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Development of Moschovakis Type-Theory of Algorithms: a new math of algorithms

Moschovakis [7], 2006, Type-Theory of Acyclic Recursion Lλ
ar

computations, by saving the algorithmic steps in memory locations
Loukanova 2021, 2022: extended work

extended reduction calculi in Lλ
ar, e.g.:

chain reduction; logic operators, quantifiers
mathematics of parametric / underspecified algorithms
dependent on restricted recursion variables, which can be
underspecified or instantiated by specification
restrictor operator Loukanova [6] — constrained computations
differently before in SitT & new since 2020 (DTTSitI extending SitT)
representing scope ambiguity in natural language, incl. in math text,
via multiple quantifiers in Lλ

ar-terms, extended with constraints
existential quantification in Lλ

ar: introduction and elimination rules
(extending: Loukanova 2015)

logic operators and quantification in Lλ
ar (new), in this talk

existential quantification in Lλ
ar: introduction and elimination rules

(new)
universal quantification in Lλ

ar: introduction and elimination rules
(new)
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Gallin Types: σ :≡ e | t | s | (τ1 → τ2) (Gallin, 1975)
For all τ ∈ Types:
Constants: Constsτ = {cτ0 , cτ1 , . . . , cτkτ

}
Variables: PureVτ = {vτ0 , vτ1 , . . . }

MemoryVτ = RecVτ = {pτ0 , pτ1 , . . . }
Terms of Lλ

ar (Lλ
r ):

A :≡ cτ : τ | xτ : τ (for cτ ∈ Constsτ , xτ ∈ PureVτ ∪ RecVτ ) (1a)

| B(σ→τ)(Cσ) : τ (1b)
| λ(vσ) (Bτ ) : (σ → τ) (for vσ ∈ PureVσ ) (1c)

|
[
Aσ0
0 where { pσ1

1 := Aσ1
1 , . . . ,

pσi
i := Aσi

i , . . . , pσn
n := Aσn

n }
]
: σ0

(1d)

|
[
Aσ0
0 such that {Cτ1

1 , . . . ,Cτm
m }

]
: σ′

0 (1e)

B,C ∈ Terms, pσi
i ∈ RecVσi , A

σi
i ∈ Termsσi

C
τj
j ∈ Termsτj (for propositions): τj ≡ t or τj ≡ t̃ ≡ (s → t)

Acyclicity Constraint, for Lλ
ar; without it, Lλ

r
{ pσ1

1 := Aσ1
1 , . . . , pσi

i := Aσi
i , . . . , pσn

n := Aσn
n } is acyclic iff:

there is a rank : {p1, . . . , pn} → N such that:
if pj ∈ FreeVars(Ai) then rank(pi) > rank(pj)



Generalised Binary Quantifiers: Rendering Options 1, 2

some, every ∈ Consts(( ẽ→ t̃)→(( ẽ→ t̃)→ t̃)) (2)

cat , sleeps,number ∈ Consts(̃e→ t̃), ≥ ∈ Consts(̃e→(̃e→ t̃)),

λx(cat(x)) ≈ cat , λx(sleeps(x)) ≈ sleeps (3)

Some cat sleeps. render−−−→
(opt1)

some(cat)(sleeps) (4a)

⇒cf some(p1)(p2) where {p1 := cat ,

p2 := sleeps}
(4b)

(by (3)) ≈ some(p1)(p2) where {p1 := λx(cat(x)),

p2 := λx(sleeps(x))}
(4c)

Some cat sleeps. render−−−→
(opt2)

E where {E := some(p1)︸ ︷︷ ︸
Q

(p2),

p1 := cat ,

p2 := sleeps}

(5a)
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Generalised Binary Quantifiers: Rendering Options 1,2,3

Some cat sleeps. render−−−→
(opt1)

some(cat)(sleeps) (6a)

⇒cf some(p1)︸ ︷︷ ︸
Q

(p2) where {p1 := cat , p2 := sleeps}

(6b)

Some cat sleeps. render−−−→
(opt2)

E where {E := some(p1)︸ ︷︷ ︸
Q

(p2), (7a)

p1 := cat , p2 := sleeps} (7b)

Some cat sleeps. render−−−→
(opt3)

E where {E := Q(p2), (8a)

Q := q(p1), q := some, (8b)
p1 := cat , p2 := sleeps} (8c)
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Existential Instantiation R, cf. [2] (ExIR)

For d ∈ Im(̃e→ t̃) (state-dependent property),
q ∈ RecV(( ẽ→ t̃)→(( ẽ→ t̃)→ t̃)) (binary quantifier),
Q ∈ RecV(( ẽ→ t̃)→ t̃) (one-argument quantifier),
A ∈ Terms(̃e→ t̃) (state-dependent property), such that A is immediate,
and any fresh recursion variable c ∈ RecVẽ[

E where {E := Q(A), (9a)
Q := q(d), q := some, (9b)
−→a :=

−→
A }

]
(9c)

s.t. {
−→
C } (9d)

