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Abstract

A fence is a particular partial order on a (finite) set, close to the linear order. In this
paper, we calculate the rank of the semigroup .#.#, of all order-preserving partial
injections on an n-element fence. In particular, we provide a minimal generating set
for .#.7,. In the present paper, n is odd since this problem for even n was already
solved by I. Dimitrova and J. Koppitz.

Keywords Partial injections - Finite transformation semigroup - Fence - Rank -
Generators

1 Introduction

Let n € N and denote by 2.7, the semigroup (under composition) of all partial
transformations on the set n := {1,...,n} of the first n natural numbers. The set
#, of all partial injections on n forms an inverse subsemigroup of #.7,. For more
information about the symmetric inverse semigroup .#,, we refer the reader to O.
Ganyushkin and V. Mazorchuk’s book [8].

Let < be any partial order on n. Let « € #2.7,. Then a is called order-preserv-
ing on n with respect to <if a < b = aa < ba, for all a,b € doma. If @ € .7, is
order-preserving then it is a partial injective endomorphism on the digraph (n, <).
Clearly, the set #End(n, <) of all partial injective endomorphisms on (7, <) forms
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a submonoid of .#,, which, in general, need not be inverse. A regular element « in
JEnd(n, <) is characterized by the following property:

a<bsax <ba, foralla,be doma.

Such regular elements in #End(#, <) are called partial automorphisms on (72, <).
The set ZAut(n, <) of all partial automorphisms on (7, <) forms an inverse subsemi-
group of ZEnd(n, <).

A very important particular and natural case occurs when the considered lin-
ear order is induced by the usual order < on the natural numbers. The monoid
P IO, of all partial order-preserving injections on (7, <) has been extensively
studied. Basic information about the monoid &.#0, can be found in [6]. In [14],
the author considers generating sets of the semigroup of all partial injective
decreasing maps of (, <), a submonoid of &.#0,. The maximal subsemigroups
of the ideals of some semigroups of partial injections on (7, <) were determined
by I. Dimitrova and J. Koppitz [3]. In [1], F. Al-Kharousi et al. consider distance-
preserving injections on (1, <). They study the algebraic structure of such semi-
groups, in particular, Green’s relations.

A non-linear order, close to a linear order in some sense, is the so-called zig-
zag order. The pair (n, <) is called a zig-zag poset or fence if

1<2>--<n—-1>norl>2<-->n—-1<nifnisodd
and1 <2>-->n—1<norl>2<--<n—-1>nifniseven.

The definition of the partial order < is self-explanatory. Observe that every element
in a fence is either minimal or maximal.

If the domain of an @« € .7, is n, i.e. doma = n, then « is called a (full) trans-
formation on n. The set .7, of all full transformations on 7 forms a submonoid of
P.7,. The monoid 7%, of all order-preserving transformations within .7, (with
respect to <), i.e. of all endomorphisms on (7, <), was first investigated by J.D.
Currie and T.I. Visentin in [2] and by A. Rutkowski [12]. In [2], by using gen-
erating functions, J.D. Currie and T.I. Visentin calculate the cardinality of J%,
for the case that » is even. On the other hand, an exact formula for the number of
endomorphisms on (7, <) for even as well as odd n was given in [12]. Recently,
in [7], V.H. Fernandes and the present authors determine the rank of .Z.%,. Recall
that the rank of a semigroup S, denoted by rank S, is the minimal size of a gener-
ating set of S,

rank S := min{|A| : A C S, A generates S}.

In particular, a concrete generating set of 7%, of minimal size is given in [7].
Moreover, V.H. Fernandes et al. characterize the transformations on n preserving
the fence. It is worth mentioning that several other properties of monoids of order-
preserving transformations of a fence were also studied. In [11, 13], R. Srithus et al.
discussed the regular elements of these monoids. Coregular elements (i.e. elements
a with the property a@ = &) of these monoids were determined in [10]. Some rela-
tive ranks of the monoid of all partial transformations preserving an infinite zig-zag
order were determined in [5].
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In this paper, we will denote the semigroup of all partial automorphisms on (n, <)
by #.7,, i.e. ZAut(n, <) = #.7,. This inverse semigroup was first studied by I. Dim-
itrova and J. Koppitz in [4]. They described Green’s relations on .%.#,. In fact, they
described only the _¢-relation since the smaller Green’s relations are clear because we
have an inverse subsemigroup of .#,. Moreover, 1. Dimitrova and J. Koppitz show that
F.7, is generated by the set

J, :={a € %7, : ranka >n—2}.

Recall that the rank of a (partial) transformation a (in symbols: rank ) is the size
of the range of a (in symbols: im a), i.e. rank @ = | im a|. For the case that 7 is even,
it is proved that rank .%.#, = n + 1 and a concrete generating set of .#.#, with n + 1
elements is given in [4]. We will summarize the results of [4] in the next section. On
the other hand, the rank of .#.7, is still an open problem, whenever n is odd. We will
solve it in the present paper. We will determine the rank of .#.#, and give a concrete
generating set of .#.#, with minimal size in the case that n is odd.

Without loss of generality, let 1 <2 > 3 < --- > n. Such fences are also called up-
fences. The fence 1 > 2 < 3 > .- < n would be called down-fence. We avoid both nota-
tions up-fence and down-fence. In fact, in order to check a fence is an up-fence or down-
fence, we need that 1 and 2 are comparable with respect to <. Recall that x,y € n are
comparable with respect to <if x <y or x =y or x > y. Otherwise, x and y are called
incomparable. But the restriction that 1 and 2 belong to the fence and are comparable
is an unnecessary restriction for the concept fence since instead of n one could choose
another n-element set or one could define < on n such that 1 and 2 are incomparable.

But if the fence (1, <) is defined as above (which is the most natural way) then we
observe that any x,y € n are comparable if and only if x € {y — 1,y,y + 1}. For gen-
eral background on Semigroup Theory and standard notation, we refer the reader to
Howie’s book [9].

