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Abstract - In this paper, we investigate the problem 
how to use codes over ZA to correct any single error 
which belongs to the set {*el, hez, .  . . , fe,}, where ei's 
are different elements in ZA. We present some classes 
of such codes and describe how they can be applied 

Codes over finite rings and in particular codes over finite 
rings of integers have been studied in numerous papers. The 
earliest papers are due to Varshamov and Tenengolz [l]. Later 
many authors have investigated these codes and proposed nu- 
merous applications. Some of the authors are I. Blake, Spiegel, 
Calderbank and Sloane, Nilsson, Baldini and Farrell, etc. 

In this paper we restrict ourselves only with the case of 
codes generated by a matrix of rank 1, namely with codes, 
which are defined as follows: 

Definition. [2] An integer code of length n with weight se- 

to M-QAM. 

quence w = ( W I , W ~  ,..., wn) E Z",, such that w3 # 0 
1 5 j 5 n, is given as a subset gf Z2 defined by 

C(w,d)={c E Z i  I x c i w i  = d mod A } ,  
where d E ZA. i=l 

for 

If the signal points of the constellation implemented in a 
given communication system are indexed by elements of ZA,  
the integer codes can be used to improved its performance. 
The aim of this paper is to give some examples of such an use. 

It is well known that signal points are not equally probable 
as a result of the decision process. The probability that the 
signal point s3 appears a t  the output of the detector depends 
on the Euclidean distance between s j  and really-sent signal 
9,. Therefore, the indexing of signal points by the elements of 
ZA make these elements not equal probable as a value of a 
position in the error vector. Thus, the aforesaid justifies the 
next definition. 

Definition. [2] The code C(w,d) is said to be a single 
{*el, f e z , .  . . , *e,}-error correctable if it can correct any sin- 
gle error vector (0,. . . , O ,  e,, 0,.  . . ,0) with value f e ,  in posi- 
tion IC, where 1 5 a 5 s,  1 5 IC 5 n. 

We present several general constructions of single error cor- 
rectable codes. The next theorem gives an idea for the ob- 
tained results. 

Theorem. Let A = tk  + 1. The integer code over ZA 
with a weight sequence consisting of the elements of the set 
W = {aotk-' + altk-2 + ... + ak-l}, where a, satisfy 

0 I a o I  1 9 1  
a0 s a l <  t -2-ao  

min{l+ao,al} t -1-a0  

min{l+ ao,ak-3} 5 ak--2 5 t - 1 - ao 
1+ao I U k - 1 5  t - 1 - a 0  

2This work was partially supported by Grant I-803/98 of the 
Bulgarian NSF. 

is single {fl,  f t ,  . . . , ft"'}-error correctable. 
These general results enable numerous classes of codes to 

be constructed. The complexity of the decoding procedure is 
linear with respect to the codeword length. 

We calculate the BER for M-QAM scheme where an inte- 
ger block code capable to correct up to t errors of given type 
is applied. Based on the results given above many concrete 
QAM schemes and codes are considered. In all cases, the 
improvement of the performance is not worse than one when 
trellis coded modulation is used. Simultaneously, the decoding 
algorithm is relatively simple for implementation. For exam- 
ple, a 32-QAM constellation indexed by the elements of 2 3 2  

is shown in Fig. 1. The code used in this case is with the 
weight sequence w = (1,15), which is {fl, f 3 ,  f 5 ,  &7}-error 
correctable. 

Fig. 2 shows the coding gain in the case of 256-QAM when 
we map any signal point into a pair of elements of Z16 and 
use a code over zl6. 

Fig. 1: A 32-QAM signal space constellation 

Fig. 2: A comparison of the bit error probability (BEP) versus 
signal-to-noise ratio (db) between uncoded (upper curve) and coded 
256-QAM with a code with length n = 2. 
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