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Fences

n be even natural number

[n] = f1, 2, . . . , ng
Fn := f(2i , 2i � 1), (2i , 2i + 1) : 1 � i � n

2 g
Fn =: ([n] ,Fn) fence (or zig-zag ordered set)
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Crowns

Cn := Fn [ f(n, 1)g

Cn =: ([n] ,Cn) crown (cycle)
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Full Transformations

Tn : set of all f : [n]! [n] (of all full transformations)

f 2 Tn
f preserves Fn:

(x , y) 2 Fn ) (xf , yf ) 2 Fn
f preserves Cn if (x , y) 2 Cn ) (xf , yf ) 2 Cn
f is order-preserving from Fn to Cn if (x , y) 2 Fn ) (xf , yf ) 2 Cn
f is order-preserving from Cn to Fn if (x , y) 2 Cn ) (xf , yf ) 2 Fn
TFn set of all transformation preserving Fn
TCn set of all transformation preserving Cn
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Partial transformations

A � [n]

f : A! [n] is called partial transformation on [n]
Pn set of all partial transformations on [n]

f 2 Pn

domf = A domain of f

rangf = Af = faf j a 2 Ag range of f

f is called preserve Fn (Cn, resp.) if

(x , y) 2 Fn ) (xf , yf ) 2 Fn
((x , y) 2 Cn ) (xf , yf ) 2 Cn, resp.)

for all x , y 2 domf .
PFn set of all f 2 Pn preserving Fn
PCn set of all f 2 Pn preserving Cn

Jörg Koppitz (Institute) The Generators of the Semigroup of all Transformations Preserving a Crown18/12/20 6 / 15



Partial transformations

A � [n]
f : A! [n] is called partial transformation on [n]

Pn set of all partial transformations on [n]

f 2 Pn

domf = A domain of f

rangf = Af = faf j a 2 Ag range of f

f is called preserve Fn (Cn, resp.) if

(x , y) 2 Fn ) (xf , yf ) 2 Fn
((x , y) 2 Cn ) (xf , yf ) 2 Cn, resp.)

for all x , y 2 domf .
PFn set of all f 2 Pn preserving Fn
PCn set of all f 2 Pn preserving Cn

Jörg Koppitz (Institute) The Generators of the Semigroup of all Transformations Preserving a Crown18/12/20 6 / 15



Partial transformations

A � [n]
f : A! [n] is called partial transformation on [n]
Pn set of all partial transformations on [n]

f 2 Pn

domf = A domain of f

rangf = Af = faf j a 2 Ag range of f

f is called preserve Fn (Cn, resp.) if

(x , y) 2 Fn ) (xf , yf ) 2 Fn
((x , y) 2 Cn ) (xf , yf ) 2 Cn, resp.)

for all x , y 2 domf .
PFn set of all f 2 Pn preserving Fn
PCn set of all f 2 Pn preserving Cn

Jörg Koppitz (Institute) The Generators of the Semigroup of all Transformations Preserving a Crown18/12/20 6 / 15



Partial transformations

A � [n]
f : A! [n] is called partial transformation on [n]
Pn set of all partial transformations on [n]

f 2 Pn

domf = A domain of f

rangf = Af = faf j a 2 Ag range of f

f is called preserve Fn (Cn, resp.) if

(x , y) 2 Fn ) (xf , yf ) 2 Fn
((x , y) 2 Cn ) (xf , yf ) 2 Cn, resp.)

for all x , y 2 domf .
PFn set of all f 2 Pn preserving Fn
PCn set of all f 2 Pn preserving Cn

Jörg Koppitz (Institute) The Generators of the Semigroup of all Transformations Preserving a Crown18/12/20 6 / 15



Partial transformations

A � [n]
f : A! [n] is called partial transformation on [n]
Pn set of all partial transformations on [n]

f 2 Pn

domf = A domain of f

rangf = Af = faf j a 2 Ag range of f

f is called preserve Fn (Cn, resp.) if

(x , y) 2 Fn ) (xf , yf ) 2 Fn
((x , y) 2 Cn ) (xf , yf ) 2 Cn, resp.)

for all x , y 2 domf .

