since the element f is an Oy4(C)-invariant and its powers are nonzero in Fy(®) we
conclude that {1, f, f2,...} is a basis of F(®)°4(©) which completes the proof. 0

Proposition 3.3. The Hilbert series of the algebra Fy()S04(C) s

_1+zd
T 122

H(F4(8)%01©), 2)
and the algebra Fy(®)5°4(C) s generated by the element
feitheta?
and the standard polynomial of degree d

Sta(z1,...,xq) = Z sign ()T (1) - - To(ay-

og€Sy

Proof. As in the proof of Proposition 3.2, Theorem 2.2 gives that the one-dimensional
contributions to the algebra Fy(®)94(C) come from the even partitions (i, 1"~%) = (2q),
q¢=0,1,2,..., and from the odd partitions (i,1"7%) = (2k+ 1,197 1) k =0,1,2,..., i.e.,

$04(C) d 2, 4 1427
H(Fy(6)°P4 %) 2) = (1 4+ 2) (142" + 2 +"'):W'
Since the standard polynomial Sty = Stg(z1,...,zq) is an SO4(C)-invariant we derive

that Fy(6)594(C) has a basis
{1, £, f2,.. YU {Stq, Staf, Staf?....}
and hence is generated by f and Sty. O
Remark 3.4. Applying ideas from [1] we obtain that
H(Fy(6)S4(©) 2) =1 4 24

and F;(®)5%(C) has a basis consisting of 1 and Stq(x1, ..., z4).
For the unitriangular group UT4(C) we have

e e

H(Fy(®)VT4©) 2y = Q1424224+ ) A+ 2242+ +29) T

and Fy(6)UT4(©) is generated by 21 and St,(z1,...,2,), n =2,3,...,d.



208 V. Drensky, E. Hristova / Linear Algebra and its Applications 581 (2019) 198-213

3.2. The relatively free algebra Fy(T)

By a theorem of Maltsev [12] the polynomial identities of the algebra of ¢ X ¢ upper
triangular matrices follow from the polynomial identity

(21, 22] - - - [T2e—1, T2c] = 0.

In the special case ¢ = 2 the cocharacter sequence of the variety ¥ was computed by
Mishchenko, Regev, and Zaicev [13]:

Xn(T) =D ma(T)xa,

AFn

where

1, if A= (n);

A=A +1, if A= (A, A2), M > 0;
A=A+ 1, i A= (A, A, 1);

0 in all other cases.

ma(%) =

Proposition 3.5. Let d = 2p. Then the Hilbert series of Fy(T)5Pa(©) s

1

H(Fy(5)%4(©),2) = — .

The algebra Fd(‘I)Spd(C) is not finitely generated. A set of generators can be defined
inductively by

p

fr = (w1, @p ] + (w2, @ppa] + o 4 [0p, ) = > [0, 21,
=1

p
fag1 = infnzp-l—i_xp—&-ifnxia n=12,....
=1

Proof. As in the previous subsection the nonzero coefficients of the Hilbert series come
from the partitions p? = (1, i1, 2, H2, - -, fips f1p). In our case these partitions are
u?=(q,q), ¢=0,1,2,..., and all they are of multiplicity 1. This gives the Hilbert series
H(F(%)%Pa(©) 2). As in the case of Fy(®)5Pa(C) it is easy to see that the elements f,,,
n=0,1,2,..., are Sp,(C)-invariants and they form a basis of F4(¢)3?«(C). Since f,,, f, =
0 for m,n > 0, we derive that the algebra of invariants is not finitely generated. O

Proposition 3.6. The Hilbert series of the algebra Fy(T)°+(©) is

B 1—2224+22*

H(Fd(‘z)Od(C)vz) (1 722)3

The algebra Fy(T)04(C) is not finitely generated.
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Proof. Again, the nth coefficient of the Hilbert series H (Fy(T22)04(©) | 2) is equal to the
sum of the multiplicities my (%) of the even partitions A of n. Hence

