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On (±1) Error Correctable Integer Codes∗

Hristo KOSTADINOV†, Nonmember, Hiroyoshi MORITA†a), Senior Member,
and Nikolai MANEV††, Nonmember

SUMMARY Integer codes correct errors of a given type, which means
that for a given communication channel and modulator we can choose the
type of the errors (which are the most common) then construct integer code
capable of correcting those errors. A new general construction of single
(±1) error correctable integer codes will be presented. Comparison be-
tween single and multiple (±1) error correctable integer codes over AWGN
channel using QAM scheme will be presented.
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1. Introduction

Codes over finite rings and in particular codes over finite
rings of integers with their applications in coding theory
have been studied in numerous papers. The earliest paper
is due to I. Blake [1], [2]. Some other works on codes over
ZA are [3]–[5]. M. Nilsson [6] discusses linear block codes
over integer rings in order to improve the performance of
PSK communication systems.

It is well known that the beautiful algebraic theory
of block codes over finite fields does have severe prob-
lems with coding for two dimensional constellation. This is
mainly due to the fact that in two (or higher) dimensions the
usual Hamming distance is inappropriate. To improve the
situation Huber [7] introduced the Manheim distance and
proposed block codes over Gaussian integers designed for
that distance. One problem which arises when we use this
code construction is that based on given code we arrange the
signal points in a signal constellation.

Rifa [8] investigated single error correctable block
codes over Gaussian integers. In his construction, the code-
words are sequences of elements that belong to group struc-
tures of Gaussian integers. These codes are neither group
nor linear over a field, so it is not possible to use the stan-
dard techniques in these cases. There is no efficient decod-
ing algorithm for these codes.

Integer codes are codes defined over finite rings of
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integers. The original form of integer codes have been
found in [9] where an integer code to correct a single in-
sertion/deletion error per codeword was described. A. Han
Vinck and H. Morita [10] investigated integer codes with a
view to frame synchronization and coded modulation.

The advantage of integer codes, over the conventional
block codes, is that we can correct errors of a given type,
which means that for a given communication channel and
modulator we can choose the type of the errors (which are
the most common) and after that construct integer code ca-
pable of correcting those errors.

Similar to integer codes are the block codes over Gaus-
sian integers [7], [8], discussed above, and a class of error
correcting codes based on Lee distance [11]. Actually, sin-
gle (±1) error correctable integer codes and single Lee-error
correcting codes, proposed by Nakamura, are equivalent.
Nakamura showed that with his construction, we are able
to obtain very high code rate and he applied them for differ-
entially encoded PSK and QAM channel models [12]. Us-
ing his approach it is not possible to obtain single Lee-error
codes of every desired code length. That motivated us to
try to obtain single (±1) error correctable code for any code
length.

Here, in this article, we are going to present a new
general construction of integer codes capable of correcting
single error of type (±1). We shall show a comparison of
symbol error probability (SER) versus signal-to-noise ra-
tio (SNR) of different (±1) single/multiple error correctable
integer codes using QAM modulation scheme and AWGN
channel and TCM [13].

In Sect. 2 we give necessary definitions. A new general
construction of single (±1) error correcting integer codes
will be presented in Sect. 3. In Sect. 4 we shall discuss an
application of (±1) error correctable integer codes to QAM
schemes in case of AWGN channel. Conclusion remarks are
given in Sect. 5.

2. Notations and Definitions

Definition 1. [10] Let ZA be the ring of integers modulo A.
An integer code of length n with check matrix H ∈ Zm×n

A , is
referred to as a subset of Zn

A, defined by

C(H ,d )= {c ∈ Zn
A | cH T = d mod A}

where d ∈ Zm
A and H T is the transpose of H .

Without loss of generality we shall assume that d =
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0 ∈ Zm
A .