2 The even case

In [4, Theorem 3.15], the authors state that .#.#, = (J, ). In particular, to verify it, the
authors show that two series of partial transformations can be generated by J,. In [4,
Corollary 3.4], the authors prove that

I m=-2 m - m+p m+p+2k+2 - n e )
1 - m=-2m+2k - m+p+2km+p+2k+2 - n n

for all m,p, k € N with m + p + 2k < n. The second series can be obtained by join-
ing Corollary 3.6 and Lemma 3.7 (in [4]). For this let

v 0 if p is even
P *7 ] 1 otherwise,

for any p € N. Then
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1 -m=2 m o m+p m+p+2k+2-v, - n e )
1L m=2m+p+2k-v, -~ m+2k—v,m+p+2k+2-v, - n "

for m,p,k € N with m + p + 2k — v, < n. Clearly, for all U C n, the partial identity
mapping id ;; := id;]|, i.e. the identity mapping id ; on # restricted to U, is a par-
tial automorphism on (72, <). It is easy to verify thatid ;; € (J,,).

For any partial transformation @ of the both previous series, x and xa have
the same parity, for all x in the domain of a. Let &« € .#.7, be such that there is at
least one x € domea such that x and xa have different parity. Then there are
Mis-ees Moo M1 -+ -1y € J, (for some k,I € N) such that nl‘l,...,nk",n,:l,...,nl‘l
€ J,, where x and x(#, ... man, ... n;) have the same parity for all x € dom(#, ...
MMy y ... 1) and rank @ = rank (17 ... mea 1 ... ;) [4, Proposition 3.9].

Using the previous facts, I. Dimitrova and J. Koppitz verify that for all « € .#.7,,
there are ,,®, € (J,) such that ', @;' € (J,), doma C imw,, ima C dom w,,
and x(w;aw,) = x for all x € dom (w,aw,) [4, Corollary 3.14]. This shows that
@100 = 1 4om (@, aw,) € (J»)- Consequently, F.7, = (J,).

If n is odd then using the GAP software, one can observe that .#., is not gener-
ated by the set {a € #.7, : ranka > n— 1}. If n is even then id; is the only auto-
morphism on (7, <). This fact simplifies the situation and one can show that .#.7, is
generated by partial transformations with rank > n — 1. It is easy to see that the only
partial transformation in .#.7, with rank > n — 1is the automorphism id ;. Let

(123 - n

S5\ n 1 een=2)

(1 - n=2n-1n

2=\3 .. g 1)

_ 1 - i—-1ii+1 - n 5 .
pi_<i_1 1 i1 mn)andpi foreveni € {4,...,n}, and

w,:(i R i:1>andq/i2foroddie (1,...,n =3},
In [4, Theorem 4.2], the authors show that G, = {id;,0,,0,} U {p, : i€ {4,...,n}
iseven} U {y; : i € {1,...,n—3}is odd} generates J,. Thus, .#.#, = (G, ). On the
other hand, also using GAP software, one can observe that .#.7, has no (set theoreti-
cal) least generating set, whenever 7 is odd. Since if n is even, there is a generating
set of .Z.#, consisting entirely of partial transformations with rank > n — 1; it is not
hard to see that there is a least generating set of .%.#,. In fact, in [4, Proposition 4.3],
I. Dimitrova and J. Koppitz explain that all the members of G, must be contained in
any generating set of .%.#,. For more details about the proofs, we refer the reader to

[4].
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3 Main result

Let us fix now an odd natural number n. Note that .#.7; consists of the identity
mapping on {1} and the empty transformation @. Since neither of these partial
transformations generates the other, the rank of .%.#, is 2. We suppose now that
n > 3. There are exactly two automorphisms in .#.7,, besides id; € .#.7,, there is
the reflection

(1 2 - n—-1n
'm=\nn-1. 2 1)
I. Dimitrova and J. Koppitz proved .#.#,, = (J,,) for all natural numbers m, which
comprises several pages in [4]. For the case that n is odd, one can shorten the proof.
Therefore, and for the sake of completeness, we will give a new proof for the par-
ticular case that n is odd. For this, we define a series of partial transformations of J,,.
Let
1« i=1ii4+1 - n ;
a,»—<1 il " ---i+1> foreveni € {2,...,n—1},
a; = idp, foroddi € n,

0dd_<1234-~-n> 0dd_< 1 23---n—1n>
2 2 4 .n )1 =\ p=1 1 wen=3 )
even 1234 - n even 1 n=-3n-2n-1n
2 =< 1 4 ...n>’and n—1 =<3 e n—1 1 >
In the case n > 5, we define
0= i i:i z]l-l_-} Jh—L}JjH :::Z>f0r2§i<j§n—l,wherei
and j have the same parity,

1 2 ---J—lJJ+1---n>and

T\ =1 2 4l een
(1 j=1jj+1 - n—-1n .
@, = Lo ml =1 e jt1 forodd j € {3,...,n—2}, and

(1 2 «n-1n
Fn=\ p-1 e 2 '
In the case n > 7, we define
123 - i i+1i+2 - n
odd __
P _<i Doiz2 2 e )™

ewen _ (1 = i=2i=11i4+1i+2 - n

ﬂi _<3 e 1 i+2 - n

Note that " 2% = id;, ;141 for each eveni € {2,...,n— 1}, wa; = id;

for each i € n, and a;;a;; = idy (;; for all i <j € n having the same parity. Fur-

ther, let Par, be the set of all § € .#.7, such that x and x6 have different parity for

some x € dom 6. First, we observe that each 6 € Par, is generated by elements of
FI\Par, and { id;} U {f*%, " i€ {2,4,....n—1}} CJ,

foreveni € {4,...,n—3}.

Lemma 1 Let o6€Par,, Then  there  are fe FIN\Par, and
lisooosbyry.oor, € {idZ} U (B2, B0 1 i€ {2,4,...,n—1}) with
=1 Lpri 1,
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Proof Let x € domé such that x and x6 have different parity. If x is odd
then x6 is even, where x6 —1,x0+1¢ imé. Let f := id;6 jgm Since
by the construction of A7, it holds xf=x6p " =1 and p*" does not
change the parity of every y € dompf{*"\{x6}, one gets immediately that
[{w € domé : w and wé have different parity}| > |{w € dom f : w and wp have different parity }}
Furthermore, BB = 6P oM = §id (15 1x541) = O since
imé Cn\{x6—1,x6+1}.