H(F ()%, 2) = 1+ 22+ 24+ )+ 220424+ 254 ) ) (20 +1)2%

i>0
1 4 d : 1 1 d 1—222 4224
:_+Z__ZZ21+1: L 7 &z _ 2%+ 22
1—22 1—z4dzl_>0 1—22 1—2%dz1-22 (1—22)3
As in the case of Fy(®)94(C) the element
[ SR
is an O4(C)-invariant and its powers give the contribution 1 + 2% + 2* + .-+ to the

Hilbert series. The Og(C)-invariants in the commutator ideal Fj(¥) of Fy4(%) form an
S(C f)-bimodule. If this bimodule is generated by the homogeneous system {w, | j € J},
then F/(T)©4(C) is spanned as a vector space by

{f'w;f" lq,r 20,5 € J}

and the coefficients of the Hilbert series are bounded from above by the coefficients of
the series

1 1 deg(w,)
1—22+(1—22)QZZ '
jed

Comparing this expression with the already computed Hilbert series we obtain

4
) z
szeg(wj)z1 4224_’_28_'_212_"__._7
jeJ “

where the inequality between the series means an inequality between the corresponding
coefficients. Since F(%)? = 0 this implies that the algebra F(%)°4(C) is not finitely
generated. O

The proof of the following proposition is similar to the proof of the previous one.

Proposition 3.7. The Hilbert series of the algebra Fy(T)S°+(©) js

1—22424 .
e ya=z
H(Fd(S)SOd((C)7 Z) — 1—222 + 23 + 224 fd _3
1—z23 Y079

H(Fy(%)04(©) 2), if d > 3.

The algebra Fy(T)SC4(C) is not finitely generated.
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Remark 3.8. As in Remark 3.4 one can compute the Hilbert series of Fy(%)5%(®) and
Fy(T)VTa(©);

1

-z
H(Fd(S)SLd(C)a ) =91+ 23, ifd=3;
1, if d > 3,
1 22
+ ifd=2;
1-— 1—2)2(1 —22)’ '
H(Fd({z)UTd(C)7z) — ) z z2Z) ( 2?)

+ ifd > 3.

11—z (1—2)%
The algebras F»(%)3"2(C) and F,(%)VT4(©) are not finitely generated.
4. Other actions of GL4(C)

In this section we compute the Hilbert series of the algebras F,(&)¢ and F,, (%)%
when G = Sp,(C) (d even), O4(C), and SO4(C) for several noncanonical actions of
the group GL4(C) on W,,. The most important step of the calculations is to find
the multiplicity series M (F,,(&),Ty,z) and M (F,,(%),Tq,z) and their counterparts
M'(F,,(&),Uqy, 2) and M'(F,,(%),Uq, z). These computations use the methods in [1].

4.1. The algebra F,,(®)

The Hilbert series of the algebra F}, (&) which counts the canonical action of GL,,(C)
is

1 1ypl+tz
ol uf®) 7= 3 3 T T
i=1 i

Example 4.1. Let as a GL2(C)-module W3 be isomorphic to V2(2). Then

1 (1 4+32)(1 + titz2) (1 + t32)
H, F3(®),Tp,2) =
6L2(©)(F5(8), T2, 2) 3 20— £2)(1—taty2) (1~ 132)’

1 2ty (ty + t2)22
M(F5(8), Ty, 2) = :
( 3(@), 2, %) 1—t%2 (1_t%z)(1—t1t22’)7
1 uz (uf + us)2?

M'(F5(8),Us, 2)

T 1-wZz | (1—d22)(1—ugz)
Applying Theorem 2.3 we obtain

22

H(F5(6)5P2(C) ) = M'(F3(6),0,1,2) =1+ o

—ZzZ
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My (Fy(®), ta, 2) = %(M(Fg(@), 1ty 2) + M(F5(®), 1,42, 2))

1 N t322(1 + 2)
Cl—2z (1—2)(1 —t322)
1 22

H(F5(6)°40) ) = My(F3(8), 2) = 1> + =2

MI(Fy(®), us, ) — %(M’(Fg(eﬁ), g, 2) + M(Fy(®), 1, us, 2))

. 1 n UQ(l—I—UQ)ZQ
S l—z (1—2)(1 —up2)’

222
+

H(F5(6)592(C) 2) = M}(F5(8),z) = M| (F3(&),1,2) = = T aoa

Example 4.2. Let as a GLy(C)-module Wy be isomorphic to Va(1) @ V2(1). Then

1 (1+t12)2(1 +t22)?