Suppose that a signal point si is sent through a com-
munication channel. At the other end the detector estimates
the received signal ri and gives signal point s j at the output.
If j � i the detector has taken a wrong decision. In terms
of block codes over ZA the aforesaid can be described in
the following way. When a codeword c ∈ C(H ,d ) is sent
through a noisy channel the received vector can be written
in the form

r = c + e ,

where e = (e1, . . . , en) ∈ Zn
A denotes the error vector. It is

clear that the different signal points do not have the same
chance to be a result of decision process. The probability
signal point s j to appear at the output of the detector depends
on the Euclidean distance between s j and really-sent signal
si.

In terms of codes over ZA it means that the elements of
ZA are not equally probable as a value taken by ei. A way of
indexing the signal points by elements of ZA affects which
elements of ZA are more probable. Therefore, it makes sense
to consider the next definition.

Definition 2. The code C(H ,d ) is said to be a t-
(±e1,±e2, . . . ,±es) error correctable if it can correct up to t
errors with values ±ei, i = 1, . . . , s.

Using Definition 2, one can easily derive the following
bound for A.

Proposition 1.[10] If C(H ,d ) corrects t errors of type
(±e1,±e2, . . . ,±es) then the cardinality A of the ring satisfies
the inequality

Am ≥
t∑

i=0

(
n
i

)
(2s)i, (1)

where n is the length of the code and m is the number of
rows of H .

Hence, taking into account (1) we have the following
definition:

Definition 3. A t-(±e1,±e2, . . . ,±es) error correctable
code C(H ,d ) of block length n is called perfect, when we
have equality in (1).

We notice that if an integer code is perfect there is a
one-to-one correspondence between Zm

A and the set of all
possible error vectors. When the code is not perfect we do
not have such a correspondence for some of the elements of
Z

m
A . Even if the syndrome value is one of those elements,

we can say that at least an error(s) which is not of the type
(±e1,±e2, . . . ,±es) appears.

3. General Construction of Single (±1) Error Correct-
ing Integer Codes

The definition of a t-(±e1,±e2, . . . ,±es) error correctable in-
teger codes shows us that to construct such a code of length n
over Zn

A, with a check matrix H m×n is a task which is equiv-
alent to splitting Zn

A into pairwise disjoint subsets.

As we mentioned above, integer codes correcting sin-
gle (±1) error are equivalent to single Lee-error correcting
codes proposed by Nakamura [11], [12]. In his construction
Nakamura uses a similar idea of splitting Zn

A into pairwise
disjoint subsets, but using polynomials. Using his method,
it is not possible always to find a polynomial of a desire de-
gree, i.e., there does not exist a single Lee-error correcting
code with check matrix H m×n for any n and m. That mo-
tivated us to extend his results using integer codes. In the
next theorem we shall present a construction of single (±1)
error correctable integer codes for any code length n and di-
mension m.

Theorem 1. Let l > 1 be an integer. For every n ≥ 2l−1

there exists a (±1) single error correctable code of length n
over Z2l with an m × n check matrix

H = (h1,h2, . . . ,hi, . . . ,hn)

where m > 1 is defined by

2m−2(2(m−1)(l−1) − 1) < n ≤ 2m−1(2m(l−1) − 1) (2)

and every column hi ∈ S 1 ∪ S 2, where

S 1 = {(s1, s2, . . . , sm)T | s1 ∈ Z∗2l−1 ,

si ∈ Z2l−1 , i = 2, . . . ,m}, (3)

and

S 2 = {(s1, s2, . . . , sm)T | s1 ∈ {0, 2l−1},
si ∈ Z2l−1+1, i = 2, . . . ,m,

and at least for one i : si ∈ Z∗2l−1 }. (4)

(As usual, Z∗A denotes the subset of invertible elements of
ZA, i.e., the elements coprime with A.)