If x is even then x6 is odd and x—1,x+ 1 ¢& domé. In this case, let
B 1= B°*sid;. Likewise, by the construction of 2%, it holds 15 = 18%%§ = x6 and
po% does not change the parity of every y € dom g\ {1}, one gets immediately
|[{w € domé : w and wé have different parity}| > |{w € dom f : w and wf have

different parity}|. Furthermore, f&"f = " %6 = id; (141,06 =6 since
domé Cn\{x—1,x+1}.

Now, we can consider finstead of §. Since the domain of § is finite, we obtain succes-
sively after p steps I, ..., L, ry ...,r, € {idz} U {p7% " i€ {2,4,...,n—1}}
and f € #.7,\Par, such thaté =1, -- [, fry -1, O

The following fact will be used frequently without further reference. If U is a
convex subset of the domain of a § € #.#, then Us = {x6 : x € U} is also a con-
vex set. Next, we show that any 6 € .%.#,\J, with a convex domain can be gener-
ated by elements of J, and a transformation f € .#.#, with rank f > rank é.

Lemma 2 Let 6 € F7,\J,. If domé is a convex set then there are f € F.7, with
rank f = rank 6 + l and @ € J,, such that 6 = ap.

Proof Suppose that domé is a convex set. Since both inter-
vals domé and imé have length less than or equal n—3, there are
X, WENn such that w—1ww+1€{0,1,....,n,n+1}\domé and
x—1,x,x+1€{0,1,...,n,n+ 1}\ im 6. We define a transformation f by

rp :=réforall r € domé and wp :=

Clearly, p € 7.7, withrank f = rank 6 + land 6 = idy,, 8- O

Lemma 3 Suppose 6 € Z.7 \Par,, , and dom é is not a convex set. Then there exists
Se 77 " \Par, with rank 6 = rank 8 , such that (J,, 5) and the following conditions
hold:

(a) There exists a convex interval 1= {z,z+ l,....,x-1} c dom$ such that
w & d0m5 for all w < z and X & dom§ . Moreover for all a € dom & with
a>x bel 1tholdsa6 > b§.

(b) If|I| > 2 then (% — 2)5 <@G&- 1)5

(©) %6 € {1,2}.
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Proof First, we will show that for a given 6 € %7, \Par, there exist
o € #.9,\Par, with ranké = ranko, such that (J,, 5) and a convex interval
T={3%+1,...,— 1} C dom & that satisfies a).

Let {r,...,r;} be a convex subset of domé with r <. <r, and
rn—1Lr,+1€{0,1,...,n+1}\domé such that aé > r;é for all
a € domé\{r,,...,r,} and i€ {l,...,s}. If there is no we& domé with
w <r; then let o := 4. Otherwise, there exists wy, € domé with wy < r. Let
{z,z+1,...,x—1} C domé be a convex interval with z < z+ 1 < --- < x— 1 such
that w & domé for all w < z, and x € dom 6.

— Let r; be odd and put «, :=y,. Note that y,a,_, 7,7,,_, 7,6 = 6. Denote by
O = Y@y Vy0, 1.€. 7,0, _, y,0 = 6. Observe that if r; # n, we have

(1 2 rr+lr+2 - n—-1n s
o= rgrg—1 1 re+2 -n—1n)”

whence ranké = ranko. This shows (also for r,=n) that aoc < bo for
a<r,—r+1 and b€ domo\{l,...,r,—r;+1}. We put Z:=1 and
Xi=r,—r +2.

— Let r; be odd and let r; be even. Note that a, _,7,7,a, ;6 = 6. Denote by
o =7, _;6,1e. a, 7,0 = 6. Observe that

<1 ---n—r1+1n—rl+2n—rl+3---n)
o= 0,
ry o n ry—2 1

whence ranko = ranké. This shows that ac < bo for a <r;—r; +1 and
be domo\{l,...,r,—r;+1}. Weput? :=landX :=r,—r; +2.

— Let r, and r,; be even. Let p :=max{z0,...,(x —1)6} be odd and recall that
ay 1=y, Note that 6= dy,a, ,7,7,,_,v, Denote by o =Séy,a,y, ie.
6 = 07,a,_,7,. Observe that if p # n we have

=5 1 - pp+1p+2 --n+1ln
= p 1 p+2 - n+ln)

whence ranko = ranké. This shows (also for p =mn) that ac < bo for
a€{z,...,x—1}and b € domé\{z,...,x — 1}, where dom ¢ = dom §. We put
Z:i=zand X :=x.

— Letry, ry, and p be even. Then 1 € im 4. Note that 6 = da, @, ,4;- Denote by
6 =6 ,,, 1.e.0ay ,,; = 6. Recall that

_ 12 -pp+1p+2 o n
5al,p+1 _5< p - 2 p+2 e n ’

whence rank ¢ = rank 6. This shows that ac < bo for a € {z,...,x— 1} and

b e domé\{z,...,x— 1}, where domo = domé. Weputz :=zand X := x.
Now, we will construct a transformation v € .%#.%,\Par, such that ¢ € (Jn,g),
rank v = rank o, and there is a convex interval 1= {z,z+1,....,x=1} c domv
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that satisfies a) and b) additionally. If X — 1 >7Z and X — 2)c < (X — 1)o then let

v :=¢. Suppose that X — 2 € dom o with (X — 2)6 > (X — 1)o.

— If 7 is odd, we define v := oy,a, 3,7, = 6(216 Zf- w+l %ZI% :),
whence rank v = rank ¢. Moreover, since it holds o = (67,0, _3,7,)7, %35 Yn» WE
get 6 = vy,a,_3,7,. Further, we have (x — 2)v < (x — 1)v, where domv = domo,
andweputZ :=7Z and X :=7X.