⊢[
R′ where {R′ := A(c), (9e)

−→a :=
−→
A }

]
(9f)

s.t. { d(c),
−→
C } (9g)

d can be instantiated at a later stage, or is already instantiated:

d := D ∈ −→a :=
−→
A (10)



Existential Instantiation Head1 (ExIH1)

For d ∈ Im(̃e→ t̃) (state-dependent property),
q ∈ RecV(( ẽ→ t̃)→(( ẽ→ t̃)→ t̃)) (binary quantifier),
Q ∈ RecV(( ẽ→ t̃)→ t̃) (one-argument quantifier),
A ∈ Terms(̃e→ t̃) (state-dependent property), such that A is immediate,
and any fresh recursion variable c ∈ RecVẽ

(ExIH1a)

[Q(A) where {Q := q(d), q := some, −→a :=
−→
A }] (11a)

s.t. {
−→
C } (11b)

⊢ [A(c) where {−→a :=
−→
A }] s.t. { d(c),

−→
C } (11c)

(ExIH1b) [
some(d)(A) where {−→a :=

−→
A }

]
s.t. {

−→
C } (12a)

⊢
[
A(c) where {−→a :=

−→
A }

]
s.t. { d(c),

−→
C } (12b)

d can be instantiated at a later stage, or is already instantiated:

d := D ∈ −→a :=
−→
A (13)
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Rule of Existential Instantiation
Rule of Existential Introduction
Scope Ambiguity of Quantifiers: de dicto and de re

Existential Introduction Rule R1, cf. [2]
(ExistIntro)

For any c ∈ RecVẽ

R′ where {R′ := A{x :≡ c }, d := D, (14a)
−→a :=

−→
A, (14b)

c := C (optional) } (14c)

s.t. { d(c),
−→
C } (14d)

⊢
E where {E := Q(R), (14e)

R := λ(x)A, Q := q(d), q := some, d := D, (14f)
−→a :=

−→
A } (14g)

s.t. {
−→
C } (14h)

There are other alternative rules for the existential introduction.
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Rule of Existential Instantiation
Rule of Existential Introduction
Scope Ambiguity of Quantifiers: de dicto and de re

Scope Ambiguity: de dicto / de re rendering of quantifiers, cf. [1, 5]

Every natural number is larger than some number (15a)
Every natural number x2 is larger than some number x1 (15b)

Every professor reads some paper (de dicto)

every(professor)(λ(x2)some(paper)

(λ(x1)read(x1)(x2)))
(16a)

⇒cf every(p)(R2) where {R2 := λ(x2)some(b′(x2))(R1(x2)), (16b)
R1 := λ(x2)λ(x1)read(x1)(x2), (16c)
p := professor , (16d)
b′ := λ(x2)paper} (16e)

⇒gcf every(p)(R2) where {R2 := λ(x2)some(b)(R1(x2)), (16f)
R1 := λ(x2)λ(x1)read(x1)(x2), (16g)
p := professor , b := paper} (16h)
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Rule of Existential Instantiation
Rule of Existential Introduction
Scope Ambiguity of Quantifiers: de dicto and de re

Scope Ambiguity: de re / de dicto rendering of quantifiers

Every professor reads some paper render−−−→ (de re)

some(paper)(λ(x1)every(professor)

(λ(x2)read(x1)(x2)))
(17a)

⇒cf some(b)(R1) where {R1 := λ(x1)every(p
′(x1))(R2(x1)), (17b)

R2 := λ(x1)λ(x2)read(x1)(x2), (17c)
p′ := λ(x1)professor , (17d)
b := paper} (17e)

⇒gcf some(b)(R1) where {R1 := λ(x1)every(p)(R2(x1)), (17f)
R2 := λ(x1)λ(x2)read(x1)(x2), (17g)
p := professor , b := paper} (17h)

≈ some(b)(R1) where {R1 := λ(x1)every(p)(R2(x1)), (17i)
R2 := read , (17j)
p := professor , b := paper} (17k)
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Rule of Existential Instantiation
Rule of Existential Introduction
Scope Ambiguity of Quantifiers: de dicto and de re

de dicto and de re renderings of quantifiers: shared algorithmic pattern

Every professor reads some paper render−−−→ (de dicto)
R3 where {R3 := every(p)(R2), (18a)

R2 := λ(x2)some(b)(R1(x2)), (18b)
R1 := λ(x2)λ(x1)read(x1)(x2), (18c)
p := professor , b := paper} (18d)

Every professor reads some paper render−−−→ (de re)
R3 where {R3 := some(b)(R1), (19a)

R1 := λ(x1)every(p)(R2(x1)), (19b)
R2 := λ(x1)λ(x2)read(x1)(x2), (19c)
p := professor , b := paper} (19d)
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de dicto and de re renderings of quantifiers: another algorithmic pattern

specified algorithm: de dicto permmutation of the quantifiers

S21 ≡ R3 where {R3 := Q2(R2), (20a)