2 2(1—t12)2(1 — t2)?’

M(FL(8), Ty, 2) = 1+ t1(t) + 3t)2? + 263923 + 13ty (—ty + 4t9)2* — 2t§t3257
(1 —t12)2(1 — t1t222)

1+ (u? + 3ug)2? + 2ugug2® + ug(—u? + dug)2* — 2uju3z®

(1 —u12)2(1 — ug2?) '

HGLz(C)(F‘l(@)ﬂ Ty, z) =

M'(F5(8),Us, 2) =

14322 +424
H(E(®)%©),2) = M'(Fi(6),0,1,2) = - o= T1Z
—z
14224724 =26
H(F (& 02(C) — _
(F4(8) 1 2) (1—22)3 ’
14522+ 1124 — 26
H(F,(&)502(C) =
( 4( ) 72) (1_22)3
4.2. The algebra F,, (%)
The Hilbert series of F, (%) is
S| - 1
GLn (C) (Fn (%), T, 2) 1;[1 - +(t+ +tm)z )il;[1 (1= t2)?

Most of the multiplicity series for F,,(T) in the cases considered in the sequel were
computed in [1] using the Hilbert series Hqr,,, () (Fin (%), Tm, 2).

Example 4.3. Let as a GL3(C)-module W3 be isomorphic to V3(12). Then

1 —tytoz + t33(t1 + t3)t323
M(F3(%),Ts,2) = ,
(Fs(3):T5,2) = =04 10201 — Bhata2?)
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1 —upz 4 (urug + u3)uzz®

MI(F3(§)» Us, z) = (1 — u22)2(1 — U1U332)

1—z—2% 42
H(F(3)%©),2) = H(E(3)%0©),2) = (70—

Example 4.4. Let as a GLy(C)-module Wy be isomorphic to Va(1) @ V2(1). Then

1
(1 —t12)*(1 — t1t222)5
+ 3t2t9(—3ty + 4ta) 2t — 34131325 + £315(19t; — 8t)2° + 1871327
+ 2013 (— 4ty + t9)2® — 451527 + 2513210),

1
(1 —u12)4(1 — ugz?
+ Bug(—3u? + duy)z* — 3duguiz® + ud(19u? — Suy)2® + 2uiz?
+ 18ugusz” + 2ud (ug — 4ud)z® — dugusz? + 2uiusz'?),

M(Fy(%), Ty, 2) = (1 =2t 2 + 11 (2t — t2)2% + 10t3t923

3

M'(Fy(%),Us, 2) = E (1—-2uz— us2? + 10ujusz

1— 22 +122% — 826 + 228
H(F4(‘I)Sp2(c)7z): 24+ z 20+ 2z

(1—22)5 ’
1 —32%2 +30z* 4+ 228
H(Fy(%)%2(© ) =
( 4(‘2) ’Z) (1722)7 9
1+ 22 4+4324 + 1925 — 628 42210
H(F SO5(C) — )
(R0, 2) T

Example 4.5. Let as a GLy(C)-module W5 be isomorphic to V2(2). Then

MF(S). To. ) = L= t1(ty +to)z + 3o (2t — ta)2? + 265t3(t1 + t2)2® — 265327
(Fs(%), T2, 2) = (1= 122)2(1 — titaz)(1 — £3t322)2 ’

M (Fy(T), U, 2) = 1— (u? +wug)z + (2u%2— ug)uzz? + 2(u? —|; ug)u3z® — 2u%u§z4’
(1 —u$2)2(1 — ug2)(1 — u3z2)?
1—22+423 — 224
H(F3(%)0:©) 2) =
EE™ ) = -
1 =2z4 2% +42% -2
B (1—2)3(1 — 22)2

= H(F3(3)%*©, 2)

Example 4.6. Let as a GL3(C)-module Wy be isomorphic to V53(2). Then

(DO 2) = HF(D) ), 2
1-2z— 22 4+ 42% 4+ 624+ 225 — 1220 + 27 4+ 6258 + 429 — 2210 — 4511 4 9,12
B (1=2)(1=22)(1—2%))3 .
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