PFn set of all f 2 Pn preserving Fn
PCn set of all f 2 Pn preserving Cn

Jörg Koppitz (Institute) The Generators of the Semigroup of all Transformations Preserving a Crown18/12/20 6 / 15



Partial transformations

A � [n]
f : A! [n] is called partial transformation on [n]
Pn set of all partial transformations on [n]

f 2 Pn

domf = A domain of f

rangf = Af = faf j a 2 Ag range of f

f is called preserve Fn (Cn, resp.) if

(x , y) 2 Fn ) (xf , yf ) 2 Fn
((x , y) 2 Cn ) (xf , yf ) 2 Cn, resp.)

for all x , y 2 domf .
PFn set of all f 2 Pn preserving Fn

PCn set of all f 2 Pn preserving Cn

Jörg Koppitz (Institute) The Generators of the Semigroup of all Transformations Preserving a Crown18/12/20 6 / 15



Partial transformations

A � [n]
f : A! [n] is called partial transformation on [n]
Pn set of all partial transformations on [n]

f 2 Pn

domf = A domain of f

rangf = Af = faf j a 2 Ag range of f

f is called preserve Fn (Cn, resp.) if

(x , y) 2 Fn ) (xf , yf ) 2 Fn
((x , y) 2 Cn ) (xf , yf ) 2 Cn, resp.)

for all x , y 2 domf .
PFn set of all f 2 Pn preserving Fn
PCn set of all f 2 Pn preserving Cn

Jörg Koppitz (Institute) The Generators of the Semigroup of all Transformations Preserving a Crown18/12/20 6 / 15



Partial Injections

In := ff 2 Pn j f is injective}

n = 3�
x
r

�
x , r 2 [3] = f1, 2, 3g (32 = 9)�

x y
r s

�
x 6= y , r 6= s ((32) �

3!
(3�2)! = 3 � 6 = 18)�

1 2 3
r s t

�
r 6= s 6= t 6= r (3!=6) (S3)

jIn j = 33
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Rank of a Semigroup

S semigroup

rankS := minfjG j j hG i = Sg is called rank of S
rankTn = 3

rankPn = 4

Sn symmetric group of degree n

rankSn = 2

rankIn = 3

n = 3

I3 =
��

1 2 3
3 1 2

�
,

�
1 2 3
1 3 2

�
,

�
1 2
1 2

��
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Order-preserving Injections

IFn := ff 2 In \ PFn j f �1 2 PFng

ICn := ff 2 In \ PCn j f �1 2 PCng
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Crowns Example

IF4 :

[r ,�,�,�] , [�, r ,�,�] , [�,�, r ,�] , [�,�,�, r ], r = 1, 2, 3, 4
[1, 2,�,�] , [3, 2,�,�] , [3, 4,�,�] ,
[�, 2, 1,�] , [�, 2, 3,�] , [�, 4, 3,�] ,
[�,�, 1, 2] , [�,�, 3, 2] , [�,�, 3, 4] ,
[2,�, 4,�] , [4,�, 2,�] , [4,�, 1,�] ,
[1,�, 4,�] , [1,�, 3,�] , [3,�, 1,�] ,
[�, 2,�, 4] , [�, 4,�, 2] , [�, 4,�, 1] ,
[�, 1,�, 4] , [�, 1,�, 3] , [�, 3,�, 1] ,
[2,�,�, 4], [4,�,�, 2] , [4,�,�, 1] ,
[1,�,�, 4] , [1,�,�, 3] , [3,�,�, 1] ,
[1, 2, 3,�] , [3, 2, 1,�] , [1, 2,�, 4] ,
[3, 4,�, 1] , [1,�, 3, 4] , [4,�, 1, 2] ,
[�, 2, 3, 4] , [�, 4, 3, 2] , [1, 2, 3, 4] .
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Rank IFn even

n is even

Theorem (I. Dimitrova, JK, 2017)
Let n 2 2N. rankIFn = n+ 1.

n = 4

σ1 =

�
1 2 3 4
4 � 1 2

�
γ4 =

�
1 2 3 4
3 2 1 �

�
σ2 =

�
1 2 3 4
3 4 � 1

�
δ1 =

�
1 2 3 4
� 4 3 2

�
id =

�
1 2 3 4
1 2 3 4

�
IF4 = hσ1, σ2,γ4, δ1, idi
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Rank IFn odd

n = 3 or n � 5 is odd

Theorem (V.Fernandes, JK, T. Musunthia, 2019)

rankIF3 = 5 and rankIFn = n�5
2 +

� n+6
4

�
+
� n+7

4

�
for n 2 2N+ 3.