R2 := λ(x2)Q1(R
1
1(x2)), (20b)

R1
1 := λ(x2)λ(x1)h(x1)(x2), (20c)

Q1 := q1(d1), Q2 := q2(d2), (20d)
q1 := some, d1 := paper , (20e)
q2 := every , d2 := professor , h := read } (20f)

specified algorithm: de re permmutation of the quantifiers

S12 ≡ R3 where {R3 := Q1(R1), (21a)

R1 := λ(x1)Q2(R
1
2(x1)), (21b)

R1
2 := λ(x1)λ(x2)h(x1)(x2), (21c)

Q1 := q1(d1), Q2 := q2(d2), (21d)
q1 := some, d1 := paper , (21e)
q2 := every , d2 := professor , h := read } (21f)



de dicto and de re renderings of quantifiers: another yet shared algorithmic pattern

Underspecified algorithms for di, i ∈ {1, 2}
Permmutation of the order of binding of the arguments of h
via recursive quantifier binding

Specified de dicto: fixed permmutation of the quantifiers

S21 ≡ R3 where {R3 := Q2(R2), (22a)

R2 := λ(x2)Q1(R
1
1(x2)), (22b)

R1
1 := λ(x2)λ(x1)h(x1)(x2), (22c)

Q1 := q1(d1), Q2 := q2(d2), (22d)

q1 := some, q2 := every } (22e)

Specified de re: fixed permmutation of the quantifiers

S12 ≡ R3 where {R3 := Q1(R1), (23a)

R1 := λ(x1)Q2(R
1
2(x1)), (23b)

R1
2 := λ(x1)λ(x2)h(x1)(x2), (23c)

Q1 := q1(d1), Q2 := q2(d2), (23d)

q1 := some, q2 := every } (23e)
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Dynamic query-answers in underspecified database via Existential Instantiation, cf. [2]

Underspecified permutation of the order of binding of the arguments of h

U ≡ R3 where { l1 := Q1(R1), l2 := Q2(R2), (24a)
Q1 := q1(d1), Q2 := q2(d2), (24b)

q1 := some, q2 := every , (24c)
h := read , d1 := paper , (24d)
d2 := professor } (24e)

s.t. {R3 recursively binds to each Qi (for i = 1, 2), (24f)
Qi binds the i-th argument of h } (24g)

R3 specified-to ? (24h)
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Which is this paper? render−−−→ (25a)
R3 where {R3 := Q1(R1), (25b)

R1 := λ(x1)Q2(R
1
2(x1)), (25c)

R1
2 := λ(x1)λ(x2)h(x1)(x2), (25d)

Q1 := q1(d1), Q2 := q2(d2), (25e)
q2 := every , d2 := professor , (25f)
h := read , q1 := some, d1 := paper } (25g)

⊢ by existential instantiation (26a)

R′
1 where {R′

1 := Q2(R
1
2(c)), (26b)

R1
2 := λ(x1)λ(x2)h(x1)(x2), (26c)

Q2 := q2(d2), (26d)
q2 := every , d2 := professor , (26e)
h := read , d1 := paper } (26f)

s.t. { d1(c) } (26g)
c specified-to? (26h)
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In case there is such a term C, the system responds:

⊢ (27a)

R′
1 where {R′

1 := Q2(R
1
2(c)), (27b)

R1
2 := λ(x1)λ(x2)h(x1)(x2), (27c)

Q2 := q2(d2), (27d)
q2 := every , d2 := professor , (27e)
h := read , d1 := paper , c := C } (27f)

s.t. { d1(c) } (27g)
c specified-to C (27h)

Otherwise, the system answers:

There is no such c. (28a)
U specified-to S21 answer (28b)
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Reductiona and Canonical Forms of Lλ
ar Are they carried over the rules of quantifiers?

The original Lλ
ar: Canonical Form Theorem, Moschovakis [7], 2006

Reduction Calculi, for a variety of extended Lλ
ar

Theorem (γ∗-Canonical Form Theorem, Loukanova [4])

For every A ∈ Terms, there is a unique up to congruence, γ∗-irreducible
cfγ*(A) ∈ Terms s.th.:

1 cfγ*(A) ≡ A0 where {p1 := A1, . . . , pn := An}
for some explicit, γ∗-irreducible A0, . . . , An ∈ Terms (n ≥ 0)

2 A ⇒γ∗ cfγ*(A)

Theorem (γ-Canonical Form Theorem, Loukanova [3])

For every A ∈ Terms, there is a unique up to congruence, γ-irreducible
cfγ(A) ∈ Terms s.th.:

1 cfγ(A) ≡ A0 where {p1 := A1, . . . , pn := An}
for some explicit, γ-irreducible A0, . . . , An ∈ Terms (n ≥ 0)

2 A
iγ⇒γ cfγ(A) (innermost reductions!)
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