— IfZis even and X — 11is odd, we define

) 1 ..X-1X%X+1 ...n
VeET%Gwan® = %1 F+1 ..n )%

X
whence rankv = ranko. Moreover, since it holds
0 = 7,0 501 VnVn@is1¥n0)s We get o6 =y,a, 5,,7,v. Further, we have
G-CFZ+DH-2v=G-Z-Ww<@-2Qv=G -G+ 1) = 1), where

imv=imo,andweput? :=landX :=X-Z+ 1.
— If 7 and X — 1 are even, we define

V.= az_lxo:

1 --7-27-1 7 - X=1%%+1 - n .
Recall that o;_ 30 = z ¢ L ~ o o if
= 1 - 7=2 X=low 7 +1 - n
~ 1" 2 - Xx=-1XxXx4+1--n
7>4 and a0 = ~ ~ o, whence
, x—1 . 2 X+1 - n

rank v = rank 6. This shows that (¥ —2)v < (¥ — 1)v and we put Z :=7 and
X=X
If Zv € {1,2} then & = vis the required transformation. Otherwise, let

o 34 ... n lEV;IJ
5‘=V(12 ---n—2> '

Then 35 € {1,2} as required. O

We note that the empty set is convex. So, the empty transformation @ is a product
of two transformations with rank > 1. Now, we can prove the following proposition,
which is a particular case of Theorem 3.15 in [4] for n is odd.

Proposition 1 .#.7, is generated by J,,.

Proof Recall that g € (J,) for all g € #.#, with rank # > n — 3. By induction, we
assume that g € (J,) for all p € #.Z, with rank f > n — r for some r € {3,...,n}
and we will show that 6 € (J,) for all 6 € #.#, with ranké =n —r. Let now
6 € .7, with rank 6 = n — r. By Lemma 3.1, we can restrict ourselves to the case
6 € #I \Par,. Let domé be a convex set. By Lemma 3.2, there are f € #.9,
with rank f = rank 6 + 1 and @ € J,, such that § = af. Since f € (J,) by the induc-
tive assumption, we obtain § = af € (J,). Thus, we can assume further domé is
not a convex set. Then by Lemma 3.3, we can restrict ourselves to the case that the
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domain of 6 contains the interval {z,...,x — 1} such that w ¢ dom 6 for all w < z,
x & domé, and z6 € {1,2}. We put now

a .= (x-1)6.

Since x ¢ domé and vé > (x — 1)é for all v € domé\{z,...,x — 1}, it holds that
a+1¢& imé.

Case 1: x+ 1 € domé.

If x+1)6 =a+2 then we define a partial transformation §, by vf, = vé for
ve domé and xp, =a+ 1. Clearly, g, € #.7, with rankf, > n—r. We have
6= axaxﬂl € <Jn> (*)

Now we show that there is 6* € .#., with vé6* =vé for ve {z,...,x—1}
and (x+1)6* =a+2 such that 6 € (J,,6*). Then ranké* > ranké =n—r. If
rank 6* = n — r then 6* € (J,,) by (*). Hence, 6 € (J,,6*) = (J,).

Case 1.1: Suppose that a + 2 € dom 6. Then there is y € dom 6 with y6 = a + 2
since vé < a for all v € domé with v < x, we conclude that y > x + 1 (the case
y = x + | has been already considered in (x)). Note that (x — 1)6 = a and y6 = a + 2
have the same parity. Hence, x and y + 1 have the same parity, a principle fact for the
further considerations.

(D) If y+1¢& domé then we put §, :=«, ., whenever y <n, and f, :=a,,
whenever y=n. Clearly, p, €J, Then 6= p,$,6, where vp,6=vé for
ve{z, ..., x—1}and (x+ 1)$,6 = a+ 2. So, 6* := p,0is as required.

Q) Ify+1€ dométhen(y+1)6 =a+3andy—1¢ domésincea+ 1 & imé.

(2.1)If y — lis even then 6 = a,_,a,_;6, where var,_;6 =vé forv € {z,...,x — 1}
and na,_6=a+2. By (1), there is f €J, with ffa_6=a, 5 and
0" := f a,_;6is as required.

(2.2) If y—1is odd and there is an odd m > y+1 with m & domé then
we have 6=ay_,,a_,,0, where va,_,,6=vs for ve{z..,x-1}
(m— l)ay_lymﬁ =a+2, and m ¢ dom (ay_l’mé). Then by (1), there is ﬂ' € J, with
ﬂ'ﬁ/a,_l’mé =ay_,0and 6" 1= ﬁ’ay_lymé is as required.

(23) If y—1 is odd and each m € n\ domé with m >y+ 1 is even. Since
x+ 1€ domé, thereisaneveni > a+ 2 withi & imé and (i + 1) € im 6 such that
i+2=(x+1)6 since x+ 1is even, (x+ 1)6 >y6 =a+2, and v € dom 6 for all
odd v > y. Hence, there is u € dom é withu,u + 1 ¢ dom 6, where u is even.

If wu>x then we have 6=a,a,6, where va,6=vé for
veE domén{z,...,u—1} and m+u—-y+Dad=yo6=a+2, where
m+u—Qy-1)+Da,=y—1¢& domo,ie. (n+u—y+1)+1) & dom(a,5). By
(1), there is ' € J, with ' f a,6 = a,6 and 6* := f a,6 is as required.

If u<x then 1,2 ¢ domé. We have a,7,7,a,6 = 6, where vy,a,6 = (v +2)6
for ve{l,...,n=2} with v+2€&€ domé. Then (y-2)y,a06=a+2,
y—3¢& domy,a,0, and n ¢ dom (y,a,0). As in (2.2), we can conclude that there is
p' € J, such that §* := ﬂ'a},_ LnYn®26 is as required.

Case 1.2: Suppose that a + 2 ¢ dom 6.