Proof: To prove the theorem it is enough to show that
the vectors s = eH ∈ Zm

2l are pairwise disjoint, where
e = (0, . . . , 0, ei, 0, . . . , 0), ei ∈ {−1, 1}, 1 ≤ i ≤ n. This is
equivalent to prove that ±S 1 ∩ ±S 2 = ∅,S 1 ∩ (−S 1) = ∅
and S 2 ∩ (−S 2) = ∅, where −S is the set obtained after
multiplications of elements of S by −1.

Let us look at the first coordinate of the vector s =
(s1, s2, . . . , sm). If s1 ∈ {0, 2l−1} then s � S 1 and s � (−S 1).
In this case s ∈ S 2 or s ∈ (−S 2). That is, S 1 ∩ S 2 =

S 1 ∩ −S 2 = −S 1 ∩ S 2 = −S 1 ∩ −S 2 = ∅.
If s1 ∈ Z�2l−1 then s ∈ S 1 and s � (−S 1) because −s1 ∈

{2l−1+1, 2l−1+2, . . . , 2l−1}. So we obtain that S 1∩(−S 1) =
∅.

In a similar way we can prove that S 2 ∩ (−S 2) = ∅.
Here we have that in s at least one component, si is in
Z
�
2l−1 . Then using the same arguments as above it follows

that if s ∈ S 2 then s � (−S 2) with which the proof is
completed. �

Remark 1. When m = 1 a construction of integer
codes was given by Varshamov and Tenengolz [9].

Remark 2. In (2) we use the lower bound for n to
obtain the highest possible rate of the integer code of length
n.
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Table 1 Exact form of the check matrix H for some values of n using
the construction of Theorem 1, where l = 3 and m = 2.

n H

4

(
0 1 2 3
1 0 3 2

)

7

(
0 1 1 1 1 1 1
1 0 1 2 3 4 5

)

12

(
0 1 2 2 2 3 3 3 3 3 3 3 3
1 0 0 1 2 0 1 2 3 4 5 6 7

)

18

(
0 1 2 2 2 2 3 3 3 3 4 . . . 4
1 0 0 1 2 3 0 1 2 4 0 . . . 7

)

25

(
0 1 1 1 1 1 1 1 2 . . . 2 3 . . . 3
1 0 2 3 4 5 6 7 0 . . . 7 0 . . . 7

)

30

(
1 . . . 1 2 . . . 2 3 . . . 3 0 0 0 4 4 4
0 . . . 7 0 . . . 7 0 . . . 7 1 2 3 1 2 3

)

Note that the set S 1 ∪ S 2 contains all possible vectors
we can use to construct a check matrix. Hence, we have the
next result, as a corollary of Theorem 1.

Corollary 3.1. A (±1) single error correctable integer
code of length n over Z2l with a check matrix H is quasi-
perfect when n = 2ml−1 − 2m−1. �

Table 1 shows check matrices of single (±1) error cor-
recting integer codes for some values of n using Theorem
1. When l = 2 and m = 3 we obtain that 3 < n ≤ 30.
One easily see that using the last check matrix in Table 1 we
can obtain the others. Actually, we have a freedom to chose
from any of those 30 vector columns to construct the check
matrices of length n < 30.

4. Application of (±1) Error Correctable Integer Codes
to QAM Scheme in AWGN Channel

Before starting the discussion about the application of inte-
ger codes in coded modulations let us first say something
more for multiple error correcting integer codes.

In the definition of integer codes we do not specify the
check matrix H m×n. It is rather difficult to be found the ex-
act form of the check matrix, even for relatively small val-
ues of m and n. One construction of the check matrix when
m = 2, i.e., for double (±1) error correctable integer code is
given in [14].

Let C(H ,d ) be a t-error correctable integer code over
ZA with an m×n check matrix H = (h1,h2, . . . ,hi, . . . ,hn).
The condition C(H ,d ) is t − (±1) error correctable code
means that the set

{±hi1 ,±(hi1 ± hi2 ),±(hi1 ± hi2 ± hi3 ), . . . ,

± (hi1 ± hi2 ± hi3±, . . . ,±hit ), i1 � i2 � . . . � it},
where 1 ≤ i j ≤ n, consists of different (there is no repeating)
vector-columns.