n = 3

α1 =

�
1 2 3
� 2 3

�
α2 =

�
1 2 3
1 � 3

�
γ3 =

�
1 2 3
3 2 1

�
βodd2 =

�
1 2 3
2 � �

�
βeven2 =

�
1 2 3
� 1 �

�
IF3 =

D
α1, α2,γ3, β

odd
2 , βeven2

E

Jörg Koppitz (Institute) The Generators of the Semigroup of all Transformations Preserving a Crown18/12/20 13 / 15



Rank IFn odd

n = 3 or n � 5 is odd

Theorem (V.Fernandes, JK, T. Musunthia, 2019)

rankIF3 = 5 and rankIFn = n�5
2 +

� n+6
4

�
+
� n+7

4

�
for n 2 2N+ 3.

n = 3

α1 =

�
1 2 3
� 2 3

�
α2 =

�
1 2 3
1 � 3

�
γ3 =

�
1 2 3
3 2 1

�
βodd2 =

�
1 2 3
2 � �

�
βeven2 =

�
1 2 3
� 1 �

�
IF3 =

D
α1, α2,γ3, β

odd
2 , βeven2

E

Jörg Koppitz (Institute) The Generators of the Semigroup of all Transformations Preserving a Crown18/12/20 13 / 15



Rank IFn odd

n = 3 or n � 5 is odd

Theorem (V.Fernandes, JK, T. Musunthia, 2019)

rankIF3 = 5 and rankIFn = n�5
2 +

� n+6
4

�
+
� n+7

4

�
for n 2 2N+ 3.

n = 3

α1 =

�
1 2 3
� 2 3

�
α2 =

�
1 2 3
1 � 3

�
γ3 =

�
1 2 3
3 2 1

�
βodd2 =

�
1 2 3
2 � �

�
βeven2 =

�
1 2 3
� 1 �

�
IF3 =

D
α1, α2,γ3, β

odd
2 , βeven2

E

Jörg Koppitz (Institute) The Generators of the Semigroup of all Transformations Preserving a Crown18/12/20 13 / 15



Rank IFn odd

n = 3 or n � 5 is odd

Theorem (V.Fernandes, JK, T. Musunthia, 2019)

rankIF3 = 5 and rankIFn = n�5
2 +

� n+6
4

�
+
� n+7

4

�
for n 2 2N+ 3.

n = 3

α1 =

�
1 2 3
� 2 3

�
α2 =

�
1 2 3
1 � 3

�
γ3 =

�
1 2 3
3 2 1

�
βodd2 =

�
1 2 3
2 � �

�
βeven2 =

�
1 2 3
� 1 �

�

IF3 =
D

α1, α2,γ3, β
odd
2 , βeven2

E

Jörg Koppitz (Institute) The Generators of the Semigroup of all Transformations Preserving a Crown18/12/20 13 / 15



Rank IFn odd

n = 3 or n � 5 is odd

Theorem (V.Fernandes, JK, T. Musunthia, 2019)

rankIF3 = 5 and rankIFn = n�5
2 +

� n+6
4

�
+
� n+7

4

�
for n 2 2N+ 3.

n = 3

α1 =

�
1 2 3
� 2 3

�
α2 =

�
1 2 3
1 � 3

�
γ3 =

�
1 2 3
3 2 1

�
βodd2 =

�
1 2 3
2 � �

�
βeven2 =

�
1 2 3
� 1 �

�
IF3 =

D
α1, α2,γ3, β

odd
2 , βeven2

E
Jörg Koppitz (Institute) The Generators of the Semigroup of all Transformations Preserving a Crown18/12/20 13 / 15



Rank Crowns

Project 2020/21 together with Ilinka Dinmitrova (South-West
University Blagoevgrad) Determine rankICn (n is even) and provide a
generating set of ICn of minimal size.

Claim: rankIC4 = 6 and rankICn = n for n � 6.

n = 4 :

σ1 =

�
1 2 3 4
3 4 1 2

�
σ2 =

�
1 2 3 4
1 4 3 2

�
ε1 =

�
1 2 3 4
� 2 3 4

�
ε2 =

�
1 2 3 4
1 � 3 4

�
δo1 =

�
1 2 3 4
� 1 � �

�
δe1 =

�
1 2 3 4
2 � � �

�
IC4 = hσ1, σ2, ε1, ε2, δo1 , δe1i
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Merci
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