() If x+1)6+1¢& imé then we 6 =03, 11)501%+1.+1)s+10  Where
V0,1 sl = VO for v E {z,...,x =1} and (x+ 1)da, i1y541 = @+ 2. This
shows that 6* 1= 6@, | (r+1)54+1 18 as required.
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(2) Suppose now that (x+ 1)6+1 € imé, ie. (x+1)6 — 1 & imo. If (x+ 1)o
is even then a + 2 is even and we put f; = a,,,. If (x+ 1)6 is odd then we put
B := a(i1y5-1- Clearly, p3 € J,, 6 = 6f; 65, where vép; =vo forv € {z,...,.x — 1},
and a+2¢& imof; Since (x+1)6—1¢& imo, we can calculate that
(x+ 1D)dp; + 1 & imé6p;. By Case 1.2, (1), we have that 6 1= 6650, (v1)5p,41 1S
as required.

Case2: x+ 1 ¢ domé.

(1) If a+2¢& imo, we define a partial transformation f, by vf, =vé for
v € domé and xp, = a + 1. It is easy to verify that g, € #.7, with rank , > n —r.
Then we have 6 = a, .o, f, € (J,,).

(2) Suppose a + 2 € im 6, i.e. there is y € dom 6 with y6 = a + 2.

(2.1) If y+1¢& domo then we obtain 6 = a, ,,a,,,,6, where va, .6 =v6
forve{z...,x—1}, and (x + l)ax’yﬂé =a+ 2. Then by Case 1, we obtain that
a)r,y+1(S € (Jn>? ie. 6= x,y+1ax,y+16 € <Jn>

22) If y+1 € domé then y—1 ¢ domé and we take i € {0, 1} such that
x+iis even. Since x +i ¢ domé, we have 6 = a,,;a,,;6, where va, ;6 = v6 for
veE{z...,x—1}. In particular, we have n—y+x+i+ a6 =a+2 and
n—y+x+i+2¢ dom(a,,;6). By Case 1 (if x + 1 € dom(a,,;6)) and by Case 2,
(2.1) (ifx + 1 ¢ dom (a,,;6)), respectively, we can conclude that 6 € (J,). O

Now, we construct a generating set of .%.#, of minimal size. By Proposition 1 and
since no element in J, can be generated by elements which do not belong to J,, we
have to find a generating set of J, of minimal size. For this, we define

. odd peven
G3 ~—{V3’051’052, 2 o }

and

G,:={y}Ufaq:i€ {1,3,...,%}15 odd}u
{a; i€ {2,4,...,n—3}iseven}yu
{podd, peven : i€ {2, ..., " }is even}u
{a;; 1 i,j € nareodd withd <j—i<n—-1,i<n—j+1},

whenever n > 5.

Lemma 4 Let 6 € J, N Par,. Then there is exactly one x € dom 6 such that x and
x6 have different parity. In particular, it holds x6 € {1,n}or x € {1,n}.

Proof Since 6 € Par,, there is an x € domé such that x and x6 have differ-
ent parity. Assume that x is even and x6 ¢ {1,n}. Then x — 1,x+ 1 € domé and
x6—1,x6+1 ¢ im4. Since x5 — 1,x6 +1 € {2,...,n— 1}, we have % —2 even
elements in im 6. Hence, since rank 6 > n — 2, there is only one y € dom 6 such that
y and yé have different parity, namely x. So, we have % — 2 odd elements and %
even elements in the domain of 6. Since x6 — 1,x6 +1 € {2,...,n— 1}, we have
2L _ 2 even elements in the image. So, 6 maps the L even elements to % —2even

. —1 ..
elements and one odd element, i.e. to "T — 1 elements, a contradiction.

@ Springer



The rank of the inverse semigroup of partial automorphisms. .. 447

If x is odd then x6 is even and by the dual argumentations we obtain that
x € {l,n}. O

Lemma5 Leté € J,. Thené € (G,).

Proof If rank6 =nthené =y, € G,oré = id; =vy,7, € (G,).
Let now rank 6 = n — 1. Then there is i € n\\ dom é.
Case 1: Let i be even. Then we have 8 types for é:
1 . 1 )

5= I «-i=1ii+1 - n _J o, €G, if i<n-1
T\l i=1  on i+l )T o, =v,a7,€(G,) fi=n—1;

o= (1 T ) = ey

1.3)6 = l._ll N i_ll lii} :::Z>=ynan_,~+17ne<Gn>;

14)6 = l._llz:i_lli’.;l:::Hl)—annmne(G)
156=(1 :--nl—_ij-le-il_l o0 ) a7, € (G,

1.6) 6 = i nl—_lj-le’ltll 3 1>—a 7u € (G,);

1.7)6 = n_1+2 :"l;“;tll :::'{) Yol € (G,

1.8) 6=<n—1+2 . IZIHH o > @i @7,) €(G,) (2

composition of cases 1.7 and 1.3).
Case 2: Let i be odd. Then «a; = b l._l ! l.+1 e
1 ...i—=1 i+1 ...n

Letz>ﬂ Thenn—l+1_2(ﬂ)— <2(”;—1)—ﬂ=ﬂ ie.a, ;,, €G,. So,

. n+1
(S Gn for i < T

2 2
we havea = Y ®y_ip1¥n € (G,)- Further there is one more type for § € J,;:
1 ... i—-1 ii+1 ...n
0= <n Lon—i+2 n—i .. 1> = a7, €(G,).

So, we have shown that 6 € (G,), whenever rank § > n — 1. It remains to show that
6 € (G,), whenever rank 6 = n — 2.

123 ... i i+1i+2 ...n
. odd _
Let i be even. Then we have % = i1 -2 iv2 n> €G,
, 1 ... i=2i-1ii+1i+2 ...n . onl
even _ < =
and f 3 1 it2 . n €G, fori 5 Is even. Let
i>™% be even. Then n—i+1=2(")—i <2(@)—%=”§—‘, ie.
cven M €G,. So, we have ﬂ”dd—a2/3"l’d[ L . €(G,) and

ﬂfve” = }/n ;_K‘Zj'laze <Gn> ] ) )
Let now i,j € n\ dom é with i < j.

Suppose that i and j have the same parity with4 <j—i < n — 1. Then
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(1 i—liitl o j=1jj+1 .n
“w“<1...i—1 j=1 i+l j+1 ..n) SO

for i<m—j+1. Let i>n—j+1. Then n—j+1<i=n—-m—-i+1)+1, ie.