Multiple error correcting integer codes are beyond the
scope this paper. Below we give few examples of multiple
error correcting codes for comparison with single error cor-
rectable codes based on the symbol error rate (SER) versus

Fig. 1 A comparison of symbol error probability versus signal-to-noise
ratio between coded 64-QAM with the integer codes from example 1 using
soft decoding algorithms and 32 state TCM.

signal-to-noise ratio (SNR) for AWGN channel and QAM
scheme.

Example 1. (64-QAM constellation) Let us consider
the following integer codes over Z8:
• Single (±1) error correctable integer code C1(H1,0 ),

using Theorem 1, of length n = 4 with a check matrix

H1 =

(
0 1 2 3
1 0 3 2

)

•Double (±1) error correctable integer code C2(H2,0 )
of length n = 4 with a check matrix

H2 =

(
0 1 2 3
3 1 0 2

)

• 3-error (±1) correctable Integer code C3(H3,0 ) of
length n = 4 with a check matrix

H3 =

⎛⎜⎜⎜⎜⎜⎜⎜⎝
1 0 0 0
0 1 0 3
6 2 1 4

⎞⎟⎟⎟⎟⎟⎟⎟⎠
We encode a 64-QAM constellation using a product

code Ci(Hi,0 ) × Ci(Hi,0 ) over Z8 × Z8. In such a case we
can correct “square” type of error. For decoding the integer
codes we use soft decoding algorithm [15]. �

The comparison of symbol error probability (based on
information symbol) of these 3 codes and 32 state TCM [13]
is given on Fig. 1. Surprisingly, at high SNR single (±1)
integer code has same SER as TCM. We can gain about 2
and 3 dB using double and triple error correctable integer
code respectively.

Example 2. (256-QAM constellation) In a similar
way as in the previous example let us consider the following
integer codes over Z16:
• Single (±1) error correctable integer code C4(H4,0 ),

using Theorem 1, of length n = 30 with a check matrix

H4 =

(
1 . . .1 2 . . .2 3 . . .3 0 . . .0 4 . . .4
0 . . .7 0 . . .7 0 . . .7 1 . . .3 1 . . .3

)
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Fig. 2 A comparison of symbol error probability versus signal-to-noise
ratio between uncoded and coded 256-QAM - with the integer codes from
example 2 using soft decoding algorithms and 128 state TCM.

•Double (±1) error correctable integer code C5(H5,0 )
of length n = 8 with a check matrix

H5 =

(
0 1 2 3 4 5 6 7
2 3 4 5 1 8 0 6

)

• 3-error (±1) correctable Integer code C6(H6,0 ) of
length n = 5 with a check matrix

H6 =

⎛⎜⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0
0 1 0 0 2
0 0 1 3 8

⎞⎟⎟⎟⎟⎟⎟⎟⎠
The encoding and decoding procedures of 256-QAM

are the same as for 64-QAM. �
In Fig. 2 is shown the symbol error probability (per

information symbol) versus SNR of the codes C4(H4,0 ),
C5(H5,0 ), C6(H6,0 ) and 128 state TCM [13]. The situa-
tion is similar as in the previous example. The difference is
that TCM has better performance than (±1) error correcting
integer code.

5. Conclusions

In this paper we presented a new general construction of
single (±1) error correcting integer codes. We compared
the symbol error probability of these codes with multiple
(±1) integers codes and with TCM. The simulation results
confirmed our expectations concerning the performance of
(±1) integers codes. These codes possess a relatively simple
structure, flexibility of code length and low complexity of

the decoding algorithms. The hard decoding is with a linear
complexity, and the soft decoding is equivalent to the Viterbi
algorithm (see for details [14] and [15]). The integer codes
can be suitable for real application in the communication
systems. Their usage for correcting more than one error im-
proves the performance with the price of slightly increasing
the decoding complexity.
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