&,

—j+1,n—i+1 € Gn’ and we have ai,j = ynan—j+l,n—i+lyn € <Gn>

After these preliminary remarks, we discuss all possible types of 6.
Case 3: Leti = 1 and j = 2. Then we have 4 types for 6:

3.1)6 = 12;:::2 = aja? € (G,);

32)6= 123:::’; = a1, € (G,);

336=("127 0 ") =aay, € (G

sas=(17 3 ") =y, €6y

Case 4: Leti = 1 and j = n. Then we have two types for 6:

N R EETRCS and
o= (1,2 ) mamn e @)

Case 5: Leti = 1 and let j > 4 be even. Then we have 8 types for §, which are the

compositions of a; and the eight types in Case 1:

51)6= 1,131 :::n];;izjjtl :::n'ij>=a10€;ne<6n>;
se=(, T ) e <
smo= (!, Ty L ) = < (6
sa=(',2) 0 L ) s e o
55)5 = 11—22 AR :::]L) = 017,011, € (G,);
ses=('.2, I Z) = @1yt Tn € (G
sma= (13 TV ) s e

58)5 = 13 “;:}jj—;lmj_:l1>=alw€<Gn).

Case 6: Leti = 1 and j = 3. Then we have 6 types for 6:

6.1)6 = 1234"'Z> aa; € (G,);

6.2)6 = 1n_1 43 :::'1’>=a1a3n€<Gn>;
63s=('275 " > o e G

6.4)6 = 1i3ni3 :::”)— ceny € (G,);
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123 4 --n

656=( |7, _, .. 3)=K"ne(G,):

6.6)6 = 123‘2‘:::;1?2 = " ayy, € (G,).

Case 7: Leti = 1 and let j > 4 be odd. Then we have 4 types for 6 :
o= (1,2 5L ) sen e 6
72 5=(" _J2.+2 ___i:ll”n“”"l’ =a,,7, € (G,);
o= (12T ) g o

= (1,2, R ) s

Case 8: Leti = n. Then we can show that 6 € (G,) dually as in the cases 3 until 7.

Case 9: Leti = 2 and j = 3. Then we have 6 types for 6 :
_ l 2 3 4 e n _ podd .

ONs=\,"" 4 .., )=F“EGC,
_ 1 23 4 - n\_ u

9.2)6=( n_3__.1>— Yu € (G

9.3)5 = } 23 j ) =aday e (G
oas=( 127 ) — ey, € (G
9.5)6 = i“nil L) mmas (G
965= 123 3 o) = may, € (G

Case 10: Leti > 4beevenand j =i+ 1, i.e.
5= 1 - i—=1 ii+1 i+2 - n
T\1S - (i1 (i+2)% - né )’

In Case 8, we have argued that all transformations « in with ranka =n —2 and
n & dom a are generated by G,.. So, we have

1o i=1 Qi1 e P42 n
<15 w (= DF  nE e ((+2)5 >€<Gn>
and

I oo =1 Qi+l - i+2 n
5‘“!‘(15 e =1)§ 16 - (i+2)5 >E<G">'

Case 11: Leti > 3 be odd and let j =i+ 1. Then j is even and we can dually show
that 6 € (G,) as in in the previous Case 10.
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Case 12: Let j be even and leti > 2 withi + 1 <j. We observe that im ¢ is deter-
mined by the order of the elements 16, (i + 1)6, and né. So, we have to consider 6
cases and define a mapping 6, € (G,,) as follows:

12a) If 16 < (i + 1)6 < nd then let

PR 2=<1-ui—lii+1-~j—1jj+1.”n>‘
0 i ;

4

T 1 vi=1 i4+1 «j—1 j+1 -n

12b) Let 16 < né < (i + 1)é. Note that if i is odd then we have to have that j = n — 1.
We put

aa? = e l._1”+1 ],_1. ] j+.1 o if i is even
5 = v 1 i=1 n o en+i—j+2 n+i—j - i+1
0= podd, — 1 «i-1lii+l -~ n-2n-1 n £ is odd:
Y ,1_iyn_ 1 - i—=1 i+3 - n i+1 e ’

12¢) If (i + 1)6 < 16 < né then let

I e =1 i i41 e j=1jj+1 wn
2 _ )
S0 '—“iynan—jﬂyn_(j_] v jmitl je—i=1 - 1 j+1 n)
12d) If né6 < 16 < (i + 1)6 then let

1 e i1 i i+l e j—1jj+1 «n
e 2 _ .
%'_%%ﬂ*ﬁl_<n—j+2-nn—j+i n—j+i+2 - n  n—j 1)

12e) Let (i + 1)6 < né < 16. Note that if i is odd then we have to have that j = n — 1.
We put

oy, = Lo l_.l pidl .]_.1 J.J-l._l “ M) dfiiseven
5 = Jor n--n—i+2 1 e j—i=-1 j—i+1 - n—i
0= 1« i=1 i i+41 -« n-=-2n-1 n
odd _ Ty .
“&4"(n.~n—i+2 jmi=1 e 1 n—i if ¢ s odd;

12f) If né < (i+ 1)6 < 16 then let

1o i=1 i+l o j=1 jj+1 - n
e 202
50’_aiajy”_<n cen—i+2 n—i n—j+2 n—j - 1)

Now, we define transformations 6,, 6,, and 5 in (G,,) as follows:

(1 i ldi+l -in\ .
Si=\io 1 41 e )T In%mist?n if
16— (i — D6 # 16, — (i — 1)éy;
A TR S S e S [ T A .
e N T T T O I T B it
i+ 18— (G — 15 # G+ 1)8,— (— 1Sy
A BT B i e . _
63.—<1 i1 " ---i+1>_ai if (4 1)6—no # (i+ 1)6, — nody;

and §; := id;, fori € {1, 2,3}, otherwise. Then 6 = 6,6,8;6, € (G,,).

@ Springer



The rank of the inverse semigroup of partial automorphisms. .. 451

Case 13: Let i be even and let j < n — 1 with j — 1 > i. The we obtain dually as in
Case 12 that 6 € (G,).

Case 14: Leti,j € {3,...,n—2} be odd. We observe that im 6 is determined by
the order of the elements 16, (i + 1)8, and n6. One observation more is that j —i = 2,
whenever (i + 1) is the least or greatest element of these three elements 16, (i + 1)4,
and noé. Moreover, only 6 restricted to {i + 1,...j — 1} can be orientation-reversing,
namely in the case j — i > 4. Thus, we have 8 types of 6 :

ns=(y TIT I T ) @ e g6
sy T T ) = e e
was=(, 7,0 L ) = e 6
o=, 1, DL D) =@
o= (3 i I D) s e

wos=() 7, LY L ) e e
ane=( D T ) = e e @)
o= (L, 0, L L) e

Now we have considered all possibilities for i and j. Consequently, 6 € (G,),
whenever rank 6 = n — 2. O

Lemma 5 shows (J,,) = (G,,). Thus, Proposition 1 provides that G, is a generating
set for .7,

Corollary 1 .7, = (G,).

The following example gives a minimal generating set for n = 5. It should help to
understand the generating transformations of .%.7, for any n.

Example1 {ys5,a,, o, a3, ﬂ;d" p5’"}is a generating set for .#.75 where ; i g 421 ?
_ 12345\ _ 12345\ _ 12345\
=75 2345) % 12 45)=% 1 543)%%

12345 . 12345
(2 45>= 2dd’a“d< 1 45>= 2

It remains to show that G, is a generating set of minimal size. It is use-
ful to classify the partial injections in .Z.#, with rank n—1. For 1 <i< 2,
let R, :={a€ %Y, : doma=n\{i} or doma=n\{n—-i+1}} Clearly,
UIR, : 1<i< == ”+1 =} ={a e %7, : ranka = n— 1}. Moreover, any generating set
of #.7, contains elements from each R;, 1 <i < — ”+] , as the following lemma will
show.
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Lemma 6 Let GC.%7, with %9,=(G). Then GNnR;#@ for all

ie{l,z,...,%.

Proof Assume thereisani € {1,2,.. "+l } with GNR; = @. Then a; ¢ G and there
are g, ..., 8, € G\{id;} such that o; = g g, where 881 F idj for1 <k <.
This implies rank g; = n, i.e. g = ¥,, or g; € R;. The latter one is not possible. But
g1 = v, provides rank g, = n, i.e. g, = ¥,, and thus g,g, = id ;, or g, € R;. Both are
not possible. a

Now, we are able to state the minimal size of a generating set of .#.7,. It will
coincide with the size of G,,, which gives us the rank of .%#.7,.

Proposition 2 Ler G be a generating set for F.7,. Then |G| 25 if n=13 and

Gl > "= 4 [?J [%Jifnzs.

Proof Since y, and id, = y,, are the only transformations in .%.#, with rank n, we
can conclude that we have at least one transformation with rank » in G, namely y,,.

Lemma 6 provides that there are at least [ﬂ transformations in G N (J{R; : 1 <
< =2 iis odd}, Where[ 1— ’{m e{l,..., ﬂ} L mis odd}‘. Moreover, there is at
least one element in G N R,, by Lemma 6. If n = 3 then we have at least [ﬂ +1=2

elements in G with rank n — 1.
Suppose that n > 5. If 2t is even then there is at least one element in G N R 1, by
2

Lemma 6, too. If n = 5 then we have at least [ﬂ +1= H + ? elements in G

with rank n — 1. If n = 7 then we have at least [ﬂ +141=

G withrankn — L
Let now n > 9. As already mentioned, we have |G N R,| > 1 and |G AR

ﬂ + % elements in

> 1,

whenever 2! is even. Let now i € {4,. T} be even. By Lemma 6, we can con-
clude that [GNR,| > 1. Assume that |GnR | = 1. Then there is a € .Z.7, with
G NR; = {a}. Note that any transformation in R; (j € {1, . "“ }) has a domain as
well as an image of the form 7\{i} or n\{n —i +1}. Then we conclude that if
B, B, € ﬂf with rank (f,8,) > n— 1 then B, f,, b, € R;U {id;,7,} for some
Jje{l,. ad } Hence, any element in R; is generated by 1dn, 7,» and a. We have
two cases:

— Ifima = doma then @® = @ and rank (ay,a) < n — 1. Thus
(idgy,a)u{0 € FI |rankd >n—1} =
{id;, 7, @, a2, Yo, yn(xz, ay,, az}/n, YOV s yn(xzyn}.

— If ima# doma then imay,= doma, ima = domy,a,(ay,)’ = ay,, and
(7,a)* = y,a. Thus
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(idj, 7, @)U {0 € FI |rankd >n—1} =
{id 7, ¥ @, @Y, 0, ¥V, @, ¥, Q7,0 XY XY, QY s Vi O s Vi XY, AV, }-

This shows that |( G)n Ri| = 8. On the other hand, the elements in R; have pairwise
different image or different domain, or different image of 1 or different image of n.
This mean that R, contains 16 elements, namely

— 2 2
Ri - {ai’ Ai¥n> a,’ 4 a,‘ Vs Vn@n—ix1Vns OV n®p—ig1Vns Ci¥nXn—ip 1> Fn—ig 15

2 2

Fn—it1Vn> Xy 1> ¥y 1Vn )
Thus, (G)NR; &R, a contradiction. If % is even then
"7 = |{m € {4,...."2}} t miseven}], i.e. we have at least 1 + 1 +2<§> =2
elements in GNJ{R,: 1<i < ”er—l, i is even}. If % is odd then
? = |{m € {4,...,%} : miseven}|, i.e. we have at least 1 +2($) = % ele-
ments in G N U{Ri 1<i< "—;1, i is even}. Altogether, we have at least [ﬂ + %

elements in G with rank n — 1, whenever n > 5.

Assume that |G N Par,| < Zl%J, where l%J = |{m e {2,...,%} tmis
even }|. Note, there exists exactly one x € dom a with x and xa have different parity,
whenever a € J, N Par,, by Lemma 4. This provides that there is an even
jef2,..., %‘ such that ja,(n—j+ Da & {l,n} for all a€G or
la,na & {j,n—j+ 1}foralla € G.

Suppose that la,na & {j,n —j+ 1} for all @ € G. In particular, this implies
that f? ¢ G. Hence, there are g, ..., g, € G\{id;} such that g/ =g, - g,.
Since lﬁ]f‘d" and 1 have different parity, we conclude that there is
k€ {1,...,s} such that g, € Par,. Without loss of generality, we can assume
that g, & Par, for k <r <s. By Lemma 4, then there is an even m € n such
that 1g, =m or ng, =m. Since 1g,,ng, & {j,n—j+ 1}, we conclude that
m¢{j,n—j+1}. Note that imﬁj”dd =n\{j-1,j+1}. If k=s then
imﬂjf’dd = im(g, - g,)=1img, =n\{m—1,m+1}#n\{j—1,j+ 1}, a contra-
diction. If k < s then we put

8 = 8ks1 " 8

If g = id, then we get a contradiction by the previous arguments. If g =y, then
imﬂ]f’d‘l =im(g, g8 ={n—-mn—-m+2} #n\{j—1,j+ 1} since
m ;é' n—j+1, a contradiction. If rankg=n—1 then img=n\{j—1} or
img =n\{j + 1}. First, we consider the case img =n\{j — 1}. Since j— 1 is odd,
we can conclude that g € {a;_;,7,;_; }. Suppose that g = «;_,. Since rank (g *-- §,8)
= rank g, =n—2, we have img, € domg. This implies j—1€ {m—1,m+1}.
Because of j#m, we have j—1=m+ 1. This provides m—1=j—-3, i.e.
J—3 & img, = im(g, - &) = im(g; -+ ga;_;) = Im(g; -+ g&), a contradiction.
Suppose that g = y,@;_,. Clearly, domg = n\{n —j+ 2}. Then im g, C dom g pro-
videsn—j+2e€{m—-1,m+1}.Butn—j+1+#mgivesn—j+2 =m— 1. Hence,
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m+l=n—-j+4 and we obtain J=3=n—-j+dyr,a_,. Thus
j—3¢& im(g, - g8, a contradiction. Dually, we can treat the case
img=n\{j+1}. If rankg=n—2 then img =n\{j— 1,j+ 1}. Since both j—1
and j+1 are odd, we can conclude that domg=n\{j—1,j+1} or
domg =n\{n—j,n—j+2}, since g =a;_a;,, or g =y,a_,a;,,. But because of
m#n—j+1and m+#j, we have m—1#n—j and m — 1 #j — 1, respectively.
This implies img, = {m — 1,m+ 1} # dom g, a contradiction.

Suppose that ja,(n —j+ )a & {1,n} for all @ € G. Then we conclude dually
that there are 6,,...,6, € G\{id;} such that ﬁj””' =0,--6, but
dom (9, - 6,) # dom ﬁjm”, i.e. we obtain a contradiction, too.

Suppose that n > 5. By straightforward combinatorial calculations, one obtains

that there are exactly HJ [%J — 1 pairs (i, j) of odd numbers i,j € n with

4<j—i<n—1andi<n-—j+ 1. Assume that there are less than HJ l%J -1

elements in G\Par, with rank n —2. Note that for odd numbers i,j € n with
4<j—i<n—landi<n—j+1,itholds4<(n—i+1)—(n—j+1)<n—1but
m—j+1)>n—(m—i+1)+1, whenever i # n—j+ 1. In particular, i =n —j+1
implies j =n —i+ 1. This justifies the existence of a pair (i, j) of odd numbers
i,jen with 4<j—i<n—1and i<n-—j+1 such that doma # n\{i,j} and
doma #n\{n—i+1,n—j+ 1} for all « € G. In particular, a;; & G and there are
hy,....h, € G\{id;} such that «;; =h ---h, Note that each a € #.9, with
doma = n\{v} for some odd v € n is either order-preserving or order-reversing.
Assume that rank hq >n—1forallg € {1,...,u}. Since ; J is neither order-preserv-
ing nor order-reversing, there is an even v € n with v ¢ dom (h, --- h,,), a contradic-
tion. This implies the existence of a k € {1,...,u} with rank s, = n — 2. Without
loss of generality, we can assume that rank &, > n — 1for1 < ¢ < k. In particular, an
odd number is missing in domhq, for g € {1,...,k}. Let domh, = {s,¢}. Since
h, € G, we have {s,t} # {i,j} as well as {s,t}#{n—-i+1,n—j+1}, ie.
{n—s+1Ln—t+1}#{ij}. Clearly, domh,6 C imh,_, for 1 < g <k. Therefore
and since h, is order-preserving or order-reversing for 1 <g <k, there is
he{id,,y,} such that h--h,_ h, =hh,. Hence, dom(h-h)={s,t} or
dom(h, - h)={n—s+1,n—t+1}. Since rank(h, - h) =2 = rank (h; -+ h,),
we can conclude that dome;; = dom(h; ---h,) = dom(h; - hy) # {i,j}, a
contradiction.

Altogether, we have shown that |G| >1+2+ ZlﬂJ =5 if n=3 and
G| > 1+ [ﬂ + % + 2["%J + HJ [#J — 1, whenever n > 5. It is easy to verify
+

o [ 22 [ [ ]2 = 2] 2] - e

=

n+6 || n+7 n=3 _ n=5 nt6 | | n+7
|G|Z[TJT —-1+==== +l4“4J,whenevern25. O
It is easy to calculate that
n n—3 n+1 n n+2 n=>5 n+6 n+7
Gl =1+ 3|55 2|5t 5] [ - 1= 2 [ [57] whenever

n>5, and |G3| = 5. Together with the calculations for the even case in [4], we
obtain the following ranks:
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5 ifn=3
Theorem 1 rank .#.7, =3 '+ 1 if nis even
=y [%J [%J if nis odd.
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